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Abstract

In this paper, we propose a simple approach to testing and modelling nonlinear

predictability of stock returns using Hermite Functions. The proposed test suggests

that there exists a kind of nonlinear predictability for the dividend yield. Furthermore,

the out-of-sample evaluation results suggest the dividend yield has nonlinear predictive

power for stock returns while the book-to-market ratio and earning-price ratio have

little predictive power.
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1 Introduction

Whether the stock returns are predictable or not is one of the most important questions in

finance. It is not only of interest to the practitioner but also has implications for financial

models of risk and returns. Meanwhile, the issue of return predictability is also very con-

troversial because people usually reach different conclusions based on different data sample

periods as well as different statistical methods.

In the last few decades, based on in-sample evidence, a consensus has emerged among

economists that the equity risk premium seems to vary considerably over the business cycle

and perhaps at lower frequencies as well. Campbell (2000) concludes that the stock returns

contain significant predictable components. At the same time, several authors expressed

concern that the apparent predictability of stock returns might be spurious because many

of the predictor variables in the literature are highly persistent. Nelson and Kim (1993),

and Stambaugh (1999) point out that persistence leads to biased coefficients in predictive

regressions if innovations in the predictor variable are correlated with the returns.

Moreover, the out-of-sample evidence of stock return predictability is much weaker. Goyal

and Welch (2003; 2008) find that the predictive ability of a variety of popular financial and

economic variables in the literature does not hold up in out-of-sample forecasting exercises.

They conclude that “the profession has yet to find some variable that has meaningful and

robust empirical equity premium forecasting power.” Under the widely held view that pre-

dictive models require out-of-sample validation (e.g., Campbell (2008) argues:“The ultimate

tests of any predictive model is its out of sample performance.”), the findings of Goyal and

Welch (2003; 2008) cast doubts about the reliability of return predictability.

In the study of predictive regression, linear models are now pervasive in the literature, to

name only a few, Stambaugh (1999), Lewellen (2004), Campbell and Yogo (2006). However,

the linear model has some pitfalls. First of all, the linear model is usually derived from a

simplified present value model, e.g. Campbell and Shiller (1988), which may not be a good

approximation in reality. Engstrom (2003) shows that under a reasonable theoretical setting

which simply imposes the no arbitrage condition, the linear predictive relationship may not

hold and structural treatment of risk may lead to nonlinear relationship between return and

dividend yield. Furthermore, it is well known that the predictive financial ratios are highly

persistent that we can not reject that they contain unit roots. However, the stock return

is far less persistent, and is often regarded as a stationary process (or even a white noise

process). A linear model will lead to an unbalanced relationship between the left-hand-side

and the right-hand-side variables in predictive regression which is called model inconsistency

by Granger (1995).
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Recently, there have been more and more interests on nonlinear predicting relationships.

Gonzalo and Pitarakis (2012) propose a regime switch predicting model and argue that

the strength of predictability to vary across economic episodes, such as expansions and

recessions. Kasparis et al. (2015) develop a nonparametric test for predictability. Campbell

and Thompson (2008) point out that imposing sign restriction on the regression coefficients

may help predicting stock return. Gonzalo and Pitarakis (2012) also show that the return

predictability has different characteristics in different economic regimes. Chen and Hong

(2010) show that the nonparametric model can outperform the linear model. Lee et al.

(2015) further show that a combination of nonparametric model and sign restriction can

make the model outperform historic mean model. However, the proposed nonlinear models

are not shown to catch the co-existence of highly persistent predictors and far less persistent

stock returns.

In this paper, we propose that the predictive function is integrable (see Park and Phillips

(1999; 2001) for more discussion) and use the Hermite functions to detect and estimate

the predictive function. A nonlinear integrable function of a unit root nonstationary time

series significantly reduces the nonstationarity of the original unit root time series and thus

partially addresses the model imbalance issue in the linear predictive regression. Cai (2012)

shows that the commonly used diagnostic tools will fail to detect such kind of nonstationarity

which explains why the stock return is far less persistent. A figure illustration of this point

can be found in Phillips (2015). We apply the proposed estimation method to estimate the

stock return predictive function and use the estimated function to predict the next-period

stock return. Our empirical results support an existence of nonlinear predictive power of the

dividend yield, while the predictive power of book-to-market ratio and earning-price ratio is

very weak. A detailed analysis is given in Section 3.

The main contribution of this paper is as follows. First of all, we propose an integrable

model for the predictive regression and provide a general methodology for testing and es-

timating the nonlinear function. Thus, it partially addresses the model imbalance issue

inherent in the linear predictive regression and gives a closed-form description of the non-

linear function. To be specific, we propose using a simple nonlinear predictive model of the

form:

rt+1 = α + (β0 + β1xt) e
−x

2
t
2 + et+1,

where the nonlinear function is expanded using the first two terms of Hermite series. Then

it is obvious that a precise functional form is given and furthermore, because of the role of

the exponential term e
−x2t
2 , the model becomes much less unbalanced than a simple linear

model of the form: rt+1 = θ0 + θ1 xt + et+1 in the case where xt behaves like a unit root

process. Secondly, our empirical results provide some strong and robust evidence of existence

3



of nonlinear predicting power of the dividend yield.

The organisation of this paper is as follows. In Section 2, we propose the nonlinear

predictive model and discuss the testing and estimation based on Hermite functions. Section

3 applies the approach to test for predictability and estimate the stock return predictive

function. We then compare the out-of-sample performance of the integrable model with the

historic mean and linear models. Section 4 concludes the paper. The technical assumptions

and proofs are collected in an appendix.

2 The Integrable Predictive Model: Testing and Esti-

mation

2.1 Integrable Predictive Model

In this section, we discuss the integrable model and its estimation. In the conventional

predictive regression analysis, since Mankiw and Shapiro (1986), Nelson and Kim (1993)

and Stambaugh (1999), the following model is widely used:

rt = α + βxt−1 + εt, (2.1a)

xt = φ+ ρxt−1 + ut, (2.1b)

where xt is a predicting variable and rt is the stock market return. Popular predicting vari-

ables include: the dividend yield (e.g., Campbell and Shiller (1988a; 1988b)); the earning-

price ratio (e.g., Lamont (1998)) and book-to-market ratio (e.g., Kothari and Shanken

(1997)). We refer to Welch and Goyal (2008) for a comprehensive discussion about in-

cluding more predicting variables. However, it is well known that the predictive financial

ratios are nearly unit root or unit root processes, i.e., ρ in (2.1b) is equal to or nearly 1.

Since Nelson and Kim (1993) and Stambaugh (1999), researchers have noticed that most

of the predicting financial ratios are unit root or nearly unit root processes. The persis-

tence leads to biased coefficients in predictive regressions if the innovations in the predictor

variable are correlated with returns and the standard t-test for predictability therefore has

incorrect size. Thus, many researchers have proposed more efficient tests for stock return

predictability under (2.1a), for example, Lewellen (2004) and Campbell and Yogo (2006).

However, as we have mentioned in the introduction, in the linear model when β 6= 0, there

may exist a model imbalance because of the variables with different persistence involved in

the left-hand-side and then the right-hand-side variables. This motivates us to propose some

nonlinear predicting functions to catch the data characteristics. Specifically, we consider the
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following model:

rt = α + f(xt−1) + εt, (2.2)

where f is an integrable function, and this paper proposes using an integrable function of the

form: f(x) = (β0 + β1 x) e−
x2

2 . The integrable function contains all the probability density

functions as special cases. We refer to Park and Phillips (1999, 2001) for more discussion on

this class of nonlinear functions. As shown in Cai (2012), the integrable function can gener-

ate the time series pattern of the left-hand-side and right-hand-side variables in predictive

regression. Thus it should be a suitable model for predictive regression. A similar discussion

can be found in Phillips (2015). From a theoretical point of view, the linear model should

be too aggressive considering the regressor contains a unit root because when β 6= 0 (i.e.,

there exists predictability), and the return should also be a unit root process. The integrable

function serves the role of compressing the strong signal of the unit root process involved.

And it is also consistent with the intuition that when there is predictability, it should be

weak, otherwise, there will exist arbitrage opportunities.

In practice, the functional form of the the integrable function is unknown, so that we use

Hermite series to approximate the integrable function. When the data is stationary, series

estimation as a nonparametric alternative to the conventional kernel-based method has been

examined in the literature, e.g., Newey (1997), Andrews (1991). When the regressor is a

unit root process, Cai and Gao (2013) have established an asymptotic theory for the Hermite

series based estimation method for a class of integrable functions. For illustration purpose,

in the next subsection, we provide some background knowledge of the Hermite functions.

2.2 Preliminaries of Hermite Functions

The Hermite functions form a complete basis in L2(R), where R is the real line and L2(R)

denotes the space of square-integrable functions. They have advantages in the nonlinear

nonstationarity setup because unlike the stationary data case where orthogonality is defined

according to the marginal (stationary) distribution, in the nonstationary case, the orthogo-

nality is defined with respect to the Lebesgue measure. Because when the regressor is a unit

root process, Lebesgue measure is the invariant measure. For more information about the

invariant measure for a null recurrent process (which covers the simplerandom walk process

as a special case), see, for example, Karlsen and Tjøstheim (2001). Thus, Hermite series are

naturally orthogonal in the nonstationary case without fully specifying the data generating

process, i.e., we don’t need to impose restrictions on the distribution of the innovations of

the unit root process. It is well known that the usage of orthogonal basis functions allows

us to extract information of different pieces of the unknown function effectively. In this
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subsection, we introduce some basic properties about Hermite functions.

Let {Hi(x)}i=0,1,2,... be the orthogonal Hermite polynomial system with respect to the

weight function exp(−x2). It’s well known that {Hi(x)}i=0,1,2,... is a complete orthogonal

system in Hilbert Space L2(R, exp(−x2)), in which the conventional inner product is used,

i.e., 〈f, g〉 =
∫
f(x)g(x) exp(−x2)dx. In addition, the orthogonality of the system can be

expressed as follows:

〈Hi(x), Hj(x)〉 =
√
π2ii!δij,

where δij is the Kronecker delta function. Put ϕ(x) = exp(−1
2
x2) and define

hi(x) =
1

4
√
π
√

2ii!
Hi(x) and Fi(x) = hi(x)ϕ(x), i ≥ 0.

Then, {Fi(x)}i=0,1,2,... are the so-called Hermite series or Hermite functions in the litera-

ture. {Fi(x)}i=0,1,2,... are complete orthonormal in L2(R), such that any continuous function

f(x) in L2(R) has an expression of the form

f(x) =
∞∑
i=0

θiFi(x),

where θi =
∫
f(x)Fi(x)dx.

The Hermite functions can be listed as follows: F0(x) = 1
4√π exp(−1

2
x2); F1(x) = 1

4√π
√
2
×

2x × exp(−1
2
x2); F2(x) = 1

4√π
√
8
× (4x2 − 2) × exp(−1

2
x2); F3(x) = 1

4√π
√
48

(8x3 − 12x) ×
exp(−1

2
x2), and so on.

2.3 Test for Predictability

In this section, we discuss how to test for integrable-type predictability. The null hypothesis

is:

H0 : rt = α + εt, a.s. for t = 1, 2, ..., T, (2.3)

against an alternative hypothesis of the form:

H1 : rt = α + f(xt−1) + εt, a.s. for t = 1, 2, ..., T. (2.4)

For this purpose, we first regress the left hand side variable on the constant and the

Hermite functions F0(x), F1(x), · · · , Fp−1(x), the estimator of the respective coefficients are

θ̂ =

(
T∑
t=1

(F (xt−1)− F )(F (xt−1)− F )τ

)−1 T∑
t=1

(F (xt−1)− F )rt,
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where F (xt−1) = [F0(xt−1), F1(xt−1), . . . , Fp−1(xt−1)]
τ

and F = 1
T

T∑
t=1

F (xt−1).

This paper then focuses on the case where p is fixed. We then propose the following

Wald test statistic:

Q =

θ̂τ
(

T∑
t=1

(F (xt−1)−
−
F )(F (xt−1)−

−
F )τ

)
θ̂

σ̂2
, (2.5)

where σ̂2 = 1
T

T∑
t=1

(
rt − µ̂− θ̂τF (xt−1)

)2
. We now state the following results; their proofs are

given in Appendix A.

Theorem 1. Let Assumptions A.1–A.3 listed in Appendix A below hold. Under H0, we have

Q→D χ2
p.

Theorem 2. Let Assumptions A.1–A.3 hold. If, in addition,
∞∫
−∞

F (x)f(x)dx 6= 0, then

under H1 we have Q→P ∞ with rate OP (T 1/2).

Remark: Theorems 1 and 2 show that the Wald test has the standard χ2 distribution under

the null while under the alternative, the divergence rate is OP (T 1/2), which is slower than

that in the stationary time series case. In applications, we need to select the truncation

parameter p. In an unreported Monte Carlo simulation, we find that the proposed test has

reasonable size and good power against a wide range of alternatives in the finite sample case

where p is 1, 2 or 3. So in our empirical application below, we choose p to be 1, 2 and 3.

It should be pointed out that there are some corresponding results for the conclusions of

Theorems 1 and 2 when p is allowed to vary with T . In the case where p→∞, for example,

we have that Q−p√
2p
→D N(0, 1).

2.4 Estimating Predictive Regression Function

The proposed test in (2.5) is suitable for an in-sample test. As we have mentioned in the

introduction, the most controversial issue in the predictive regression is the out-of-sample

performance. So that we need to discuss how to model the predictive regression for forecast-

ing purposes.

When f in (2.2) is square-integrable, it can be written as

rt ≈ α +
∞∑
i=0

θiFi(xt−1) + εt. (2.6)

We then use an approximate model of the form:

rt = α +

p−1∑
i=0

θiFi(xt−1) + εt. (2.7)
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Using OLS we can get the estimated coefficients α̂ and θ̂i, i = 0, · · · , p−1. In the case where

p is allowed to satisfy p → ∞ at certain rate as T → ∞, Cai and Gao (2013) derive the

asymptotic property of the series estimator and show that the finite sample performance is

reasonable even though p is being treated as a fixed integer in practice. Compared with the

kernel-based nonparametric estimation, the series based estimator enjoy several advantages:

it is convenient in computation, it is easy to be extended to additive model, and it has a

close-form expression.

As is well known in the nonparametric estimation literature, the selection of the trun-

cation parameter–p is of critical importance. When p increases, the bias of the estimator

is smaller while the variance of the estimator is larger and vice versa. It is shown in Cai

and Gao (2013) that to guarantee the asymptotic theory, p can be chosen to be bcT γc with

0 < γ < 3/22, where b.c denotes taking integer part.

In this paper, similar to Gao et al. (2002) we adopt a data driven choice of the truncation

parameter which minimizes the following criterion: σ̂2

(1−p/T )2 , where σ̂2 = 1
T

∑T
t=1(rt − α̂ −

p−1∑
i=0

θ̂iFi(xt−1))
2. Intuitively, this criterion is similar to the adjusted-R2 in the regression

model where a penalty is imposed to the increase of the number of regressors. This penalty

is even more important in the forecasting context as is well known that good in-sample

performance does not necessarily lead to good out-of-sample performance when the model

is complicated.

3 Empirical Application

In this section, we apply the proposed Hermite series based test and estimation method

to study the predictive regression. Specifically, we first test whether there exists a type of

nonlinear predictability for the dividend yield. If the answer is YES, we further estimate

the model via Hermite series estimation and compare the performance of one-step-ahead

forecast of our model with both the historic mean model and the linear model. Finally, we

also examine whether two other widely used return predicting variables: Book-to-Market

ratio and Earning Price ratio have nonlinear predictability.

3.1 Data Description

The predicting variables are dividend yield, book-to-market ratio and earning-price ratio,

which are commonly used in the literature, see e.g. Lewellen (2004), Welch and Goyal (2008).

Price and dividends come from Center for Research in Security Prices (CRSP) dataset 1. We

1We thank Professor Lewellen for providing us with his dataset.
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focus on NYSE equal and value-weighted indices to be consistent with the existing studies.

The dividend yield is calculated monthly on the value-weighted NYSE index, and it is defined

as dividends paid over the prior year divided by the current level of index. Thus the dividend

yield is based on the rolling windows of annual dividends.

The returns data are from January, 1946 to December, 2007 with a total number of 744

data points. In this paper, we study the predictability of both the nominal return and the

excess return. Vwny denotes value-weighted NYSE stock return (nominal return), ewny

denotes equal-weighed stock return, evwny denotes excess value-weighted stock return (real

return or excess return) which is defined by value-weighted return minus T-bill rate, and

eewny denotes excess equal-weighted excess return. Dy and log(dy), respectively, denote the

dividend yield and the logarithm of the dividend yield, having 744 data points. Bm denotes

book-to-market ratio with 744 data points2. Ep denotes earning-price ratio with sample size

536 3.

The sample mean, standard error, skewness, kurtosis and the first order autocorrelation

coefficient are summarised in Table 1.

Table 1: Summary Statistics

variables mean std skewness kurtosis auto

vwny 0.0099 0.0401 -0.3830 4.8756 0.0414

ewny 0.0112 0.0470 -0.1863 6.8156 0.1417

evwny 0.0062 0.0403 -0.4119 4.8167 0.0483

eewny 0.0075 0.0472 -0.2163 6.7615 0.1463

dy 0.0359 0.0128 0.4047 2.5653 0.9904

log(dy) -3.3948 0.3757 -0.3398 2.4429 0.9927

bm 0.6060 0.2046 0.0703 1.9156 0.9872

log(bm) -0.5641 0.3676 -0.4561 2.2697 0.9908

ep 0.0657 0.0268 0.9577 2.9629 0.9877

log(ep) -2.7977 0.3833 0.3150 2.3562 0.9876

From Table 1, we can find that there are weak serial correlations in stock returns. Espe-

cially, the value-weighted return series is nearly white noise process. At the same time, the

2Book equity uses data set (http://mba.tuck.dartmouth.edu/pages/faculty/ken.french/) available at Ken

French’s website.
3It is from Compustat, thus only starts from 1963.

9



forecasting dividend yield, book-to-market ratio and earning-price ratio are highly persistent

with the first order sample autocorrelation close to 1. This suggests that there is no linear

relationship between stock return and its predictors, but can not rule out the possibility that

the the predictors can forecast stock return nonlinearly. The sample kurtosis of the return

series suggests the stock return has heavy tail as is well known in the literature. The conven-

tional ADF and KPSS tests suggest there are unit roots in dividend yield, book-to-market

ratio and earning-price ratio, while the stock returns are stationary. The scatter plots of

value-weighted stock return v.s. logarithm of dividend yield, logarithm of book-to-market

ratio, and logarithm of earning-price ratios suggest there are no explicit patterns of forecast-

ing relationship of these financial ratios to the stock return (see Figure 1 for the scatter plot

of value-weighted stock return v.s. logarithm of dividend yield).

Figure 1: Dividend Yield and Stock Return
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These empirical facts suggest that the relationship of the stock return and its predictors

should not be linear and the stock return inherently contains a sizable unpredictable compo-

nent, so the best forecasting models can explain only a relatively small part of stock returns.

So that an integrable model rather than a linear model can serve as the benchmark model in

stock return predicting study. In the following study, we will examine whether there exists

a kind of integrable predictability.
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3.2 In-Sample Test of Predictability

In this section, we use the Wald test to test stock return predictability. The explanatory

variable will be dividend yield or log dividend yield and the return can be value-weighted

NYSE stock return or equal-weighted NYSE stock return. The results of the test are shown

in Table 2:

Table 2: Testing Predictability: 1946-2007

dy log(dy)

Truncation parameter ewny vwny ewny vwny

p=1 6.4043 (0.0114) 7.8697 (0.005) 6.6751(0.0098) 8.1687 (0.0043)

p=2 6.7012 (0.0351) 8.0849 (0.0176) 6.6759 (0.0355) 8.2292 (0.0163)

p=3 6.7224 (0.0813) 8.4108 (0.0382) 6.8223 (0.0778) 8.244 (0.0412)

The numbers in the brackets are p-values.

We can summarize from Table 2: (1) Both dy and log(dy) can predict stock returns

(ewny or vwny); (2) After controlling the first component, the addition of the other two

components make little contribution to predict stock return; (3) The forecasting power of

dividend yield is greater for vwny than ewny. This may be due to the construction of dy is

based on value-weighted stock.

As a robustness check, we split the full sample into two subperiods, the first period

is return series from 1946.1 to 1994.12 (thus DY is from 1945.12 to 1994.11) with sample

size 589; the second period is from 1995.1 to 2007.12, with sample size 155. As noticed

by Stambaugh (1999), Lewellen (2004) and Campbell and Yogo (2006), the dividend yield

reaches historical low in 1995, and including the samples after that may make different

conclusion about predictability of stock return.

The results for the two different periods are collected in the following two tables.
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Table 3: Testing Predictability: 1946-1994

dy log(dy)

Truncation parameter ewny vwny ewny vwny

p=1 8.0681 (0.0045) 10.2474 (0.0014) 7.5954 (0.0059) 9.8162 (0.0017)

p=2 8.7192 (0.0128) 10.6354 (0.0049) 8.3365 (0.0155) 10.2350 (0.0060)

p=3 9.3710 (0.0247) 11.8639 (0.0079) 9.1206 (0.0277) 11.5312 (0.0092)

Table 4: Testing Predictability: 1995-2007

dy log(dy)

Truncation parameter ewny vwny ewny vwny

p=1 3.8552 (0.0496) 9.7494 (0.0018) 3.1422 (0.0763) 8.1898 (0.0042)

p=2 4.9233 (0.0853) 11.7220 (0.0028) 4.6937 (0.0957) 11.0027 (0.0041)

p=3 4.9968 (0.1720) 12.4531 (0.0060) 5.0874 (0.1655) 12.1073 (0.0070)

From Tables 3 and 4, we can find that: (1) for the first period, the dividend yield can

predict stock return as has been documented in previous studies regardless of whether we use

equal-weighted, value-weighted stock return, log-dividend yield or raw dividend yield; (2) in

the second period, the predictability of equal-weighted stock return is weaker than that for

the first period. However, we still find strong evidence of predictability of value-weighted

stock return. Considering that the dividend yield dataset is constructed using value-weighed

stock, we can still conclude the return predictability still exists for the second period; (3)

from the information provided by the p–values, it seems that a simple one component model

can well approximate the unknown nonlinear function.

3.3 Out-of-Sample Evaluation Strategy

We estimate the predictive regression relationship using the following three models:
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(Model 1) Historic mean model:

rt+1 = α + εt+1. (3.1)

(Model 2) Linear model:

rt+1 = α + βxt + εt+1. (3.2)

(Model 3) Integrable model:

rt+1 = α +

p−1∑
i=0

θiFi(xt) + εt+1, (3.3)

where p = bcT 5/44c with c being chosen to be 1, 2, 3, or p chosen by the criterion discussed

in Section 2 (denoted p∗ in Tables 2–13). Model 1 indicates there is no predicting power

for x, whereas Model 2 is the linear predicting model. Model 3 is the model proposed in

this paper. Let x denote log dividend yield or log book-to-market ratio or log earning-price

ratio. The performance of the estimators are evaluated based on the out-of-sample criterion,

because the out-of-sample performance provides more convincing evidence as discussed in

the introduction.

In the literature of economic forecasting, there are basically two methods widely used.

The first estimation method uses recursive (or expanding) window. The initial in-sample

period is the first bTrc observations. Then the estimator in each model is used to estimate the

following period return using the following period predictors. The performance of different

models is evaluated by its prediction accuracy through comparing the estimators with the

true returns. The next in-sample period is the first bTrc+1 observations. And then a period

ahead forecasting is made. The second estimation method uses a rolling window with the

in-sample size always being bTrc, i.e., in each recursion, one observation is abandoned and

then one new observation is included.

Rolling windows are typically justified by appealing to structure breaks. However, as

demonstrated by Pesaran and Timmermann (2007), by the criterion of minimum square

forecasting error, the optimal window size is a complicated function of timing and size of

breaks. It is not easy to account for the effect of breaks and to choose the window size. The

recursive window utilizes all the data when one forecasts next period return, and thus it may

increase the precision of in-sample estimation, which in turn, leads to better out-of-sample

forecasting. Considering the slow convergence rate of Hermite series estimation, this point is

especially important. Although not reported here, the performance of the recursive window

method is better than the rolling window for all the choice of r in our experiment for each

model. Thus, we focus on the results of the recursive window method in this paper.
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The performance of the out-of-sample performance is evaluated by a root mean squared

forecasting error (RMSFE) of the form:

RMSFE =

√√√√ 1

T − bTrc

T∑
s=bTrc+1

(rs − r̂s)2, (3.4)

where rs is the true return at period s and r̂s is the estimated return.

3.4 Predict Returns with Dividend Yield

Among the instruments thought to capture some of the equity premium’s variation in the

sense of predicting stock returns, the lagged dividend price ratio or dividend yield have

emerged as a favourite. Fama and French (1988) find that the dividend-price ratio and

book-to-market ratio are useful in predicting stock returns. Similar results are reported in

Campbell and Shiller (1988). Campbell (1991) and Cochrane (1992) attribute large fraction

of the variance of dividend price ration to the variation in expected returns. However, as

noticed by Mankiw and Shapiro (1986), Nelson and Kim (1993) and Stambaugh (1999),

persistence of explaining variables and correlation of explaining variables with error terms

lead to over-rejection of the null hypothesis of no predictability in finite sample, thus can be

seriously biased towards finding predictability. Stambaugh (1999) finds that after controlling

the finite sample bias, there is little evidence of stock return predictability, and the one-sided

p-value is 0.15 when the stock return is regressed on dividend yield over the period 1952-1996.

Contrary to Stambaugh (1999), Lewellen (2004) finds that the evidence of predictability

can be strong if we require the explaining variables to be stationary (i.e., the first order

autoregressive parameter is less than 1). Using a robust test based on local to unit root

framework, Campbell and Yogo (2006) find that the dividend-price ratio predicts returns

at an annual frequency, but they can not reject the null hypothesis of no predictability at

quarterly and monthly frequencies.

The out-of-sample evidence of Welch and Goyal (2008) suggests that dividend yield can

not outperform the historic mean model. However, Campbell and Thompson (2008) show

that by imposing the restriction of the sign of regression coefficient, the dividend yield can

predict stock returns. Also, Lettau and Nieuwerburgh (2008) suggest the dividend yield can

predict stock returns by controlling the structural break in dividend yield. These papers lead

us to conclude that the dividend yield should predict stock returns in a nonlinear fashion.

We apply the evaluation strategy proposed in Section 3.2 to study the predicting power of

log dividend yield to stock return (nominal and real returns), and the results are summarised

in following four tables.
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Table 5: Forecasting VWNY with Dividend Yield: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 4.0492 4.0583 4.0534 4.0810 4.0908 4.0511

1/6 4.0726 4.0689 4.0607 4.0899 4.1052 4.0583

1946.1 1/4 4.1549 4.1470 4.1394 4.1678 4.1724 4.1368

To 1/3 4.2260 4.2212 4.2126 4.2429 4.2462 4.2098

2007.12 1/2 4.0519 4.0623 4.0481 4.0865 4.0841 4.0441

5/8 3.9586 3.9894 3.9780 4.0178 4.0182 3.9728

2/3 3.8941 3.9298 3.9100 3.9613 3.9597 3.9036

bTrc=240 4.2253 4.2164 4.2084 4.2384 4.2411 4.2055

bTrc=360 4.2392 4.2414 4.2276 4.2709 4.2723 4.0092

Table 6: Forecasting EWNY with Dividend Yield: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 4.7287 4.7400 4.7352 4.7616 4.7808 4.7323

1/6 4.7844 4.7834 4.7751 4.8034 4.8303 4.7720

1946.1 1/4 4.9069 4.9001 4.8922 4.9198 4.9356 4.8888

To 1/3 4.9916 4.9845 4.9764 5.0045 5.0225 4.9727

2007.12 1/2 4.4265 4.4325 4.4145 4.4574 4.4720 4.4089

5/8 4.1610 4.2000 4.1767 4.2182 4.2464 4.1691

2/3 4.1426 4.1883 4.1588 4.2109 4.2348 4.1481

bTrc 4.9932 4.9837 4.9755 5.0044 5.0203 4.9718

bTrc 4.4057 4.4109 4.3946 4.4341 4.4496 4.3892
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Table 7: Forecasting EVWNY with Dividend Yield: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 4.0698 4.0805 4.0715 4.1000 4.1071 4.0704

1/6 4.0937 4.0925 4.0800 4.1102 4.1221 4.0788

1946.1 1/4 4.1754 4.1714 4.1590 4.1882 4.1896 4.1577

To 1/3 4.2456 4.2473 4.2331 4.2648 4.2644 4.2317

2007.12 1/2 4.0566 4.0834 4.0612 4.1013 4.0936 4.0592

5/8 3.9472 3.9833 3.9683 4.0123 4.0112 3.9656

2/3 3.8872 3.9290 3.9034 3.9597 3.9574 3.9020

bTrc=240 4.2471 4.2438 4.2304 4.2615 4.2606 4.2290

bTrc=360 4.0223 4.0475 4.0258 4.0655 4.0590 4.0239

Table 8: Forecasting EEWNY with Dividend Yield: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 4.7481 4.7608 4.7518 4.7814 4.7973 4.7505

1/6 4.8041 4.8054 4.7925 4.8242 4.8475 4.7912

1946.1 1/4 4.9262 4.9225 4.9098 4.9407 4.9528 4.9083

To 1/3 5.0112 5.0090 4.9955 5.0272 5.0411 4.9939

2007.12 1/2 4.4367 4.4572 4.4302 4.4790 4.4874 4.4277

5/8 4.1650 4.2090 4.1800 4.2293 4.2542 4.1771

2/3 4.1511 4.2025 4.1654 4.2259 4.2471 4.1616

bTrc=240 5.0148 5.0094 4.9960 5.0283 5.0401 4.9944

bTrc=360 4.4152 4.4344 4.4093 4.4548 4.4643 4.4069

From Table 2, we can see that for the value-weighted return, if the initial estimation

window is taken to be 20 years (e.g., Welch and Goyal (2008); Chen and Hong (2010);

Rapach and Zhou (2012)), the integrable model outperforms both the historic mean model
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and the linear model, especially when the data driven truncation parameter is used. If the

initial estimation window is taken to be 30 years (e.g., Lattau and Nieuwerburgh (2008)),

the integrable model also outperforms both the historic mean model and the linear model.

And the result seems to be robust to a wide range of selections of the initial windows. The

result supports the conclusion that dividend yield has predictive power by Lewellen (2004)

using in-sample test.

From Tables 3–5, we can see that using different measures of return may lead to somehow

different results. However, the conclusion that nonlinear predictive ability of dividend yield

seems to be robust to different measures of return.

To be more specific, when c = 1, the full-sample choice of p is equal to b7445/44c = 2.

The estimated regression is:

r̂t+1 = 0.0065 + 2.2676F0(xt) + 0.3379F1(xt)

= 0.0065 + (1.7032 + 0.4498 xt) · exp
(
−0.5 x2t

)
, (3.5)

where xt is the log dividend yield, F0(x) = 1√√
π

exp
(
−1

2
x2
)
, F1(x) =

√
2√√
π
x · exp

(
−1

2
x2
)
,

and rt+1 is the value-weighted stock return4. Model (3.5) shows that there is no support for

neither the historic mean nor the simple linear model.

3.5 Predict Return with Book-to-Market Ratio or Earning-Price

Ratio

Book-to-market ratio and earning-price ratio are two other commonly used stock return

predictors. As shown previously and elsewhere in the literature, the two ratios are also very

persistent. Using the annual data over the period of 1926-1991, Kothari and Shanken (1997)

show that book-to-market ratio is helpful in predicting stock returns. Pontiff and Schall

(1998) show that the book-to-market ratio of the Dow Jones Industrial Average predicts

market returns and small firm excess returns over the period of 1926-1994. Both papers

also find that the predictability is not robust to different sub-samples. Using quarterly data

over the period of the first quarter of 1947 to the last quarter of 1994, Lamont (1998) shows

that earning price ratio can predict stock return. Generally speaking, the evidence of return

predictability of these two ratios are weaker than dividend yield. Lewellen (2004) shows that

these two ratios have limited predictive power.

The out-of-sample evidence by Welch and Goyal (2008) suggests that these two variables

are not helpful in predicting returns. However, Campbell and Thompson (2008) show that

4Of course, we can also write the estimated regression function for the case of equal-weighed return or

excess returns. To save space, we just report the results for the value-weighted return case.
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earning-price ratio can forecast excess return by imposing sign constraints on the regression

coefficient using monthly and annual data, while book-to-market can forecast excess return

using the annual data.

In this subsection, we will compare out-of-sample performance of the three models with

earning-price ratio or book-to-market ratio as predictor. The results are summarized in the

Tables 6-13.

Table 9: Forecasting VWNY with Book-to-Market Ratio: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 4.0492 4.0641 4.0819 4.0869 4.1240 4.0899

1/6 4.0726 4.0832 4.1045 4.1069 4.1428 4.1114

1946.1 1/4 4.1549 4.1600 4.1828 4.1835 4.2141 4.1881

To 1/3 4.2260 4.2340 4.2566 4.2518 4.2750 4.2604

2007.12 1/2 4.0519 4.0731 4.1006 4.1037 4.1420 4.1037

5/8 3.9586 4.0061 4.0365 4.0671 4.2542 4.0671

2/3 3.8941 3.9398 3.9581 4.0052 4.0423 4.0052

bTrc=240 4.2253 4.2257 4.2491 4.2471 4.2710 4.2559

bTrc=360 4.0174 4.0376 4.0649 4.0677 4.1044 4.0677
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Table 10: Forecasting EWNY with Book-to-Market Ratio: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 4.7287 4.7431 4.7646 4.7596 4.8069 4.7538

1/6 4.7844 4.7960 4.8210 4.8123 4.8588 4.8072

1946.1 1/4 4.9069 4.9103 4.9373 4.9256 4.9650 4.9208

To 1/3 4.9916 4.9906 5.0191 5.0012 5.0233 5.0018

2007.12 1/2 4.4265 4.4337 4.4724 4.4474 4.4825 4.4474

5/8 4.1610 4.2007 4.2453 4.2424 4.2754 4.2424

2/3 4.1426 4.1825 4.2162 4.2197 4.2551 4.2197

bTrc=240 4.9932 4.9881 5.0187 5.0057 5.0280 5.0062

bTrc=360 4.4057 4.4119 4.4495 4.4289 4.4609 4.4289

Table 11: Forecasting EVWNY with Book-to-Market Ratio: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 4.0698 4.0848 4.1029 4.1019 4.1388 4.1090

1/6 4.0937 4.1049 4.1263 4.1223 4.1579 4.1306

1946.1 1/4 4.1754 4.1819 4.2047 4.1985 4.2289 4.2071

To 1/3 4.2456 4.2582 4.2805 4.2685 4.2912 4.2811

2007.12 1/2 4.0566 4.0904 4.1161 4.1106 4.1487 4.1106

5/8 3.9472 3.9996 4.0317 4.0541 4.0936 4.0541

2/3 3.8872 3.9388 3.9590 3.9965 4.0334 3.9965

bTrc=240 4.2471 4.2502 4.2732 4.2643 4.2878 4.2770

bTrc=360 4.0223 4.0549 4.0806 4.0741 4.1110 4.0741

19



Table 12: Forecasting EEWNY with Book-to-Market Ratio: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 4.7481 4.7626 4.7845 4.7732 4.8208 4.7670

1/6 4.8041 4.8162 4.8416 4.8262 4.8728 4.8208

1946.1 1/4 4.9262 4.9308 4.9580 4.9392 4.9789 4.9336

To 1/3 5.0112 5.0133 5.0413 5.0161 5.0382 5.0141

2007.12 1/2 4.4367 4.4546 4.4914 4.4575 4.4923 4.4575

5/8 4.1650 4.2096 4.2563 4.2422 4.2757 4.2422

2/3 4.1511 4.1969 4.2338 4.2245 4.2608 4.2245

bTrc=240 5.0148 5.0112 5.0413 5.0211 5.0435 5.0192

bTrc=360 4.4152 4.4317 4.4676 4.4375 4.4698 4.4375

Table 13: Forecasting VWNY with Earning-Price Ratio: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 4.2694 4.2995 4.3543 4.8438 8.6921 4.6711

1/6 4.2179 4.2416 4.2953 4.6907 8.5831 4.6289

1963.5 1/4 4.2512 4.2765 4.3366 4.9392 4.9789 4.7028

To 1/3 4.0969 4.0838 4.0919 4.1446 4.2798 4.1446

2007.12 1/2 3.9929 3.9975 4.0213 4.0222 4.0501 4.0222

5/8 3.5305 3.5496 3.5677 3.5727 3.6014 3.5727

2/3 3.5727 3.5828 3.6073 3.5928 3.6423 3.5928

bTrc=240 3.9407 3.9418 3.9619 3.9734 4.0008 3.9734

bTrc=360 3.5912 3.6005 3.6258 3.6091 3.6563 3.6091
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Table 14: Forecasting EWNY with Earning-Price Ratio: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 5.0249 5.0571 5.0842 5.4223 9.6600 5.2642

1/6 4.9193 4.9434 4.9656 5.1813 9.5667 5.1586

1963.5 1/4 4.8053 4.8283 4.8547 5.0752 5.0157 5.0736

To 1/3 4.4650 4.4554 4.4409 4.5015 4.5669 4.5047

2007.12 1/2 4.1776 4.1958 4.1870 4.2122 4.2424 4.2119

5/8 3.6096 3.6661 3.6356 3.6683 3.6906 3.6571

2/3 3.6633 3.6993 3.6776 3.6975 3.7365 3.7015

bTrc=240 4.1620 4.1775 4.1642 4.1899 4.2296 4.1856

bTrc=360 3.6842 3.7162 3.6965 3.7152 3.7513 3.7206

Table 15: Forecasting EVWNY with Earning-Price Ratio: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 4.2854 4.3289 4.3847 4.8713 8.6528 4.7002

1/6 4.2309 4.2691 4.3236 4.7164 8.5361 4.6558

1963.5 1/4 4.2583 4.3017 4.3638 4.7242 4.4774 4.6296

To 1/3 4.1021 4.1061 4.1139 4.1630 4.3074 4.2726

2007.12 1/2 3.9898 4.0015 4.0206 4.0248 4.0580 4.0377

5/8 3.5298 3.5551 3.5716 3.5756 3.6114 3.5866

2/3 3.5696 3.5875 3.6087 3.5941 3.6512 3.6204

bTrc=240 3.9377 3.9466 3.9621 3.9754 4.0074 3.9885

bTrc=360 3.5880 3.6050 3.6268 3.6101 3.6654 3.6371
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Table 16: Forecasting EEWNY with Earning-Price Ratio: RMSFE×100

Sample r Model 1 Model 2 Model 3

c=1 c=2 c=3 p∗

1/8 5.0460 5.0939 5.1227 5.4579 9.6246 5.3704

1/6 4.9368 4.9783 5.0021 5.2156 9.5253 5.2676

1963.5 1/4 4.8187 4.8628 4.8923 5.1052 5.0483 5.1929

To 1/3 4.4780 4.4879 4.4749 4.5321 4.6044 4.5664

2007.12 1/2 4.1817 4.2061 4.1952 4.2229 4.2572 4.2377

5/8 3.6172 3.6767 3.6476 3.6795 3.7072 3.6740

2/3 3.6687 3.7097 3.6868 3.7081 3.7533 3.7161

bTrc=240 4.1676 4.1895 4.1745 4.2010 4.2453 4.2102

bTrc=360 3.6891 3.7267 3.7050 3.7258 3.7685 3.7348

From Tables 6–13, we can see that the predictive power of these two ratios are much

weaker than that of dividend yield, regardless of whether linear or nonlinear models are

used. The forecasting ability of these two ratios are restricted to only some special cases

(with colour different from black) for each return series. Thus, the predictability of these

two series, if exists, should be very weak. The conclusion is the same as that by Lewellen

(2004) where an in-sample test is used.

4 Conclusions and Discussion

In this paper, we introduce a new and simple nonlinear return predicting model and propose

testing and estimating the model using Hermite functions. The out-of-sample evaluation

results suggest that while dividend yield can predict the stock return nonlinearly, the book-

to-market ratio or earning-price ratio can not. As Welch and Goyal (2008) conclude that

“the profession has yet to find some variable that has meaningful and robust empirical equity

premium forecasting power.”, our paper suggests that finding the way that the variables

predicting the return should be of similar importance.

The methodology of this paper can be applied to data sharing similar characteristics to

return and dividend yield. For example, we may study the relationship of return of exchange

rate and forward rate premium, where the exchange rate return is far less persistent than
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the forward rate premium. The current method can be also extended to study predictability

of multivariate variables where the following additive model is used:

rt = α +

q∑
i=1

gi(xit−1) + εt,

where xit, i = 1, · · · , q are predicting variables. There issues are left for future research.
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Appendix A

To derive an asymptotic theory for our test, we need to introduce the following technical

assumptions.

A.1 Let xt = wt+wt−1 + . . .+x0, where x0 = OP (1) and wt is generated by wt = C(L)ηt, in which

L is the lag operator, C(L) = ckL
k, C(1) 6= 0 and

∞∑
k=0

k|ck| <∞, {ηt} is a sequence of independent

and identically distributed (i.i.d.) random variables with an absolutely continuous distribution

with respect to the Lebesgue measure, the characteristic function φ(u) satisfies
∞∫
−∞

φ(u)2du < ∞,

E[η1] = 0, E[η21] = σ2η and E [|η1|q] <∞ for some q > 4.

A.2 Let f be integrable and squared integrable.

A.3 (i) Suppose that {εt,Ft} is a stationary ergodic martingale difference sequence with respect to

Ft, i.e. E(εt|Ft−1) = 0 a.s., where Ft ≡ {xt+1, xt, ..., x1, εt, ..., ε1}.
(ii) Let E(ε2t |Ft−1)→a.s. σ

2 and suptE [|εt|m |Ft−1] <∞ with m > 4.

Remark: It’s easy to see that the Hermite series are integrable, and from Park and Phillips (2001),

the integrable property is closed under the conventional operators, such as addition, subtraction

and production. While we impose the martingale difference assumption for the error term, which

is not contrary to the conventional assumption that the stock return and the financial ratios are

contemptuously correlated (notice here xt is lag variable) and the predictor is predetermined, this

condition can be relaxed to allow that xt is to be contemptuously correlated with εt using the

theory developed in Chang and Park (2011) without any change of the conclusions.
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Lemma 1: Under A.1–A.3, 1√
T

T∑
t=1

(F (xt−1)−F )(F (xt)−F )τ →D

∞∫
−∞

F (x)F (x)
τ
dxL(1, 0), where

L(1, 0) is the local–time variable associated with the standard Brownian motion.

Proof: Since p is assumed to be fixed, we have 1√
T

T∑
t=1

F (xt−1)F (xt−1)
τ →D

∞∫
−∞

F (x)F (x)τdx ·

L(1, 0) due to Theorem 3.2 in Park and Phillips (2001) and use the Cramer-Wold device. 1√
T

T∑
t=1

F (xt−1)F
τ

= oP (1) and 1√
T

T∑
t=1

FF
τ

= oP (1). Because of the orthogonality of Hermite series,

∞∫
−∞

Fi(x)Fj(x)dx = 0, if i 6= j, the matrix is diagonal.

The proof then follows.

Lemma 2 Let A.1–A.3 hold. If, in addition, F (x)f(x) is integrable with
∞∫
−∞

F (x)f(x) 6= 0, we

have 1√
T

T∑
t=1

(F (xt−1)− F )f(xt−1)→D

∞∫
−∞

F (x)f(x)dxL(1, 0).

Proof: 1√
T

T∑
t=1

F (xt−1)f(xt−1)→d

∞∫
−∞

F (x)f(x)dxL(1, 0) due to Theorem 3.2 in Park and Phillips

(2001) and the Cramer-Wold device. And 1√
T

T∑
t=1

Ff(xt−1) = oP (1), so the result follows by the

Slutsky theorem.

Lemma 3 Under A.1–A.3, 1
4√T

T∑
t=1

F (xt−1)εt →D σ(L(1, 0)
∞∫
−∞

F (x)F
′
(x)dx)1/2N1, where N1 is a

standard normal variable independent of B1, thus independent of L(1, 0).

Proof: The proof follows from Theorem 3.2 of Park and Phillips (2001) by using the Cramer-Wold

device.

Proof of Theorem 1. From Lemmas 1 and 3, we have

T
1
4 θ̂ = T

1
4

(
T∑
t=1

(F (xt−1)− F )(F (xt−1)− F )τ

)−1 T∑
t=1

(F (xt−1)− F )rt

=

(
1√
T

T∑
t=1

(F (xt−1)− F )(F (xt−1)− F )τ

)−1
1

4
√
T

T∑
t=1

(F (xt−1)− F )rt

=

(
1√
T

T∑
t=1

(F (xt−1)− F )(F (xt−1)− F )τ

)−1
1

4
√
T

T∑
t=1

(F (xt−1)− F )(α+ εt)

→D

 ∞∫
−∞

F (x)F (x)′dxL(1, 0)

−1 × σ(L(1, 0)

∞∫
−∞

F (x)F ′(x)dx)1/2N1

=

 ∞∫
−∞

F (x)F (x)′dxL(1, 0)

−1/2 × σN1,

which is a mixed normal distribution. In order to prove this theorem, it suffices for us to show

σ̂2 →P σ
2
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and then apply the Slutsky theorem.

We have

σ̂2 =
1

T

T∑
t=1

ε̂2t =
1

T

T∑
t=1

[rt − α̂− θ̂τF (xt−1)]
2

=
1

T

T∑
t=1

[rt −
1

T

T∑
t=1

(rt − θ̂τF (xt−1))− θ̂τF (xt−1)]
2

=
1

T

T∑
t=1

[α+ εt − α−
1

T

T∑
t=1

εt −
1

T
θ̂τ

T∑
t=1

F (xt−1)− θ̂τF (xt−1)]
2

=
1

T

T∑
t=1

ε2t +OP (1)→P σ
2.

Thus, the limiting distribution of the proposed Wald test statistic is χ2(p) where p is a fixed

truncation parameter of the Hermite series.

Proof of Theorem 2

Observe that

θ̂ =

(
T∑
t=1

(F (xt−1)− F )(F (xt−1)− F )′

)−1 T∑
t=1

(F (xt−1)− F )rt

=

(
T∑
t=1

(F (xt−1)− F )(F (xt−1)− F )τ

)−1 T∑
t=1

(F (xt−1)− F )(α+ f(xt) + εt)

=

(
T∑
t=1

(F (xt−1)− F )(F (xt−1)− F )τ

)−1 T∑
t=1

(F (xt−1)− F )f(xt−1)

+

(
T∑
t=1

(F (xt−1)− F )(F (xt−1)− F )τ

)−1 T∑
t=1

(F (xt−1)− F )εt

Because

(
T∑
t=1

(F (xt−1)− F )(F (xt−1)− F )τ

)−1 T∑
t=1

(F (xt−1)− F )f(xt−1)→d ∞∫
−∞

F (x)F (x)
τ
dxL(1, 0)

−1 ∞∫
−∞

F (x)f(x)dxL(1, 0) ≡ θ∗,

where θ∗ can be regarded as a pseudo true value under the misspecified model, see, e.g. Kasparis

(2011). We conclude that θ̂τ
(

T∑
t=1

(F (xt−1)− F )(F (xt−1)− F )τ
)
θ̂ is of stochastic order OP (

√
T ).

For the denominator, we have

σ̂2 =
1

T

T∑
t=1

ε̂2t

=
1

T

T∑
t=1

(
rt −

1

T

T∑
t=1

(rt − θ̂τF (xt−1))− θ̂τF (xt−1)

)2
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=
1

T

T∑
t=1

(
α+ f(xt−1) + εt −

1

T

T∑
t=1

(α+ f(xt−1) + εt − θ̂τF (xt−1))− θ̂τF (xt−1)

)2

=
1

T

T∑
t=1

ε2t + oP (1)→P σ
2.

Thus, Q diverges to infinity with rate OP (T 1/2).
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