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Abstract 
We study communication networks where the strength of the direct link between any pair of 

agents is a concave function of their investments towards each other. We show that the symmetric 

complete network can be Nash stable and dominate the star architecture in terms of total utility. 
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1 Introduction

Following Jackson and Wolinsky (1996) and Bala and Goyal (2000), most models of network formation

do not account for the strength of links between agents. Bloch and Dutta (2009) and Deroian (2009)

are the first to investigate models of strategic network formation with endogenous link strength: each

agent allocates her (exogenously given) unit endowment to form links with other agents; the strength of

the direct link between a pair of agents is assumed to be an additively separable and convex function of

their investments towards each other. The unique efficient and the unique stable network architecture

turns out to be minimal.1

Convexity of the strength technology is the key assumption that leads to minimal architectures

being the stable and efficient architectures. Intuitively, convexity implies increasing returns from

investing in one and the same link and effectively rules out non-minimal networks such as the complete

network.2 The assumption of convexity is quite reasonable in many contexts as discussed in Bloch

and Dutta (2009). However, concavity of the strength technology might not be an inappropriate

assumption, especially in the case of social networks, since diversifying one’s endowment by forming

direct links with multiple agents might be a useful strategy in certain environments (Granovetter,

1973). However, a complete characterization of efficient and stable networks for concave strength

technologies seems analytically formidable. In the following, we simply highlight that non-minimal

networks may be efficient and stable under concave strength technologies as conjectured by Bloch and

Dutta (2009).

2 The model

We study a model which is similar to Bloch and Dutta (2009) except for the specification of the

strength technology. Let N = {1, 2, . . . , n} denote the finite set of agents where n ≥ 3. We assume

each agent is endowed with one unit of resource. Let xji ∈ [0, 1] denote the investment by agent-i

in the direct link with agent-j. A strategy for agent-i is a vector xi = (x1i , . . . , x
i−1
i , 0, xi+1

i , . . . , xni ),

1It happens to be the star architecture in Bloch and Dutta (2009) and a wheel in Deroian (2009). The difference
between these two papers arises because the former (latter) assumes two-way (one-way) flow of benefits.

2See Lemma 1 of Bloch and Dutta (2009) and the Lemma of Deroian (2009).
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where
∑

j∈N xji ≤ 1. Let x = (x1,x2, . . . ,xn) be a strategy profile. The strength of the direct link ij

between any two distinct agents i, j ∈ N is a function of their investments towards each other and

will be denoted as σij(x
j
i , x

i
j).

Given a strategy profile x, the network which results can be denoted as an n × n matrix g(x),

where gij = 1 if σij(x
j
i , x

i
j) > 0 and gij = 0 otherwise. A path between agents i and j in a network

g, denoted by p(ij; g), is a sequence of distinct nodes i = i0, i1, . . . , iK−1, iK = j such that gikik+1
= 1

for all k ∈ {0, . . . ,K − 1}. Let P(ij; g) be the set of all paths connecting agents i and j in g. Two

distinct agents i and j are connected in g if and only if P(ij; g) 6= {∅}. They are directly connected if

the shortest path connecting them is a direct link. A network g is said to be connected if every pair

of agents in g is connected. The three main assumptions of the model are as follows.

[A1] Strength Technology The strength of the direct link between any two distinct agents i, j ∈ N is

σij(x
j
i , x

i
j) = φ(xji ) + φ(xij), (1)

where (i) φ(0) = 0, (ii) φ(1) < 1
2 , and (iii) φ(·) is increasing and strictly concave. These assumptions

imply that σij ∈ [0, 1) for all i, j ∈ N.

[A2] Reliability of a Path The reliability of a path between any two distinct agents i, j ∈ N in a

network g is given by the product of the strengths of the links along that path. Formally,

r(p(ij; g)) = σii1 · · ·σik−1ik · · ·σiK−1j . (2)

One could alternatively say that the strength of each direct link along a path defines the degree of

decay of the path.

[A3] Utility We assume every pair of agents will only communicate through their most reliable

path. Thus, the utility derived by an agent i under network g is the sum of the reliabilities of the
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most reliable paths connecting him to other agents and is formally denoted by

ui(g) =
∑
j 6=i

max
p(ij;g)∈P(ij;g)

r(p(ij; g)). (3)

Throughout this essay, we will use the term connection to refer the most reliable path connecting a

pair of agents.

Network g dominates network h if and only if the sum of utilities of all agents under g is strictly

higher than that under h. A network is efficient if it maximizes the sum of utilities derived by all

agents and thus (weakly) dominates every other network. A network g(x) is Nash stable if no agent

has a unilateral strict incentive to deviate from his strategy.

3 Results

A network is essential if and only if every link in the network lies along the most reliable path

connecting some pair of agents. A network g(x) is budget exhausting if and only if
∑

j∈N xji = 1 for

all i ∈ N. A complete network is symmetric if and only if every agent invests an equal amount in the

links with all the other agents. Similarly, a star network is symmetric if and only if the hub invests an

equal amount towards each peripheral agent. We denote a symmetric complete network by gsc and a

symmetric star by gss.

It is easily shown that (i) an efficient or Nash stable network must be essential and budget ex-

hausting and (ii) an efficient or stable network must be connected. The proofs are straightforward

and hence omitted. These observations allow us to focus only on connected, essential and budget

exhausting networks in the following analysis.

Proposition If A1-A3 hold, then

(a) for all α ∈ (0, 0.5), there exists β ∈ (0, α) such that, for all strength technologies such that

φ(1) = α and φ( 1
n−1) > β, the symmetric complete network dominates all star networks.

(b) the symmetric complete network is Nash stable if φ(1) + φ( 1
n−1) < 1/2.
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The proof exploits the idea that, under a concave strength technology, if an agent is directly con-

nected with every other agent and communicates only through direct links, then equally splitting the

endowment in all the direct links is optimal. This allows us to prove that the symmetric complete

(star) architecture dominates every other complete (star) architecture. Finally, a direct comparison

of the total utilities generated by the two networks delivers the result. Note that the sum of utilities

of all agents in the symmetric complete network is

U(gsc) = n(n− 1)

[
2φ

(
1

n− 1

)]
(4)

Similarly, the sum of utilities of all agents in the symmetric star network is

U(gss) = 2(n− 1)

[
φ(1) + φ

(
1

n− 1

)]
+ (n− 2)(n− 1)

[
φ(1) + φ

(
1

n− 1

)]2
(5)

The comparison of these two networks relies crucially on two particular values of the strength tech-

nology – φ(1) and φ( 1
n−1). The former is the maximum strength of a link an agent can ensure by

unilateral investments. The latter is the strength from unilateral equal allocation of the unit endow-

ment. Part (a) shows that, for a given value of maximum strength, as φ( 1
n−1) increases, the symmetric

complete network will tend to dominate the symmetric star. Rearranging U(gsc) > U(gss) gives

2(n− 1)2
[
φ

(
1

n− 1

)
−
(

1

n− 1

)
φ(1)

]
> (n− 1)(n− 2)

[
φ(1) + φ

(
1

n− 1

)]2
(6)

The left (right) hand side of (6) accounts for the difference in utilities generated by direct (indirect)

connections within the two network architectures. In particular, the term φ( 1
n−1)− 1

n−1φ(1) effectively

captures the gains from diversification due to equal split of endowments. If the strength technology

is convex, this term will be negative and gsc cannot dominate gss. Hence, the higher the value

of φ( 1
n−1) − 1

n−1φ(1), the more likely it will be that the symmetric complete network architecture
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dominates the symmetric star architecture. Part (b) provides a sufficient condition for the stability of

the symmetric complete network. Concretely, any deviation from a symmetric complete network must

involve replacement of some direct connections by an indirect connection. Stability of the symmetric

complete network requires any such indirect connection to be sufficiently weak, which is guaranteed

when φ(1) + φ( 1
n−1) is less than half.

Interestingly, parts (a) and (b) together show that, for a given value of φ(1), an increase in φ( 1
n−1)

tends to make the complete network dominant but unstable. The basic idea behind this feature is that

a higher φ( 1
n−1) has two different impacts. On the one hand, it has a positive impact on the gains

from diversification which favors the dominance of gsc over gss. On the other hand, it also lowers the

degree of decay of the indirect path which makes deviations from the symmetric complete network

more likely to be profitable.

It can be shown that if φ( 1
n−1) approaches φ(1) and φ(1) is sufficiently low, then the (non-minimal)

complete network will be the unique stable and efficient network. Let Ū ≡ n(n− 1)[2φ(1)] denote an

upper bound on the maximum total utility any feasible network can generate in our setting. Equation

(4) suggests that when φ( 1
n−1) approaches φ(1), U(gsc) approaches Ū . For any other network which

contains indirect connections, the upper-bound of its total utility cannot be higher than [n(n − 1) −

2][2φ(1)] + 2[2φ(1)]2 < Ū . Therefore, the symmetric complete network will be the unique efficient

architecture if φ( 1
n−1) reaches its limit of φ(1). Now note that when φ( 1

n−1) approaches φ(1), the utility

a single agent can attain approaches (n − 1)[2φ(1)]. A direct link in gsc will definitely dominate an

indirect link in any network if φ( 1
n−1) > [2φ(1)]2, i.e., if φ(1) < 1/4. In words, the symmetric complete

network will be the unique efficient and unique Nash stable architecture when φ( 1
n−1)→ φ(1) < 1/4.

4 Concluding remarks

Social communication networks often exhibit the ‘small-world’ property – short average path length

and high level of clustering – and are rarely minimal (Wasserman and Faust, 1994; Jackson, 2008). The

efficient and stable communication networks in the two main models with endogenous link strength

are not small-worlds because each agent forms at most one link. We have argued that efficient and

stable communication networks need not be minimal in the presence of a concave strength technology
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and may thus exhibit the small-world property.

For instance, the wheel architecture derived in Deroian (2009) under convex strength technology

does not constitute a small-world when n is large. If a direct link is formed by an agent in a wheel

with another agent who is n/2 agents away from him, then the average path length of the network

will reduce (Watts and Strogatz, 1998). If the strength technology is sufficiently concave, gains from

diversification are likely to be possible.

Acknowledgments I thank Birendra Rai and Vai-Lam Mui for valuable comments, and Bhaskar

Dutta for a discuss on the earlier version of this paper.

A Proofs of proposition

Proof of part (a). Consider an essential and budget exhausting complete network g. Suppose there

exist nodes i, j, k such that σijσjk > σik. Then, i and k will not communicate through their direct link

ik. Essentiality requires that ik must lie on the most reliable path connecting some pair of agents, say

l and m. Assume without loss of generality that this path is l, . . . , i, k, . . . ,m. Then one can always

construct a more reliable path by replacing i, k by i, j, k and hence contradicts essentiality. Since all

the connections are direct links, the total utility in g can be written as
∑

i

∑
j 6=i[φ(xji ) + φ(xij)] =

2
∑

i

∑
j 6=i φ(xji ). Strict concavity implies that

∑
j 6=i φ(xji ) is maximized if and only if xji = 1

n−1 for all

j 6= i.

Consider an essential and budget exhausting star network g which is also non-symmetric. Let

agent-i be the hub of g. Since g is non-symmetric, there exist nodes j, k such that xji 6= xki . Without

loss of generality assume xji > xki . Let g′ be the network such that x′ji = xji − a ≥ x′ki = xki + a

and all other investments remain as in g. The increase in total utility in going from g to g′ is

2(σ′ij − σij + σ′ik − σik)(1 +
∑

l 6=i,j,k σil) + 2(σ′ijσ
′
ik − σijσik), which is strictly positive due to con-

cavity of the strength technology. This implies that g′ dominates g. Fix the strategy profile of

all the peripherals in g (let the profile be x̄−i with xij = 1 for all j ∈ N\{i}), then the set of

budget-exhausting stars with i as the hub is formally equivalent to the compact set S = {xi :

xji ∈ [0, 1]∀j ∈ N\{i}and
∑

j∈N xji = 1}. The total utility for any star g(xi; x̄−i) is given by
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U(g(xi; x̄−i)) = 2
∑

l 6=i σil(xi; x̄−i) + 2
∑

l,m6=i;l 6=m σil(xi; x̄−i)σim(xi; x̄−i), which is a continuous func-

tion of xi (strict concavity of φ implies the continuity of σ). Extreme value theorem implies that

U(g(xi; x̄−i)) reaches a maximum in S. As non-symmetric stars have been proven to be dominated,

the maximum must be reached for the symmetric star.

Let φ(1) be α and φ( 1
n−1) be β. Define f(α, β, n) ≡ U(gss)−U(gsc) = −(n−2)β2 +2[(n−1)− (n−

2)α]β − [2α+ (n− 2)α2]. For any given α and n, f is a quadratic function of β. The coefficients and

the constant term reveals the fact that f(β;α, n) has a global maximum and cuts the y-axis below

zero. Moreover, both roots are positive. We need to show that there exists a root β∗ < α such that

U(gsc) > U(gss) for all β ∈ (β∗, α). Proving f(α;α, n) > 0 is equivalent to proving that the smaller

positive root is strictly less than α. Solving f(α;α, n) will give us 2(n − 2)α − 4(n − 2)α2 which is

positive for all α strictly less than half. �

Proof of part (b). Pick any agent i from gsc. Let g′ = g(x′i,x−i) be a network obtained from gsc

in which only i has changed his strategy from xi to x′i. If every connection of i in g′ is still a direct

link, then i’s payoff must have decreased because of concavity (ui(g
′) =

∑
j 6=i φ(x′ji )+(n−1)φ( 1

n−1) <

2(n − 1)φ( 1
n−1) = ui(g) unless xi = x′i). Given x−i, the most reliable indirect connection i can

construct in g′ will have a reliability of 2φ( 1
n−1)[φ(1) + φ( 1

n−1)]. Similarly, the least reliable direct

connection between i and some other agent will have a reliability of φ( 1
n−1). No indirect connection

will be possible in g′ if the weakest possible direct connection is more reliable than the strongest

possible indirect connection. Simplifying 2φ( 1
n−1)[φ(1) + φ( 1

n−1)] < φ( 1
n−1) will give us the result. �
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