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Abstract

In this paper, we give a sufficient condition under which the local martingale
that appears in Itô’s formula is a true martingale. As a consequence, we obtain
a rigorous proof of Dupire’s formula on local volatility.
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1. Introduction and main result

This note offers a new way of tackling the fundamental problem of when
the local martingale that appears in Itô’s formula, or more generally, in the
Itô-Tanaka formula, is indeed a true martingale.

A motivation for this investigation, discussed in Section 2, is a rigorous
derivation of Dupire’s formula under the weakest assumptions to date in the
literature.

Let X be a continuous martingale and denote by Lx
t (a bicontinuous modifi-

cation of) its family of local times. If g is the difference of two convex functions,
then the Itô-Tanaka formula reads

g(Xt) = g(X0) +

∫ t

0

g′−(Xs)dXs +
1

2

∫
R
Lx
t g
′′(dx), (1)

where the signed measure g′′ is the second derivative of g in the sense of distri-
butions.

We prove that a linear growth condition on g is sufficient for

Nt =

∫ t

0

g′−(Xs)dXs (2)

to be a true martingale. At this point, we remind the reader that boundedness
of g′−(X) does not in itself ensure that N is a true martingale.
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Theorem 1. Let X be a continuous martingale and g be a convex function that
enjoys at most linear growth at infinity; i.e. for some C > 0 and all x

|g(x)| ≤ C(1 + |x|). (3)

Then the local martingale N in (2) is a true martingale.

The crucial step in proving Theorem 1, is the Doob-Meyer decomposition
for submartingales given below as Theorem 2. It is usually stated for processes
of class (D) (e.g. [3], page 32). In Theorem 2, we extend it for processes of class
(DL) .

Recall that a process X is said to be of class (D) if {XT , T ∈ T} is uniformly
integrable, where T is the set of finite-valued stopping times. It is said to be of
class (DL) if for any a > 0, {XT , T ∈ Ta} is uniformly integrable, where Ta is
the set of stopping times bounded by a (e.g. [3], page 11).

By observing that S ∈ Ta if and only if ∃T ∈ T such that S = T ∧ a, we see
that X is of class (DL) if and only if, for every a > 0, the process stopped at a,
Xa, is of class (D). We immediately get the following extension of the celebrated
Doob-Meyer decomposition.

Theorem 2. Let X be a submartingale of class (DL), then for any a > 0, there
exists a unique (up to indistinguishability) pair (M (a), A(a)) such that: A(a) is

an increasing, integrable and predictable process, A
(a)
0 = 0, M (a) is a uniformly

integrable and, for t ≤ a, Xt = A
(a)
t +M

(a)
t .

Under the stronger assumption that X is a submartingale of class (D), a
single pair (M,A) can be used in the expansion of X on [0,+∞). This is not
necessarily the case under the weaker assumption of belonging to the class (DL).

Proof of Theorem 1.

Since X is a martingale, then ∀a > 0, Xa is a uniformly integrable mar-
tingale, and is therefore of class (D) (see [3], page 12). It follows that X is of
class (DL). Using the assumption of linear growth at infinity, we see that the
submartingale g(X) is also of class (DL).

According to Theorem 2, ∀a > 0, ∃!(M (a), A(a)) such that: A(a) is an in-

creasing, integrable and predictable process, A
(a)
0 = 0, M (a) is a uniformly

integrable and, for t ≤ a, g(Xt) = A
(a)
t +M

(a)
t .

Now, ∀t ≥ 0,

g(Xt) = g(X0) +

∫ t

0

g′−(Xs)dXs +
1

2

∫
R
Lx
t g
′′(dx)

which implies that, ∀t ≤ a,

M
(a)
t − g(X0)−

∫ t

0

g′−(Xs)dXs =
1

2

∫
R
Lx
t g
′′(dx)−A(a)

t .
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The left-hand side is a continuous local martingale, while the right-hand side is
a predictable process of finite variation. It follows that, ∀t ≤ a,

A
(a)
t =

1

2

∫
R
Lx
t g
′′(dx) and M

(a)
t = g(X0) +

∫ t

0

g′−(Xs)dXs.

Hence
(∫ t

0
g′−(Xs)dXs

)
t≤a

is a (uniformly integrable) martingale.

a �
Of course, if g is a difference of two convex functions each of which satisfies

a linear growth at infinity condition, then the local martingale in (2) is again a
true martingale.

Next we apply Theorem 1 to g(y) = (y − x)+ and obtain a result on the
expectation of local times.

Corollary 3. Let X be a continuous martingale. Then

E[Lx
t ] = 2

(
E[(Xt − x)+]− E[(X0 − x)+]

)
. (4)

Proof. The function g(y) = (y−x)+ clearly satisfies the conditions of Theorem

1. Therefore
∫ t

0
g′−(Xs)dXs =

∫ t

0
1Xs>xdXs is a true martingale and taking

expectations in (1) yields (4).

At this point, we recall that the distribution of an integrable random variable
Y is entirely determined by the function G(y) = E[(Y −y)+]. As a consequence,
we obtain that for any fixed t, the knowledge of the marginal distribution of Xt

(together with that of X0) determines E[Lx
t ], for any x. The converse is clearly

also true. This has a direct application to finance as can be seen from the next
section.

2. Dupire formula

Dupire’s formula is used in mathematical finance to reconstruct the volatility
function from market prices of European call options. Let C(x, t) denotes the
arbitrage-free price of a call option with strike x and expiration t. Assuming a
zero riskless interest rate

C(x, t) = E[(Xt − x)+],

where X represents the price of a stock and the expectation is taken under the
equivalent martingale measure, under which X is a martingale (e.g. [8], [5]).

Dupire [1] assumes that the stock price Xt, under an equivalent martingale
measure, is a diffusion

dXt = σ(Xt, t)dBt, (5)

for some deterministic function σ(x, t) (volatility function) and a Brownian mo-
tion Bt. He mentions the use of the forward Kolmogorov (or Fokker-Planck)
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equation for the transition density of Xt to justify, without proof, the relation-
ship that must exist between the functions C(x, t) and σ(x, t):

σ2(x, t) = 2
∂C
∂t (x, t)

∂2C
∂x2 (x, t)

. (6)

This is known as Dupire’s formula.
Klebaner [4] derived the following PDE for C(x, t), when Xt is a continuous

martingale:
∂C

∂t
(x, t) =

1

2
h(x, t)2 ∂

2C

∂x2
(x, t), (7)

where

h(x, t) =

√
E
[d 〈X,X〉t

dt

∣∣∣Xt = x
]
. (8)

The precise definition of the function h and its measurability are given in [2]
(Proposition 4.4). There, h2 is defined as the Radon-Nikodym derivative of the
measure

Qt(F ) = E
[
1F (Xt)

d 〈X,X〉t
dt

]
with respect to the law of Xt. The function h is known as the local volatility.

In the special case where Xt is a diffusion (5) then h(x, t) = σ(x, t) and
Dupire’s formula follows from (7).

The idea in establishing Dupire’s formula starts with the Meyer-Tanaka for-
mula,

(Xt − x)+ = (X0 − x)+ +

∫ t

0

1Xs>xdXs +
1

2
Lx
t ,

then proceeds by taking expectations.
The main effort is then to show that the stochastic integral

Mt =
∫ t

0
1Xs>xdXs is a true martingale, the expectation of which is zero. To

this end, Klebaner [4] assumed that the martingale Xt satisfies the integrability
condition that ∀t, E

[
sups≤t |Xs|

]
<∞ or equivalently that E[

√
〈X,X〉t] <∞.

We shall say that the martingale X is in H1
fin (in line with the standard

terminology of H1 martingales for which E
[

supt |Xt|
]
<∞). Repeated uses of

the BDG inequalities and the fact that 〈M,M〉t ≤ 〈X,X〉t yields that Mt must
be a true martingale. In fact, the martingale M is in H1

fin.
Madan and Yor [6] looked at this very problem but limited their investigation

to the case of a nonnegative continuous local martingale. Using the nonnegativ-
ity of Xt, they show that (Xt∧x)+ 1

2L
x
t is a supermartingale that is dominated

by the integrable random variable x + 1
2L

x
∞. As such it is of class (D), from

which the result follows.
Whether in Klebaner [4] or Madan and Yor [6], the approach used relies

heavily on the above stated assumptions (X ∈ H1
fin for [4] and X ≥ 0 for [6])

and cannot be extended. Theorem 1 provides a new way of proving the formula
without any superfluous requirement on X other than that it is a continuous
martingale.
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Since X is a continuous martingale, it can be represented as a stochastic
integral with respect to a Brownian motion B; that is there exists a predictable
H such that Xt =

∫ t

0
HsdBs. In particular 〈X,X〉t =

∫ t

0
H2

sds is almost every-
where differentiable and the function h(x, t) in (8) becomes

h(x, t) =

√
E
(d 〈X,X〉t

dt

∣∣∣Xt = x
)

=
√

E[H2
t |Xt = x],

for almost all t.

Theorem 4. Let X be a continuous martingale. Denote the distribution of Xt

by Ft(x), and suppose that it has a density ft(x). Then

E[Lx
t ] =

∫ t

0

h(x, s)2fs(x)ds. (9)

Proof. Let φ be positive and borelian. Then by the (extended) occupation
times formula (see for example [7], page 232)∫ ∞

0

φ(s,Xs)H
2
sds =

∫ ∞
0

φ(s,Xs)d 〈X,X〉s =

∫ +∞

−∞

∫ ∞
0

φ(s, x)dLx
sdx.

In particular, if φ(s, x) = 1s≤tψ(x),∫ t

0

ψ(Xs)H
2
sds =

∫ +∞

−∞
ψ(x)Lx

t dx

and taking expectations,∫ t

0

E[ψ(Xs)E[H2
s |Xs]]ds =

∫
ψ(x)E[Lx

t ]dx.

With h(s, x) =
√

E[H2
s |Xs = x], we must have∫ t

0

∫
ψ(x)h(s, x)2dFs(x)ds =

∫
ψ(x)E[Lx

t ]dx.

Thus, if Xt has density ft(x), then∫
ψ(x)E[Lx

t ]dx =

∫ t

0

∫
ψ(x)h(s, x)2dFs(x)ds

=

∫ t

0

∫
ψ(x)h(s, x)fs(x)dxds

=

∫
ψ(x)

∫ t

0

h(s, x)fs(x)dsdx.

It follows that ∫ t

0

h(s, x)fs(x)ds = E[Lx
t ].
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If we further assume that the martingale X is a diffusion (5), then h(x, t) =
|σ(x, t)| and we immediate get

E[Lx
t ] =

∫ t

0

σ(x, s)2fs(x)ds.

Now Dupire’s formula is a straightforward application of Theorems 3 and 4.

Theorem 5. Let X be a continuous martingale. Suppose that, for each t > 0,
Xt has a density ft(x) and write C(x, t) for E[(Xt − x)+]. Then

∂C

∂t
(x, t) =

1

2
h(x, t)2 ∂

2C

∂x2
(x, t) a.e.

Proof. Combining (4) and (9) we get

2(C(x, t)− C(x, 0)) =

∫ t

0

h(x, s)2fs(x)ds =

∫ t

0

h(x, s)2 ∂
2

∂x2
C(x, s)ds.

Differentiating in t we obtain the required result.
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