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Quantile-based inference for tempered stable distributions

Abstract

We introduce a simple, fast, and accurate way for the estimation of numerous distributions

that belong to the class of tempered stable probability distributions. Estimation is based on

the Method of Simulated Quantiles (Dominicy and Veredas (2013)). MSQ consists of matching

empirical and theoretical functions of quantiles that are informative about the parameters of

interest. In the Monte Carlo study we show that MSQ is significantly faster than Maximum

Likelihood and the MSQ estimators can be nearly as precise as MLE’s. A Value at Risk study

using 13 years of daily returns from 21 world-wide market indexes shows that the risk assessments

of MSQ estimates are as good as MLE’s.
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1 Introduction

From a statistical point of view, measurement of financial risk (e.g. Value at Risk) involves two
components: volatility and tail risk. The former can be understood as the expected risk, or the risk
under normal market conditions, while the latter is the unexpected risk, or the risk under financial
turmoil. In this paper we focus on the second component of risk. We approach it by making inference
on a particular class of heavy tailed distributions, namely the class of tempered stable probability
distributions.

Though there are numerous ways to define heavy tails, in this paper we refer to them as tails
that decrease more slowly than an exponential function. Mathematically, this is stated as follows:
let X be a random variable with cumulative distribution function F (x) and associated tail function
F̄ (x) = 1− F (x). Then F̄ (x) −→ cxne−λx for some power of x and as x→∞.

Among all the heavy tailed distributions, the class of tempered stable distributions has attracted
recent attention because of their useful theoretical properties (see, for example Fallahgoul et al.
(2015), Rachev et al. (2011), Kim et al. (2009) and Kim et al. (2011), among others). Sound financial
applications however are thwarted by the lack of a fast, simple, and accurate method for the estimation
of the parameters.

Indeed, a handful of methods have been proposed for the estimation of tempered stable distribu-
tions. Meerschaert et al. (2009) uses largest order statistics. Kim et al. (2010) estimates heavy tails by
Maximum Likelihood (ML), computing the density with a combination of the fast Fourier transform
and the characteristic function (CF). Gajda and Wyłomańska (2013) also proposes ML methods, along
with two matching methods, one based on moments (for which closed-form expressions are obtained)
and another based on the sample and the theoretical CFs.

There are three issues related to the use of maximum likelihood estimation (MLE) for estimating
the parameters of tempered stable distributions. The first issue is the high computational cost, and
the second is the choice of the grid of frequencies at which to evaluate the CF. While theoretically a
very thin grid of frequencies optimizes the use of the information, in finite samples a well chosen thin
grid can be better. And even asymptotically, the problem of matching sample and the theoretical CFs
evaluated on a continuum of frequencies introduces a fundamental singularity problem.

The third issue is that the likelihood function is constructed by inverting the Fourier transform;
more precisely, the probability density function is obtained by inverting the Fourier transform. By
using the fast Fourier transform (FFT), the speed of computation for the inverting procedure increases
substantially. However, for estimating a conditional distribution for small time intervals or an un-
conditional distribution with a specific set of parameters, the accuracy of the FFT for approximating
the probability density function is extremely low. This weakness becomes even more serious when
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the distribution has a small variance (i.e. all mass is around the mean). Since all classes of tempered
stable distributions belong to the class of Lévy processes, they have a small variance. Indeed, the
MLE cannot be used for estimating the conditional tempered stable distribution in small intervals.

Figure 1a shows the CF of the normal tempered stable distribution.1 The real and imaginary parts
of the CF decay very slowly to zero (in absolute value). The slow decay of the real part of the CF
to zero leads to a less accurate approximation for the probability density function based on the FFT.
Figure 1b shows the probability density function of the CF in Figure 1a. There are oscillations in the
approximation of the probability density function, a phenomenon known as the Gibbs phenomenon.
The oscillation of the probability density function is due to the slow decay of the real part of the
CF to zero. In fact, even by choosing a very large number of terms for the series approximation, the
inverting procedure is not accurate.

In this article we use the Method of Simulated Quantiles (MSQ henceforth) introduced by Dominicy
and Veredas (2013) as an alternative to ML. Since it is based on quantiles, it does not make use of the
frequency domain, and, since it is based on simulations, we do not need closed form expressions of any
function that represents the probability law of the process. In a nutshell, MSQ is based on a vector of
functions of quantiles that are informative about the parameters of interest. These functions can be
either computed from data (the sample functions) or from the distribution (the theoretical functions).
The estimated parameters are those that minimize a quadratic distance between both. Since the
theoretical functions of quantiles may not have a closed-form expression, we rely on simulations.

We focus of three tempered stable distributions: the classical, the normal, and the generalized
classical. Henceforth we refer to them as CTS, NTS, and GTS. For each distribution we propose func-
tions of quantiles that are informative about the unknown parameters. While the general asymptotic
theory of MSQ applies to all the distributions, we study the finite sample performance of the esti-
mators with a Monte Carlo study. The estimates are essentially unbiased and the relative efficiencies
(relative to MLE) are close to one. We also show that the computational gain with respect to the
MLE: estimation with quantiles takes roughly 50% of the time that estimation with the density.

We illustrate the estimation method with 13 years of daily stock log returns for 21 major world-
wide equity market indexes, covering America, Europe, and Asia and Oceania. As in the Monte Carlo
study, MSQ estimators are nearly as efficient as MLE. Additionally, our VaR analysis and backtest
shows that the estimated VaRs are reasonable. In fact, they are as good as with MLE.

Note that we do not attempt to demonstrate in this paper that tempered stable distributions are
suitable models for modelling financial time series. Several studies have documented their suitability
(see, for example, Rachev et al. (2011) and Kim et al. (2011, 2012)). Instead, we look at the tempered
stable distribution to show the superior performance of the MSQ estimates relative to MLE, which

1The normal tempered stable distribution should not be confused with the normal distribution.
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we do: estimation by MSQ is twice faster than with MLE, MSQ is almost as efficient as MLE, and
from a risk management point of view they provide similar results.

The rest of the paper is laid out as follows. Section 2 explains the methodology, with a short
review of tempered stable distributions, followed by the use of the MSQ for the CTS, GTS and NTS
distributions. The Monte Carlo study is provided in Section 3, and the empirical illustration is shown
in Section 4. Concluding remarks are given in Section 5. An appendix with tables closes the paper.

2 The distributions and their quantile-based estimation

2.1 Tempered stable distributions

The class of tempered stable distributions belongs to the wider supra-class of infinite divisible distri-
butions (IDD).

Definition 1. (Rachev et al. (2011)) A random variable X is referred to as infinitely divisible if for
each positive integer n, there are independent identically distributed random variables X1, X2, · · · , Xn

such that X =d
∑n

i=1Xi, where =d shows equality in distribution.

Each IDD is uniquely defined by the Lévy triple (σ2, ν, γ). The parameters σ and γ are real
numbers that measure the variation and location of the distribution respectively. The parameter ν is
the Lévy measure, which plays a central role the tail behavior.

The theoretical properties of tempered stable distributions are well understood with the Lévy-
Khinchin representation of the IDD characteristic function:

E
(
eiuX

)
= exp

(
iγu− 1

2
σ2u2 +

∫ ∞
−∞

(
eiux − 1− iux1|x|≤1

)
ν(dx)

)
, (1)

where 1|x|≤1 is an indicator function that takes value 1 if |x| ≤ 1. If ν(dx) = 0 the CF (1) becomes the
CF of the Gaussian distribution, and if σ = 0 then (1) is the CF of a purely non-Gaussian distribution.
The class of tempered stable distributions is purely non-Gaussian, as explained below.

At the core of the tempered stable distributions is the stable distribution. In fact, as the name
indicates, the former are a tempered form of the latter, in a sense that is precisely defined as follows.
The Lévy measure of the stable distribution is

νstable(dx) =

(
P

x1+α
1x>0 +

Q

|x|1+α
1x<0

)
, (2)

where P and Q are non-negative numbers and α is the tail index bounded below by 0 and above
by 2. The stable distribution is of particular importance since it is a domain of attraction. That
is, sums of random variables converge in distribution to a stable distribution. The drawback of the
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2.1 Tempered stable distributions

stable distribution is that only moments of order smaller than α exist (E(Xp) < ∞ ∀p < α). Since
α < 2, the variance and higher-order moments do not exist, as well as exponential moments, which is
problematic in many financial applications such as risk management and option pricing (see Chapter
7 of Rachev et al. (2011) and references therein).

In order to overcome this problem, and introduce distributions that are better suited for financial
modeling, the Lévy measure (2) is multiplied by a tempering function t(x), leading to the class
of Lévy measures νTS(dx) = t(x)νstable(dx). The distributions associated with these new Lévy
measures form the class of tempered stable distributions, and the choice of the tempering function
t(x) leads to a particular distribution.

For instance, if the tempering function is

tCTS(x) = exp−λ+x1x>0 + exp−λ−|x|1x<0,

the resulting Lévy measure is

νCTS(dx) =

(
Ce−λ+x

x1+α
1x>0 +

Ce−λ−|x|

|x|1+α
1x<0

)
dx. (3)

When (3) is used in the IDD characteristic function (1), the CF becomes:

ECTS
(
eiuX

)
= exp

(
iuµ− iuCΓ(1− α)(λα−1+ − λα−1− ) (4)

+CΓ(−α)
(
(λ+ − iu)α − λα+ + (λ− + iu)α − λα−

))
,

where Γ(·) is the Gamma function. Equation (4) is the characteristic function of the Classical Tem-
pered Stable (CTS) distribution (Koponen (1995)). This distribution is characterized by five param-
eters and the shortcut notation is X ∼ CTS(α,C, λ+, λ−, µ) where α ∈ (0, 1) ∪ (1, 2), C, λ+, λ− > 0,
and µ ∈ R. Each parameter plays a very clear and distinct role in the distribution. The parameter
µ determines the location of the distribution and C is the scale parameter. The parameters λ+ and
λ− respectively control the rate of decay on the positive and negative tails. If λ+ > λ−, then the
distribution is skewed to the left, and if λ+ = λ− then it is symmetric. Last, α is the tail index and
captures the thickness of the tails in a similar way as in the stable distribution.

Besides the CTS, in this paper we focus on other two tempered stable distributions. We refer to
Rachev et al. (2011) for a complete compendium of the distributions that belong to this class. The
second distribution that we consider is the Normal Tempered Stable (NTS) of Barndorff-Nielsen and
Shephard (2001). The tempering function is

tNTS(x) = exp βx(λ|x|)
α+1
2 Kα+1

2
(λ|x|).
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2.2 Quantile-based inference

Multiplying (2) by tNTS(x) and using the resulting Lévy measure in (1) leads to the characteristic
function

ENTS
(
eiuX

)
= exp

(
iuµ− iu2−

α−1
2
√
πCΓ

(
1− α

2

)
β(λ2 − β2)

α
2
−1

+ 2−
α+1
2
√
πCΓ

(
−α

2

) (
(λ2 − (β + iu)2)

α
2 − (λ2 − β2)

α
2

))
.

We use the shortcut notation X ∼ NTS(α,C, λ, β, µ) where α ∈ (0, 2), C, λ > 0, |β| < λ, and
µ ∈ R. The role of the parameters of the NTS distribution is similar as for the CTS distribution. The
parameters µ and C capture the location and scale, while λ controls the rate of decay on the tails and
β is related to the distribution’s skewness. If β < 0 (β > 0), then the distribution is skewed to the
left (right).

While the CTS and NTS are alike in flexibility and in terms of skewness and tail decay, the third
distribution that we consider generalizes them. It is the Generalized Tempered Stable (GTS) and it
allows for different indexes and scaling for each side of the distribution. Its Lévy measure is

νGTS(dx) =

(
C+e

−λ+x

x1+α+
1x>0 +

C−e
−λ−|x|

|x|1+α−
1x<0

)
dx,

which leads to the following CF:

EGTS
(
eiuX

)
= exp

(
iuµ− iuCΓ(1− α)(C+λ

α+−1
+ − C−λα−−1

− )

+C+Γ(−α+)((λ+ − iu)α+ − λα+

+ ) + C−Γ(−α−)(λ− − iu)α− − λα−
− )) .

We use the notationX ∼ GTS(α+, α−, C+, C−, λ+, λ−, µ) where α+, α− ∈ (0, 1)∪(1, 2), C+, C−, λ+, λ− >

0, and µ ∈ R.

2.2 Quantile-based inference

Let Xt be a random variable that follows one of the tempered stable distributions explained above
and let x = (x1, . . . , xT ) be the vector T realizations of Xt.

We denote by θ ∈ Θ ⊂ Rp a generic p× 1 vector of parameters that lives in the compact space Θ,
θ0 the vector of unique but unknown true values of the parameters, and θ̂T the vector of estimators
(obtained with T observations) that uniquely optimize the criterion function shown below. Equivalent
notation applies to the vectors of parameters of the distributions of interest: θCTS = (α,C, λ+, λ−, µ),
θNTS = (α,C, λ, β, µ), and θGTS = (α+, α−, C+, C−, λ+, λ−, µ). We use the generic notation by default
and the distribution-specific notation when needed.

Let q = (qτ1 , . . . , qτs) a s × 1 vector of quantiles, where qτj j = 1, . . . , s denotes the quantile at
probability level 0 < τj < 1. The vector of quantiles q can be either estimated from the observations x,
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2.2 Quantile-based inference

in which case we denote them q̂T , or can be the theoretical quantiles of the distributions of interest and
that we denote generically by qθ. Since theoretical quantiles for the CTS, NTS and GTC distributions
are not available in closed form, we compute qθ with simulations. As explained below, increases in
precision can be achieved if R trajectories of Xt are simulated and the average of the R theoretical
quantiles is used: qRθ = 1

R

∑R
r=1 qθ,r.

The vector of estimators θ̂T is obtained by minimizing the distance between a q × 1 vector of
functions of sample quantiles h(q̂T ) and its theoretical counterparts h(qRθ ). These functions should
be real, continuous, and differentiable, and identification of θ requires that q ≥ p. The minimization
problem is

θ̂T = arg minθ∈Θ (h(q̂T )− h(qRθ ))′Wθ(h(q̂T )− h(qRθ )), (5)

where Wθ is a q×q symmetric positive definite weighting matrix defining the metric. It can be shown
that the optimal choice for Wθ

Wθ =

(
∂h(qRθ )′

∂qθ

ηθ
∂h(qRθ )

∂qθ

)−1
,

assumed to be non-singular, and where ηθ is the s × s variance-covariance matrix of q̂T (Cramér
(1946)) and ∂h(qRθ )

∂qθ
is a q × p matrix of derivatives.

Under mild assumptions (see Dominicy and Veredas (2013) for details), the vector of estimators
is asymptotically consistent and Gaussian:

√
T (θ̂T − θ0)→d N

(
0,

(
1 +

1

R

)(
∂h(qRθ )′

∂θ
Wθ

∂h(qRθ )

∂θ

)−1)
.

Three remarks are in order. First, the optimization above depends on the weighting matrix Wθ

that in turn depends on the parameters θ. This is a similar problem to GMM and Indirect Inference.
So we proceed similarly: we optimize with Wθ = I, the identity matrix. The estimated parameters
θ̌T are consistent, albeit inefficient. Then we replace θ by θ̌T in the optimal Wθ, and we optimize
(h(q̂T ) − h(qRθ ))′Wθ̌(h(q̂T ) − h(qRθ )). Second, if s = p then Wθ is irrelevant and the problem boils
down to solving the system h(q̂T ) − h(qRθ ) = 0 with respect to θ. Third, the larger the number
of simulated trajectories R, the higher the precision of the estimators. In finite samples, however,
previous studies show that the gains beyond R = 5 are negligible.

In order to implement MSQ for the estimation of the parameters of tempered stable distributions,
two further issues need to be addressed. The first is the choice of the functions h(q̂T ) and the second
is simulation from the CTS, NTS and GTS distributions.
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2.2 Quantile-based inference

2.2.1 The functions of quantiles

There are two approaches to choosing the functions of quantiles. In the first the functions of quantiles
are the identity: h(q̂T ) = q̂T and h(qθ) = qθ. We refer to this approach as the System of Quantiles
(or SoQ). The optimization becomes the minimization of the distance between two vectors of sample
and theoretical quantiles:

θ̂T = arg minθ∈Θ (q̂T − qRθ )′Wθ(q̂T − qRθ ).

The rationale for this approach is that a sufficiently thin grid of quantiles (i.e. s >> p) is a good
approximation of the density function, and hence it conveys valuable information for the estimation
of the parameters. In the Monte Carlo study and the empirical application we use the grid q =

(q0.05, q0.10, . . . , q0.95) of 19 quantiles. The advantage of SoQ is that an automatic procedure can
be designed for estimating the parameters of any distribution. The drawback is the computational
complexity due to a potentially large grid size.

The second approach consists of constructing a reduced set of functions that are informative about
θ. We refer to this approach as the Functions of Quantiles (FoQ). Here we study the case when q = p;
that is h(q̂T ) and h(qθ) are of the same dimension as θ. Choosing q functions avoids the estimation
of the preliminary parameters θ̌T , as mentioned above. A deeper discussion of the SoQ and FoQ
approaches can be found below.

For the CTS distribution, we need s = 5 functions of quantiles that are informative about the
location (µ), scale (C), right decay (λ+), left decay (λ−), and tail thickness (α). The median q0.50 is the
most natural function of quantiles that is informative about the location, i.e. h1(q) = q0.50. Likewise,
the interquantile range is often used as an estimator for dispersion, and hence it is informative about
C: h2(q) = q0.75 − q0.25. For the right and left decays we use half-versions of the Bowley coefficient
(Bowley (1920) and Hinkley (1975)), i.e. q0.95 − q0.50 and q0.50 − q0.05 are informative about the right
and left dispersions. Note that these half Bowley coefficients include information about the decays of
the right and left tails respectively, as they consider the 5% and 95% quantiles. Note also that though
these two functions of quantiles are location invariant, they are not scale invariant. Dividing them
by h2(q) makes them scale invariant too. Regarding the last function, the tail interquantile range
q0.95 − q0.05 is informative about the tail thickness, which has to be properly re-scaled as well. All in
all, for the CTS distribution q = (q0.95, q0.75, q0.50, q0.25, q0.05) and the vector of functions of quantiles
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2.2 Quantile-based inference

is

hCTS(q) =



q0.50

q0.75 − q0.25
q0.95−q0.50
q0.75−q0.25
q0.50−q0.05
q0.75−q0.25
q0.95−q0.05
q0.75−q0.25


.

The sample and theoretical versions of hCTS(q) are used in the optimization.
The NTS distribution also has five parameters. The location µ, scale C, and tail index α have the

same interpretation as for the CTS distribution, and hence the functions of quantiles are similar. The
parameter β captures the asymmetry in the similar way as its counterpart in the stable distribution.
The Bowley coefficient (q0.95 − q0.50) − (q0.50 − q0.05) is therefore informative about β, which can
be re-scaled. Regarding λ, since its role is to control the decay of the tail, the interquantile range
q0.99− q0.95 (also properly re-scaled) conveys the needed information. Hence, for the NTS distribution
q = (q0.99, q0.95, q0.75, q0.50, q0.25, q0.05) and the vector of functions of quantiles is

hNTS(q) =



q0.50

q0.75 − q0.25
(q0.95−q0.50)−(q0.50−q0.05)

q0.75−q0.25
q0.99−q0.95
q0.75−q0.25
q0.95−q0.05
q0.75−q0.25


.

As for the CTS distribution, the sample and theoretical versions of hNTS(q) are used in the optimi-
sation.

Last, we discuss the seven functions of quantiles for the GTS distribution, which follow along the
lines of the previous paragraphs. The functions of quantiles for the location µ and the right and left
decays (λ+ and λ−) are the same as for the CTS distribution (which are the elements h1, h4 and
h5 of h(q)). For the right and left scales (C+ and C−) we also use half-Bowley coefficients but with
probability levels 0.75 and 0.25, that is h2(q) = q0.75 − q0.50 and h3(q) = q0.50 − q0.25 are informative
about C+ and C− respectively. For the right and left tail indexes α+ and α−, calibration exercises
show that the same functions of quantiles as for λ+ and λ− provide the information that we need.
To sum up, for the GTS distribution q = (q0.95, q0.75, q0.50, q0.25, q0.05) and the vector of functions of
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2.2 Quantile-based inference

quantiles is

hGTS(q) =



q0.50

q0.75 − q0.25
q0.95−q0.50
q0.75−q0.25
q0.50−q0.05
q0.75−q0.25
q0.95−q0.50
q0.75−q0.25
q0.50−q0.05
q0.75−q0.25


.

Optimization follows as for the CTS and NTS distributions.

2.2.2 A discussion on the optimal choice of the functions of quantiles

The choices of the functions of quantiles are particular to the model considered. From an intuitive
point of view, the user should choose functions of quantiles that measure approximately the same as
the unknown parameters. For instance, although for the scale (q0.75− q0.25) and (q0.74− q0.26) are both
informative, other functions are not. E.g. the range (q0.55 − q0.45) might be a too tight for providing
information about the scale. And just one quantile, q0.75 say, will not be informative either.

From a formal point of view, one could choose the functions of quantiles by minimising the asymp-
totic variance. The asymptotic distribution of the estimated parameters is Gaussian and centered
around the true parameter vector. The difference between two estimates obtained with two different
sets of functions of quantiles therefore comes in terms of precision, i.e. the asymptotic variance-
covariance matrix. One could therefore choose the functions of quantiles that minimise the asymptotic
variance-covariance matrix.

In principle a very large and thin grid of quantiles could be used, on the grounds that the larger
the number of quantiles, the better the approximation (information wise) to the true but unknown
density. In fact, this problem is akin to the choice of the moment conditions in the Generalized
Method of Moments. Asymptotically, and under suitable assumptions, the more moment conditions
the more information, and hence the precision of the estimates gets closer to the Cramér-Rao bound.
A similar argument applies to the choice of the auxiliary model in indirect inference: the bigger the
auxiliary model the more accurate the estimators are.

If R→∞, the asymptotic distribution of MSQ estimators becomes

√
T (θ̂T − θ0)→d N

(
0,

(
∂h(qθ)′

∂θ
Ω−1θ

∂h(qθ)

∂θ

)−1)
.

If the functions of quantiles are replaced by the quantiles themselves (leading to the approach
SoQ), the asymptotic variance-covariance matrix becomes the inverse of

Ws(θ) =
∂q′θ
∂θ
η−1θ

∂qθ

∂θ
.
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2.2 Quantile-based inference

The question is then if Ws(θ)−1 converges to the Cramér-Rao lower bound as s → ∞. We say
that a matrix A is larger than the matrix B, and we denote it as A � B, when ||A|| ≥ ||B||, where
||A|| =

√
Tr(AA′) is the Frobenius norm and Tr(·) denotes the trace of a matrix. Let us consider

two nested sets of quantiles with s1 < s2 and denote by smax the maximum number of quantiles one
can allow for (could be a very large number). Then, Parzen (1959) shows that

Ws1(θ)−1 �Ws2(θ)−1 �Wsmax(θ)−1. (6)

That is, the more quantiles the more information, and hence the smaller the asymptotic variance-
covariance of the estimated parameters is. By standard estimation theory we know that the lower
bound of the variance-covariance matrix is always larger than the Cramér-Rao lower bound, i.e.

Wsmax(θ)−1 � I−1(θ), (7)

where I(θ) is the Fisher information matrix.
The final question is wether Wsmax(θ) approaches I(θ) as s → ∞. Results in Zhao and Xiao

(2014) could be used for showing it but with a caveat. While results in Theorems 6.1 and 6.2 of Zhao
and Xiao (2014) are for scalars (i.e. they are concerned about the estimation of either one location
or one scale parameter), our problem is multivariate (i.e. we are concerned about the estimation of
a vector of parameters). More importantly, when s → ∞ we effectively end up with a continuum
of quantiles. This is similar to the continuous version of GMM (CGMM) of Carrasco and Florens
(2000) Standard theory of GMM cannot be used in CGMM because the variance-covariance matrix
of the moment conditions cannot be inverted, as two adjacent moments contain almost the same
information and hence they are almost linearly dependent. A regularisation is required. Likewise, if
s → ∞, two adjacent quantiles are distant by an infinitesimally small amount, making them nearly
linearly dependent. As a result, the variance-covariance matrix ηθ may not be invertible and a
regularisation is needed. Given the theoretical dimension of this issue, and the fact that this work is
computational, we leave these advances for further research.

2.2.3 Simulation of tempered stable realizations

Simulation from a tempered stable distribution is divided in two steps. First, the Cumulative Distri-
bution Function is computed from the characteristic function. Second, given a uniformly distributed
simulated vector, interpolation is used for computing the inverse of the CDF.

Let φ(X) denote the characteristic function E[eiuX ] of a tempered stable distribution. Kim et al.
(2010) show that the CDF is given by

F (x) =
exρ

π
<
(∫ ∞

0

e−iux
φ(u+ iρ)

c(ρ)− iu
du

)
,
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where < stands for the real part of a complex number and ρ = =(Z) > 0 is the imaginary part of the

complex number. For simplicity we denote g(u) =
φ(u+ iρ)

c(ρ)− iu
so F (x) can be re-written as

F (x) =
exρ

π
<
(∫ ∞

0

e−iuxg(u)du

)
. (8)

Let a ∈ R+, q ∈ N+ and, for j, k ∈ {1, 2, · · · , n = 2q}, let

uk =
2a

n
(k − 1), u∗k =

uk + uk+1

2
=
a

n
(2k − 1), and xj = −nπ

2a
+
π

a
(j − 1).

The integral in (8) can then by approximated as follows:∫ ∞
0

e−ixjug(u)du ∼
∫ a

0

e−ixjug(u)du ∼
n∑
k=1

e−ixju
∗
kg(u∗k)

2a

n
.

A simple calculation leads, for each xj, to

F (xj) ∼
exjρ

π
<

{
2a

n
e−i

π
n
(j−1)

n∑
k=1

eiπ
(2k−1)

2 g(u∗k)e
−i 2π

n
(k−1)(j−1)

}
. (9)

Finally, the inverse of (9) can be computed with cubic interpolation (see e.g. Stoer and Bulirsch
(2013)).2

3 Finite sample properties of the MSQ estimators

We simulate 100 draws of 10,000 observations from the CTS, NTS and GTS distributions and for an
array of parameter specifications. Tables 1-3 show results for the CTS, NTS and GTS distributions
respectively. The tables are divided in two panels. The upper is for estimation with SoQ. The lower
is for estimation with FoQ. The first column shows the choices for the parameters related to the
tails thickness and the tail decay. In all cases the scale and location parameters are set to 1 and 0
respectively (i.e. C = 1 and µ = 0 for the CTS and NTS, and C+ = C− = 1 and µ = 0 for the GTS).
The subsequent triplets of columns show the Median (Med.), the standard deviation (s.d.) and the
relative efficiency ratio (i.e. the ratio MSQ variance / MLE variance, and denoted by RE) for each
parameter for the distributions CTS and NTS. Because of space considerations, relative efficiencies
and results for µ are not shown for the GTS distribution. Results are comparable to CTS and NTS.

A similar picture emerges from all the tables, which can be summarised in three points. First,
for the three distributions and all configurations, median estimates are close to the true values and

2Note that the accuracy of this approximation depends on the method of numerical integration. More detailed
information can be found in Menn and Rachev (2006), Kim et al. (2010) and Fallahgoul et al. (2015).
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the standard deviations are small for all the parameters. Second, the relative efficiencies are higher
than one but close to, meaning that although MSQ estimators are not as precise as MLE’s, they are
reasonably precise. Third, while the advantage of SoQ with respect to FoQ is the automatisation,
the Monte Carlo results show that the advantage of FoQ over SoQ in finite samples is twofold. First,
in general FoQ estimates are more precise, i.e. they have lower standard deviations and relative
efficiencies. Second, the computing cost with FoQ is lower than with SoQ (not shown here but
available upon request), which is not surprising as the number of functions h(q) in FoQ is much
smaller than the grid q in SoQ.

Table 4 shows the speed of computation (in seconds) of the MLE and MSQ estimators (the latter
using FoQ). The table is divided into three panels: the leftish for the CTS, the middle for the NTS,
and the rightish for the GTS. Every row in the panel is for one of the parameter configurations in
Tables 1-3. The computational gains in favour of MSQ are clear. For most of the cases the computing
time is reduced by 50%. The explanation for this difference is error propagation. Since the MLE
uses wider information in comparison with MSQ (density versus quantiles), the propagation of the
approximation errors is wider, resulting in slower convergence of MLE.

4 Assessing VaR: MLE vs. MSQ

We study the performance of MSQ estimates for the evaluation of risk, namely Value at Risk (VaR).
As mentioned in the introduction, we do not attempt to show that tempered stable distributions
are suitable models for modeling financial time series, which has been done in Rachev et al. (2011)
and Kim et al. (2011, 2012). Instead, and as a complement to the Monte Carlo study, we further
investigate the performance of the MSQ estimates versus MLE with real data. And we do it in two
ways. First we analyze the relative efficiency of the MSQ estimates, and second we investigate whether
VaR using MSQ outperforms the MLE counterparts.

The structure of this section is as follows. First we introduce the data and its descriptive analysis.
Second, we discuss the estimated parameters and the adequacy of the estimated distribution to fit
the empirical distributions. We also discuss the relative efficiencies. Third, we proceed with the risk
assessment exercise.

4.1 Data and estimation results

We use 13 years of daily stock log returns of 21 major world-wide equity market indexes that represent
three geographical regions: America (S&P500, NASDAQ, TSX, Merval, Bovespa, and IPC), Europe
(AEX, ATX, FTSE, DAX, CAC40, SMI, and MIB), and East Asia and Oceania (HgSg, Nikkei, StrTim,
SSEC, BSE, KLSE, KOSPI, and AllOrd). The sample spans from January 4, 2000 to April 26, 2013
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4.1 Data and estimation results

(each series contains 3, 474 observations). Some indexes have strong volatility clustering while others
present large deviations but no clusters. It is known that (unconditional) heavy tails generated by
(conditional) volatility clustering can be mistakenly interpreted as evidence in favour of fat tailed
distributions. To safeguard against conditional volatility (and possible mean reversion) we filter each
return series with an AR(2)-GARCH(1,1) model such that the remaining tail dependencies are not
conditional. This is standard in empirical finance and there is no evidence that serial dependencies
beyond the location and dispersion are stylised facts.

Note that estimation uncertainty from filtering is not considered, which theoretically affects the
asymptotic variance of the MSQ estimators. However, the reader should bear in mind that the first
aim of this section is to analyse the relative efficiencies with real data. Since the estimation uncertainty
from the first step is carried over by both the MSQ and ML estimators, the relative efficiencies should
not be significantly affected. This being said, the exact way in which the uncertainty of the first step
enters into the MSQ and ML asymptotic variance-covariances can differ. One could think of estimating
the parameters of the AR and GARCH models jointly with the parameters of the tempered stable
distribution. Current work that uses location-scale models with tempered stable distributions also
follows the two-step approach (see e.g. Kim et al. (2011)). The reasons are that optimisations in the
one-step approach are numerically too complicated, and in real applications the practical gain does
not offset the complexity. Goode et al. (2015) estimate ARMA-GARCH models with tempered stable
distributions (among others). Parameters are estimated in one- and two-steps. The authors find that
in calm periods the quality of the VaR with the two-step approach is near identical to the one-step
approach, while in more volatile periods the two-step approach can produce superior performance.

Table 5 shows descriptive statistics for the market returns. The first and second columns are the
countries and names of the market indexes. The remaining table is divided in two parts (columns
3-6 and 7-10) and regard the raw and filtered returns respectively. For each part, the columns show
the skewness (Sraw and Sfilt.), kurtosis (Kraw and Kfilt), and the Kolmogorov-Smirnov (KSraw and
KSraw) and Lillefor (Lillraw and Lillraw) statistics for testing the null hypothesis of Gaussianity; stars
indicate that the null hypothesis cannot be rejected with size 5%.

Raw and filtered returns show a great deal of heavy tails and, in most cases, negative skewness.
Raw returns show less skewness but heavier tails, the latter as a consequence of the volatility clustering
mentioned earlier. The combination of skewness and heavy tails also imply the rejection of the null
hypothesis of Gaussianity, using either the Kolmogorov-Smirnov or Lilliefor test statistics.

The estimation results (using FoQ) are in Tables 6 and 7 for the CTS and NTS distributions
respectively. Results for the GTS are not reported since the CTS and NTS provide a good fit, as
explained in detail below. Each cell in columns 2-6 is divided in two. The upper sub-cell is the
estimated parameter while the lower sub-cell shows the pair [a,b] where "a" is the estimated standard
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4.2 Risk assessments

deviation and "b" is the relative efficiency ratio. In column 7 the upper sub-cell is the the Kolmogorov-
Smirnov (KS) test statistics and the lower sub-cell is it associated p-value.

There are three main conclusions drawn from Tables 6 and 7. First, in general parameters are
precisely estimated. For the CTS the parameters λ+ and λ− (that control the rate of decay on the
positive and negative tails) are statistically different in most cases at 5% significant level. More
interestingly, λ̂+,T is typically larger than λ̂−,T , reflecting the negative skewness found the descriptive
statistics. Likewise for the NTS distribution. The skewness parameter is most of the times negative
and statistically different from zero for more than 50% of the market indexes. Second, for most of
the estimated parameters the relative efficiencies are close to one, confirming the results in the Monte
Carlo study. In some cases though, they can be significantly higher than one, and in other cases below
one. The latter is possibly due to the estimation error of the filer or to model misspecification. Third,
the null hypothesis of correct distributional specification cannot be rejected at 5% significance level
for all markets and for the CTS and NTS distributions. This is why we do not estimate the GTS.
Moreover, the p-values for the KS test of the NTS are generally larger than for the CTS, suggesting
that the latter distribution provides a better fit.

4.2 Risk assessments

We test the VaR accuracy when using the tempered stable distribution. The accuracy is assessed
under both MSQ and MLE estimates. We first explain the battery of tests, followed by the results.

4.2.1 The tests

We perform a battery of backtesting VaR tests. The first set of tests are the three Christoffersen
(1998) likelihood ratio (CLR) tests. The second set are two Berkowitz (2001) likelihood ratio (BLR)
tests for independence. The probability level for the calculation of the VaR is 1%.

The CLR test uses the number of violations. Violations occur when the actual loss exceeds
forecasted VaR. The CLR test consists of three parts: (1) the CLR test of unconditional coverage,
which is the same as the proportion of failures test by Kupiec (1995), (2) the CLR test of independence,
and (3) the joint test of coverage and independence. More precisely, let the failure rate being the
percentage of times that the filtered returns are below the estimated VaR. If the assumed tempered
stable distribution is correct for the 1% VaR, its failure rate should be equal to 1%. The Christoffersen
(1998) likelihood ratio test of unconditional coverage is based on this idea. Let It be a hit variable
that takes value 1 if there is a success, that is if the filtered return at time t is larger than the VaR
estimated with a tempered stable distribution, and 0 otherwise.

If n is the sample size, n1 =
∑n

t=1 It is the number of successes and n0 = n − n1 the number of
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4.2 Risk assessments

failures. The empirical failure rates can be computed as f̂ = n0/n and the test statistic is

CLRuc = −2 log

(
(1− τ)n0τn1

(1− f̂)n0 f̂n1

)
∼ χ2

1, (10)

where the null of the test is f = 1%.
The likelihood ratio test of independence examines serial independence of the hits It, testing the

null of independence of the hits against the alternative of a first order Markov process. If we denote
by ni,j the number of observations of It with value i followed by j, then the likelihood ratio test of
independence is

CLRind = −2 log

(
(1− f̂)n0,0+n1,1 f̂n0,1+n1,1

(1− f̂0,1)n0,0 f̂
n0,1

0,1 (1− f̂1,1)n1,0 f̂
n1,1

1,1

)
∼ χ2

1, (11)

where f̂0,1 = n0,1/n is the percentage of successes after a failure and f̂1,1 = n1,1/n is the percentage of
successes after a success. The null of the test is f0,1 = f1,1 = 1%.

A joint test of independence and coverage is the likelihood ratio test of conditional coverage

CLRcc = LRuc + LRind ∼ χ2
2, (12)

in which the null of the unconditional coverage is tested against the alternative of the independence
test.

As opposed to CLR tests, BLR tests use the entire distribution. Let yt be the integral probability
transform (i.e. the empirical CDF). If the tempered stable distribution is correctly specified, yt is
i.i.d. and uniformly distributed in (0,1) (Rosenblatt (1952) and Diebold et al. (1998)). Next, yt is
Gaussianized by means of zt = Φ−1(yt), where Φ−1 is the inverse function of the standard normal
cumulative distribution function. The BLR test of independence examines the null hypothesis of serial
independence of zt against an AR(1) model: zt − µ = ρ(zt−1 − µ) + εt where V ar(εt) = 1. The tests
statistics is

BLRind = −2(L(0, 1, 0)− L(µ̂, σ̂2, ρ̂)) ∼ χ2
3. (13)

Last, the BLR test for the accuracy of forecasts of the tail distribution only considers the tail of zt
below the 1% probability level. The likelihood L(·) is therefore a censored normal and it is evaluated
only on the values of zt failing in the tail. The test statistic is

BLRtail = −2(L(0, 1)− L(µ̂, σ̂2)) ∼ χ2
2. (14)

4.2.2 The results

We consider the CTS and NTS distributions, with parameters estimated with ML and MSQ. Since
all the results for the 21 market indexes are too numerous to report, we show the risk performance
for the main market indexes of three continents (FTSE, Nikkei and S&P500).
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Table 8 shows the results. While column N denotes the number of violations, columns 4-6 and
7-8 report the CLR and BLR tests respectively. Every entry in columns 4-8 is the pair a[b], where
"a" is the value of the test statistics and "b" its corresponding p-value. The table is divided in three
panels. In the top, denoted "2008", VaR is computed daily returns for 2008 only. In the middle
panel, denoted "2006-2008", VaR is estimated using two years of returns (December 2006 - December
2008), while the bottom panel "2004-2008" uses four years (December 2004 - December 2008). These
periods are the same as in Rachev et al. (2011) that estimate VaR with tempered stable distributions
and using maximum likelihood. Each panel shows the testing results using MLE and MSQ and for
the three market indexes.

The CTS and NTS distributions provide accurate VaR estimations, even in years with a great
deal of turmoil like 2008, though we observe eight rejections (with significance level 5%) of the null
hypotheses (five using MLE and three using MSQ estimates). Among these rejections, seven are for
BLRind, which seems to be the most restrictive test statistic, and one using MLE and the CLRuc

test. Overall, we conclude that VaR assessments using ML and MSQ estimates are equally good. And
given that MSQ are nearly as efficient as MLE and faster to compute, we have built a case for the
use of MSQ for the estimation of tempered stable distributions.

5 Conclusion

In this paper we introduced the Method of Simulated Quantiles for the estimation of tempered stable
distributions. We showed that MSQ is faster and almost as precise as MLE. From a practical per-
spective, tempered stable distributions evaluated at MLE and MSQ estimates provide equally good
risk assessments. There are two main reasons for these results. First, the computational cost of MSQ
is smaller because the optimisation is simpler, being based on matching a small set of functions of
quantiles that are informative about the parameters of interest. Second, the theoretical functions of
quantiles are obtained by simulations, which is computationally cheaper than computing the likelihood
by somehow complex numerical methods.

Some extensions are possible, such as dealing with a wider family of heavy tailed distributions, or
applying the MSQ methodology to regression models with the tempered stable distribution as error
distribution. Another extension is the proof that as the number of quantiles approaches to infinity,
the variance-covariance matrix of the MSQ estimators converges to the Cramér-Rao lower bound.
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6 Tables
Table 1: Monte Carlo study for the CTS distribution

α̂T ĈT λ̂+,T λ̂−,T µ̂T

Med. s.d. RE Med. s.d. RE Med. s.d. RE Med. s.d. RE Med. s.d. RE
SoQ
α=1.5, λ+ = λ−=3 1.522 0.053 1.210 1.019 0.031 1.200 3.070 0.089 1.277 3.032 0.100 1.241 0.000 0.001 1.022
α=1.5, λ+ = λ−=6 1.517 0.055 1.206 1.011 0.034 1.188 6.095 0.199 1.302 6.117 0.191 1.320 0.000 0.000 1.010
α=1.5, λ+ = λ−=9 1.528 0.051 1.233 1.016 0.032 1.180 9.140 0.274 1.311 9.168 0.242 1.360 0.000 0.001 1.036
α=1.5, λ+ = 3, λ−=6 1.532 0.055 1.269 1.016 0.032 1.180 3.031 0.083 1.180 6.058 0.179 1.222 0.001 0.000 1.019
α=1.5, λ+ = 3, λ−=9 1.524 0.050 1.240 1.009 0.026 1.094 3.048 0.088 1.192 9.182 0.254 1.347 0.001 0.000 1.019
α=1.5, λ+ = 6, λ−=3 1.522 0.056 1.205 1.011 0.034 1.196 6.119 0.154 1.244 3.037 0.096 1.105 0.001 0.000 1.009
α=1.5, λ+ = 9, λ−=3 1.525 0.053 1.199 1.021 0.033 1.190 9.158 0.217 1.229 3.040 0.079 1.094 0.000 0.000 1.020

α=1.7, λ+ = λ−=3 1.735 0.043 1.199 1.016 0.035 1.111 3.055 0.085 1.138 3.055 0.090 1.099 0.000 0.000 1.010
α=1.7, λ+ = λ−=6 1.725 0.047 1.189 1.020 0.033 1.096 6.113 0.178 1.227 6.062 0.169 1.263 0.000 0.000 1.017
α=1.7, λ+ = λ−=9 1.727 0.045 1.166 1.022 0.033 1.095 9.199 0.274 1.351 9.177 0.278 1.339 0.001 0.000 1.009
α=1.7, λ+ = 3, λ−=6 1.728 0.045 1.171 1.011 0.036 1.138 3.048 0.090 1.194 6.088 0.203 1.288 0.000 0.000 1.018
α=1.7, λ+ = 3, λ−=9 1.719 0.049 1.207 1.013 0.035 1.141 3.036 0.094 1.160 9.106 0.281 1.306 0.001 0.000 1.019
α=1.7, λ+ = 6, λ−=3 1.727 0.045 1.177 1.013 0.032 1.120 6.082 0.199 1.301 3.045 0.079 1.140 0.000 0.000 1.020
α=1.7, λ+ = 9, λ−=3 1.727 0.045 1.169 1.009 0.031 1.088 9.177 0.277 1.327 3.060 0.080 1.153 0.000 0.000 1.017

α=1.9, λ+ = λ−=3 1.921 0.044 1.188 1.017 0.033 1.129 3.047 0.090 1.131 3.047 0.092 1.130 0.000 0.000 1.009
α=1.9, λ+ = λ−=6 1.924 0.043 1.179 1.011 0.030 1.097 6.110 0.173 1.250 6.128 0.180 1.263 0.000 0.000 1.011
α=1.9, λ+ = λ−=9 1.920 0.048 1.170 1.019 0.035 1.140 9.160 0.120 1.200 9.160 0.271 1.310 0.000 0.000 1.011
α=1.9, λ+ = 3, λ−=6 1.937 0.041 1.163 1.020 0.035 1.137 3.066 0.082 1.173 6.048 0.183 1.235 0.000 0.000 1.008
α=1.9, λ+ = 3, λ−=9 1.924 0.044 1.175 1.014 0.032 1.111 3.034 0.094 1.149 9.159 0.269 1.379 0.000 0.000 1.012
α=1.9, λ+ = 6, λ−=3 1.926 0.042 1.153 1.012 0.030 1.085 6.079 0.172 1.229 3.045 0.094 1.127 0.000 0.000 1.009
α=1.9, λ+ = 9, λ−=3 1.926 0.043 1.166 1.017 0.034 1.104 9.114 0.274 1.307 3.076 0.076 1.105 0.000 0.000 1.009

FoQ
α=1.5, λ+ = λ−=3 1.503 0.036 1.089 1.006 0.023 1.094 3.010 0.060 1.088 3.010 0.060 1.010 0.000 0.000 1.004
α=1.5, λ+ = λ−=6 1.504 0.033 1.130 1.002 0.021 1.088 6.022 0.143 1.119 6.011 0.135 1.130 0.000 0.000 1.002
α=1.5, λ+ = λ−=9 1.509 0.036 1.013 1.008 0.022 1.049 9.028 0.214 1.217 9.055 0.173 1.177 0.000 0.000 1.002
α=1.5, λ+ = 3, λ−=6 1.508 0.032 1.101 1.007 0.022 1.046 3.022 0.072 1.033 6.015 0.127 1.140 0.001 0.000 1.007
α=1.5, λ+ = 3, λ−=9 1.506 0.033 1.094 1.002 0.023 1.040 3.013 0.074 1.049 9.044 0.175 1.162 0.001 0.000 1.010
α=1.5, λ+ = 6, λ−=3 1.509 0.035 1.117 1.004 0.020 1.037 6.020 0.016 1.007 3.026 0.066 1.007 0.001 0.000 1.007
α=1.5, λ+ = 9, λ−=3 1.505 0.038 1.086 1.002 0.024 1.040 9.042 0.206 1.137 3.006 0.064 1.007 0.000 0.000 1.005

α=1.7, λ+ = λ−=3 1.707 0.039 1.103 1.005 0.023 1.030 3.014 0.055 1.019 3.023 0.060 1.020 0.000 0.000 1.007
α=1.7, λ+ = λ−=6 1.709 0.035 1.084 1.008 0.025 1.041 6.025 0.122 1.088 6.020 0.122 1.039 0.000 0.000 1.007
α=1.7, λ+ = λ−=9 1.706 0.038 1.093 1.002 0.019 1.008 9.060 0.212 1.117 9.029 0.163 1.077 0.000 0.000 1.006
α=1.7, λ+ = 3, λ−=6 1.702 0.032 1.036 1.004 0.023 1.008 3.041 0.062 1.056 6.016 0.131 1.020 0.000 0.000 1.000
α=1.7, λ+ = 3, λ−=9 1.705 0.037 1.041 1.003 0.021 1.006 3.007 0.057 1.033 9.044 0.188 1.082 0.000 0.000 1.009
α=1.7, λ+ = 6, λ−=3 1.706 0.034 1.066 1.007 0.020 1.003 6.039 0.140 1.099 3.019 0.051 1.033 0.000 0.000 1.008
α=1.7, λ+ = 9, λ−=3 1.713 0.040 1.069 1.002 0.023 1.010 9.023 0.176 1.106 3.015 0.049 1.017 0.000 0.000 1.008

α=1.9, λ+ = λ−=3 1.906 0.039 1.020 1.002 0.022 1.007 3.026 0.059 1.033 3.013 0.063 1.044 0.000 0.000 1.004
α=1.9, λ+ = λ−=6 1.909 0.035 1.016 1.005 0.026 1.010 6.019 0.125 1.090 6.030 0.137 1.089 0.000 0.000 1.004
α=1.9, λ+ = λ−=9 1.905 0.041 1.040 1.003 0.020 1.006 9.006 0.195 1.105 9.052 0.146 1.107 0.000 0.000 1.006
α=1.9, λ+ = 3, λ−=6 1.906 0.033 1.018 1.003 0.019 1.006 3.027 0.062 1.009 6.033 0.105 1.055 0.000 0.000 1.004
α=1.9, λ+ = 3, λ−=9 1.907 0.038 1.022 1.003 0.021 1.008 3.006 0.067 1.058 9.044 0.183 1.079 0.000 0.000 1.007
α=1.9, λ+ = 6, λ−=3 1.907 0.041 1.037 1.004 0.021 1.008 6.035 0.161 1.079 3.016 0.063 1.008 0.000 0.000 1.006
α=1.9, λ+ = 9, λ−=3 1.903 0.037 1.025 1.004 0.021 1.008 9.055 0.208 1.166 3.009 0.065 1.008 0.000 0.000 1.005

This table shows descriptive statistics of the Monte Carlo study for the CTS distribution. The table is divided in two panels. The
upper is when estimation is done with System of Quantiles (SoQ). The lower is when estimation is done with Functions of Quantiles
(FoQ). The first column shows the parameters α, λ+ and λ−. In all cases C = 1 and µ = 0. The subsequent triplets of columns show
the Median (Med.), the Variance (Var.) and the relative efficiency ratio (i.e. the ratio MSQ variance / MLE variance, and denoted by
RE) for each parameter. Results are based on 100 draws of 10000 observations each.
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Table 2: Monte Carlo study for the NTS distribution

α̂T ĈT λ̂T β̂T µ̂T

Med. s.d. RE Med. s.d. RE Med. s.d. RE Med. s.d. RE Med. s.d. RE
SoQ
α = 1.5, λ = 3, β = 2.5 1.520 0.049 1.141 1.017 0.028 1.020 3.050 0.095 1.132 2.532 0.057 1.033 0.000 0.000 1.010
α = 1.5, λ = 6, β = 4 1.525 0.041 1.222 1.019 0.028 1.046 6.125 0.095 1.180 4.090 0.106 1.048 0.001 0.000 1.024
α = 1.7, λ = 3, β = 2.5 1.726 0.056 1.208 1.013 0.033 1.037 3.048 0.099 1.099 2.545 0.079 1.209 0.000 0.000 1.020
α = 1.7, λ = 6, β = 4 1.739 0.041 1.048 1.017 0.035 1.033 6.065 0.181 1.317 4.047 0.146 1.131 0.000 0.000 1.008
α = 1.9, λ = 3, β = 2.5 1.927 0.058 1.219 1.018 0.033 1.051 3.048 0.096 1.241 2.537 0.083 1.099 0.000 0.000 1.002
α = 1.9, λ = 6, β = 4 1.932 0.055 1.130 1.014 0.033 1.044 6.104 0.130 1.264 4.080 0.137 1.139 0.001 0.000 1.007

FoQ
α = 1.5, λ = 3, β = 2.5 1.505 0.035 1.095 1.003 0.021 1.002 3.003 0.004 1.011 2.510 0.059 1.010 0.000 0.000 1.006
α = 1.5, λ = 6, β = 4 1.506 0.032 1.173 1.007 0.025 1.009 6.004 0.012 1.062 4.018 0.075 1.022 0.000 0.000 1.007
α = 1.7, λ = 3, β = 2.5 1.709 0.043 1.070 1.004 0.023 1.003 3.008 0.003 1.001 2.515 0.054 1.018 0.000 0.000 1.000
α = 1.7, λ = 6, β = 4 1.707 0.029 1.009 1.005 0.024 1.005 6.030 0.020 1.101 4.035 0.091 1.200 0.000 0.000 1.001
α = 1.9, λ = 3, β = 2.5 1.911 0.043 1.099 1.005 0.023 1.002 3.029 0.062 1.107 2.519 0.064 1.083 0.000 0.000 1.000
α = 1.9, λ = 6, β = 4 1.910 0.046 1.119 1.005 0.020 1.000 6.040 0.020 1.201 4.024 0.083 1.088 0.000 0.000 1.003

This table shows descriptive statistics of the Monte Carlo study for the NTS distribution. The table is divided in two panels. The
upper is when estimation is done with System of Quantiles (SoQ). The lower is when estimation is done with Functions of Quantiles
(FoQ). The first column shows the parameters α, λ and β. In all cases C = 1 and µ = 0. The subsequent triplets of columns show the
Median (Med.), the Variance (Var.) and the relative efficiency ratio (i.e. the ratio MSQ variance / MLE variance, and denoted by RE)
for each parameter. Results are based on 100 draws of 10000 observations each.
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Table 3: Monte Carlo study for the GTS distribution

α̂+,T α̂−,T Ĉ+,T Ĉ−,T λ̂+,T λ̂−,T

Med. s.d.. Med. s.d. Med. s.d. Med. s.d. Med. s.d. Med. s.d.
SoQ
α+ = 1.5, α−=1.7, λ+ = λ−=3 1.520 0.032 1.718 0.040 1.004 0.025 1.015 0.028 3.038 0.008 3.045 0.068
α+ = 1.5, α−=1.7, λ+ = λ−=6 1.533 0.014 1.723 0.038 1.012 0.024 1.009 0.026 6.048 0.155 6.077 0.148
α+ = 1.5, α−=1.7, λ+ = λ−=9 1.519 0.032 1.717 0.036 1.010 0.023 1.009 0.027 9.098 0.201 9.097 0.232
α+ = 1.5, α−=1.9, λ+ = λ−=3 1.520 0.044 1.915 0.034 1.003 0.016 1.009 0.025 3.034 0.063 3.064 0.060
α+ = 1.5, α−=1.9, λ+ = λ−=6 1.525 0.021 1.901 0.032 1.013 0.031 1.013 0.021 6.006 0.104 6.025 0.120
α+ = 1.5, α−=1.9, λ+ = λ−=9 1.527 0.022 1.905 0.033 1.014 0.038 1.015 0.026 9.048 0.146 9.119 0.162

α+ = 1.7, α−=1.5, λ+ = λ−=3 1.722 0.051 1.512 0.036 1.012 0.025 1.011 0.025 3.047 0.077 3.043 0.057
α+ = 1.7, α−=1.5, λ+ = λ−=6 1.715 0.038 1.517 0.040 1.011 0.024 1.007 0.023 3.029 0.071 3.030 0.070
α+ = 1.7, α−=1.5, λ+ = λ−=9 1.722 0.048 1.512 0.032 1.011 0.026 1.010 0.028 9.113 0.206 9.101 0.208
α+ = 1.7, α−=1.9, λ+ = λ−=3 1.736 0.069 1.912 0.062 1.005 0.053 1.005 0.036 3.029 0.117 3.050 0.117
α+ = 1.7, α−=1.9, λ+ = λ−=6 1.734 0.035 1.920 0.028 1.010 0.022 1.009 0.023 6.062 0.098 6.057 0.047
α+ = 1.7, α−=1.9, λ+ = λ−=9 1.730 0.059 1.923 0.030 1.006 0.027 1.022 0.025 9.167 0.130 9.169 0.211

α+ = 1.9, α−=1.5, λ+ = λ−=3 1.914 0.036 1.533 0.029 1.006 0.032 1.006 0.021 3.011 0.089 3.021 0.090
α+ = 1.9, α−=1.5, λ+ = λ−=6 1.918 0.109 1.515 0.100 1.011 0.049 1.008 0.055 6.133 0.346 6.048 0.425
α+ = 1.9, α−=1.5, λ+ = λ−=9 1.916 0.024 1.512 0.032 1.032 0.014 1.019 0.025 9.002 0.107 9.093 0.129
α+ = 1.9, α−=1.7, λ+ = λ−=3 1.921 0.043 1.755 0.043 1.007 0.023 1.008 0.021 3.025 0.096 3.021 0.088
α+ = 1.9, α−=1.7, λ+ = λ−=6 1.919 0.032 1.714 0.050 1.007 0.020 1.011 0.021 6.074 0.143 6.058 0.085
α+ = 1.9, α−=1.7, λ+ = λ−=9 1.920 0.036 1.710 0.043 1.003 0.024 1.008 0.008 9.105 0.223 9.212 0.165

FoQ
α+ = 1.5, α−=1.7, λ+ = λ−=3 1.503 0.026 1.705 0.027 1.008 0.017 1.001 0.015 3.010 0.048 3.009 0.057
α+ = 1.5, α−=1.7, λ+ = λ−=6 1.501 0.021 1.705 0.036 1.004 0.017 1.002 0.017 6.017 0.104 6.007 0.117
α+ = 1.5, α−=1.7, λ+ = λ−=9 1.502 0.019 1.712 0.034 1.003 0.018 1.003 0.018 9.028 0.170 9.060 0.187
α+ = 1.5, α−=1.9, λ+ = λ−=3 1.505 0.030 1.906 0.019 1.005 0.019 1.002 0.015 3.017 0.046 3.010 0.038
α+ = 1.5, α−=1.9, λ+ = λ−=6 1.504 0.023 1.908 0.031 1.008 0.019 1.000 0.015 6.029 0.137 6.021 0.089
α+ = 1.5, α−=1.9, λ+ = λ−=9 1.502 0.025 1.905 0.038 1.003 0.017 1.003 0.017 9.019 0.129 9.015 0.181

α+ = 1.7, α−=1.5, λ+ = λ−=3 1.705 0.031 1.501 0.020 1.005 0.020 1.000 0.017 3.010 0.046 3.016 0.048
α+ = 1.7, α−=1.5, λ+ = λ−=6 1.712 0.030 1.503 0.026 1.001 0.020 1.001 0.016 6.013 0.104 6.006 0.107
α+ = 1.7, α−=1.5, λ+ = λ−=9 1.706 0.028 1.503 0.029 1.000 0.015 1.000 0.016 9.018 0.150 9.042 0.169
α+ = 1.7, α−=1.9, λ+ = λ−=3 1.703 0.033 1.901 0.033 1.004 0.020 1.004 0.018 3.009 0.041 3.014 0.057
α+ = 1.7, α−=1.9, λ+ = λ−=6 1.709 0.030 1.906 0.033 1.004 0.016 1.004 0.019 6.036 0.116 6.046 0.108
α+ = 1.7, α−=1.9, λ+ = λ−=9 1.705 0.036 1.911 0.038 1.005 0.021 1.005 0.020 9.032 0.226 9.032 0.136

α+ = 1.9, α−=1.5, λ+ = λ−=3 1.907 0.037 1.501 0.026 1.001 0.018 1.004 0.017 3.018 0.065 3.002 0.055
α+ = 1.9, α−=1.5, λ+ = λ−=6 1.904 0.032 1.508 0.028 1.005 0.015 1.005 0.018 6.042 0.122 6.028 0.117
α+ = 1.9, α−=1.5, λ+ = λ−=9 1.903 0.032 1.502 0.024 1.004 0.019 1.006 0.019 9.030 0.033 9.055 0.148
α+ = 1.9, α−=1.7, λ+ = λ−=3 1.907 0.036 1.713 0.032 1.003 0.018 1.003 0.016 3.012 0.188 3.005 0.048
α+ = 1.9, α−=1.7, λ+ = λ−=6 1.911 0.037 1.709 0.029 1.006 0.016 1.005 0.019 6.029 0.088 6.005 0.111
α+ = 1.9, α−=1.7, λ+ = λ−=9 1.903 0.033 1.705 0.027 1.003 0.015 1.002 0.017 9.049 0.148 9.036 0.154

This table shows descriptive statistics of the Monte Carlo study for the GTS distribution. The table is divided in two panels. The upper
is when estimation is done with System of Quantiles (SoQ). The lower is when estimation is done with Functions of Quantiles (FoQ). The
first column shows the parameters α+, α−, λ+ and λ−. In all cases C+ = C− = 1 and µ = 0. The subsequent couples of columns show
the Median (Med.) and the Root Mean Square Error (RMSE) for each parameter (except for µ, which are not shown because of space
considerations but available under request). Results are based on 100 draws of 10000 observations each.
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Table 4: The speed of computation for MLE and MSQ

CTS NTS GTS

CPU time CPU time CPU time
MLE MSQ MLE MSQ MLE MSQ

α=1.5, λ+ = λ−=3 17.40 6.63 α = 1.5, λ = 3, β = 2.5 13.97 6.04 α+ = 1.5, α−=1.7, λ+ = λ−=3 15.96 6.09
α=1.5, λ+ = λ−=6 13.76 6.88 α = 1.5, λ = 6, β = 4 12.08 5.98 α+ = 1.5, α−=1.7, λ+ = λ−=6 15.97 6.03
α=1.5, λ+ = λ−=9 12.36 6.82 α = 1.7, λ = 3, β = 2.5 13.72 6.01 α+ = 1.5, α−=1.7, λ+ = λ−=9 15.07 5.97
α=1.5, λ+ = 3, λ−=6 12.77 6.51 α = 1.7, λ = 6, β = 4 14.32 5.98 α+ = 1.5, α−=1.9, λ+ = λ−=3 15.11 5.93
α=1.5, λ+ = 3, λ−=9 14.54 6.59 α = 1.9, λ = 3, β = 2.5 17.03 5.97 α+ = 1.5, α−=1.9, λ+ = λ−=6 15.11 6.05
α=1.5, λ+ = 6, λ−=3 14.54 6.89 α = 1.9, λ = 6, β = 4 12.15 5.81 α+ = 1.5, α−=1.9, λ+ = λ−=9 17.99 6.75
α=1.5, λ+ = 9, λ−=3 15.05 6.56 α+ = 1.7, α−=1.5, λ+ = λ−=3 18.36 6.01
α=1.7, λ+ = λ−=3 14.85 6.54 α+ = 1.7, α−=1.5, λ+ = λ−=6 18.63 6.01
α=1.7, λ+ = λ−=6 16.99 6.86 α+ = 1.7, α−=1.5, λ+ = λ−=9 16.44 6.02
α=1.7, λ+ = λ−=9 15.53 6.49 α+ = 1.7, α−=1.9, λ+ = λ−=3 14.86 6.66
α=1.7, λ+ = 3, λ−=6 14.14 6.47 α+ = 1.7, α−=1.9, λ+ = λ−=6 16.04 6.54
α=1.7, λ+ = 3, λ−=9 14.20 6.40 α+ = 1.7, α−=1.9, λ+ = λ−=9 17.87 6.68
α=1.7, λ+ = 6, λ−=3 12.25 6.40 α+ = 1.9, α−=1.5, λ+ = λ−=3 16.42 6.18
α=1.7, λ+ = 9, λ−=3 13.77 6.23 α+ = 1.9, α−=1.5, λ+ = λ−=6 15.36 6.03
α=1.9, λ+ = λ−=3 12.44 6.46 α+ = 1.9, α−=1.5, λ+ = λ−=9 16.68 6.09
α=1.9, λ+ = λ−=6 12.70 6.37 α+ = 1.9, α−=1.7, λ+ = λ−=3 15.44 6.75
α=1.9, λ+ = λ−=9 17.96 6.57 α+ = 1.9, α−=1.7, λ+ = λ−=6 15.12 6.74
α=1.9, λ+ = 3, λ−=6 17.96 6.57 α+ = 1.9, α−=1.7, λ+ = λ−=9 16.18 7.19
α=1.9, λ+ = 3, λ−=9 13.34 6.43
α=1.9, λ+ = 6, λ−=3 12.45 6.72
α=1.9, λ+ = 9, λ−=3 12.48 6.40

This table shows the speed of computation (in seconds) of the MLE and MSQ estimators (using FoQ). The table is divided in three
panels: the leftish for the CTS, the middle for the NTS, and the rightish for the GTS. Every row in the panel is for one of the parameter
configurations in Tables 1-3.
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Table 5: Descriptive Statistics of Raw and Filtered Data

Country Index Sraw Kraw KSraw Lillraw Sfilt. Kfilt. KSfilt. Lillfilt.
Netherlands AEX 0.058 9.404 0.482 0.082 -0.222 3.629 0.829 0.036
Australia AllOrd -0.592 9.245 0.502 0.072 -0.472 4.456 0.322* 0.035
Austria ATX -0.267 9.532 0.491 0.092 -0.212 4.012 0.605 0.026
Brazil Bovespa -0.067 6.674 0.484 0.043 -0.195 3.737 0.971 0.019
India BSE -0.175 9.079 0.493 0.068 -0.230 4.305 1.097 0.024
France CAC40 0.034 7.453 0.485 0.063 -0.252 3.884 1.297 0.030
Germany DAX 0.021 6.974 0.492 0.070 -0.256 3.719 1.089 0.039
UK FTSE -0.121 8.564 0.493 0.073 -0.256 3.424 0.605 0.029
Hong Kong HgSg. -0.059 10.28 0.470 0.076 -0.185 3.918 0.304* 0.038
Mexico IPC 0.081 7.477 0.489 0.069 -0.277 4.546 1.145 0.037
Malaysia KLSE -0.730 11.66 0.488 0.075 -0.395 6.003 2.753 0.031
South Korea KOSPI -0.406 7.787 0.492 0.078 -0.414 4.617 0.447* 0.041
Argentina Merval -0.052 7.567 0.466 0.075 -0.218 4.891 2.300 0.038
Italy MIB -0.067 7.512 0.498 0.073 -0.357 3.977 1.227 0.042
US NASDAQ -0.003 7.584 0.495 0.078 -0.201 3.613 1.443 0.033
Japan Nikkei -0.149 9.721 0.477 0.052 -0.265 3.602 0.303* 0.021
China SSEC -0.112 7.455 0.461 0.078 -0.070 5.636 2.907 0.058
Switzerland SMI 0.053 9.976 0.495 0.076 -0.281 4.002 0.809 0.031
US S&P500 -0.022 10.20 0.499 0.082 -0.351 4.173 0.617 0.048
Singapore StrTim -1.163 12.80 0.494 0.085 -0.419 5.672 1.504 0.030
Canada TSX -0.471 11.59 0.497 0.085 -0.453 4.123 1.429 0.036

This table shows descriptive statistics for the market returns. The first and second columns show the
countries and index names. The remaining columns are divided in two parts (columns 3-6 and 7-10) and
regard the raw and filtered returns respectively. The filter is an AR(2)-GARCH(1,1) model. For each
part, the columns show the skewness (Sraw and Sfilt.), kurtosis (Kraw and Kfilt), and the Kolmogorov-
Smirnov (KS) and Lillefor (Lill) statistics for testing the null hypothesis of Gaussianity; stars indicate
that the null hypothesis cannot be rejected with size 5%.
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Table 6: Estimation results for the CTS distribution

Index α̂T ĈT λ̂+,T λ̂−,T µ̂T KS

AEX 1.8794 0.0535 0.0928 0.0749 -0.0138 0.0210
[0.1667,1.0110] [0.0000,1.01970] [0.0583,1.0313] [0.0300,1.01963] [0.0000,1.0245] [0.0935]

AllOrd 1.6761 0.1587 1.6989 0.2848 -0.0627 0.0159
[0.3511,1.0230] [0.4418,1.0008] [0.0346,1.0794] [ 0.0283,1.0311] [0.0707,1.0467] [0.3410]

ATX 1.6612 0.1620 1.6529 0.2863 -0.0627 0.0142
[0.0447,1.0356] [0.1513,1.0327] [0.0583,1.0374] [0.0224,1.0297] [0.0300,1.0068] [0.4840]

Bovespa 1.9321 0.0299 0.0729 0.0287 -0.0005 0.0139
[0.0656,1.0732] [0.3511,1.0150] [0.0600,1.0145] [0.0224,1.0060] [0.0224,1.0380] [0.5060]

BSE 1.8264 0.0688 0.2909 0.0655 -0.0523 0.0178
[0.0632,1.2003] [0.2383,1.0112] [0.0592,1.0568] [0.0200,1.0152] [0.0283,1.0536] [0.2209]

CAC40 1.9430 0.0258 0.0077 0.0309 -0.0026 0.0196
[0.6856,1.0234] [0.7393,1.0694] [0.0624,1.0421] [0.0283,1.0265] [0.0922,1.0141] [0.1373]

DAX 1.8591 0.0677 0.4677 0.4521 -0.0121 0.0213
[0.3655,1.0037] [0.3121,1.0338] [0.0490,1.0001] [0.0245,1.0465] [0.0894,1.0237] [0.0847]

FTSE 1.7035 0.1556 2.9872 0.3823 -0.0016 0.0184
[0.6242,1.0188] [0.6040,1.0319] [0.0600,1.0205] [0.0245,1.0311] [0.0300,1.0340] [0.1863]

HgSg 1.7335 0.1179 0.6158 0.3005 -0.0211 0.0230
[0.3406,1.0486] [0.3751,1.0150] [0.0200,1.0133] [0.0173,1.0163] [0.0557,1.0087] [0.0508]

IPC 1.5255 0.1939 0.7611 0.4324 -0.0049 0.0206
[0.6025,1.0250] [0.4316,1.0072] [0.0566,1.0682] [0.0200,1.0302] [0.0648,1.0349] [0.1025]

KLSE 1.6881 0.1326 0.4377 0.2138 -0.0337 0.0194
[0.0970,1.2100] [0.1752,1.0359] [0.0557,1.0033] [0.0245,1.0472] [0.0283,1.0267] [0.2442]

KOSPI 1.6275 0.1428 0.7972 0.1675 -0.0680 0.0189
[ 0.6829,1.0274] [0.3416,1.0074] [0.0412,1.2185] [0.0245,1.0008] [0.0624,1.0674] [0.1673]

Merval 1.3942 0.2409 0.7465 0.4770 -0.0477 0.0198
[0.3394,1.0266] [0.3327,1.0188] [0.0693,1.0437] [0.0224,1.0080] [0.0361,1.0050 ] [0.1296]

MIB 1.7864 0.0910 0.8587 0.0417 -0.0452 0.0192
[0.6387,1.0110] [0.4681,1.0390] [0.0608,1.0678] [0.0200,1.0164] [0.0480,1.0253] [0.1514]

NASDAQ 1.7943 0.1124 3.6034 0.4679 -0.0384 0.0206
[0.0648,1.0199] [0.5424,1.1001] [0.0539,1.0129] [0.0265,1.0144] [0.0877,1.0067] [0.1037]

Nikkei 1.8849 0.0628 5.2477 0.1640 -0.0400 0.0165
[0.0480,1.1285] [0.1982,1.1013] [0.0616,1.0198] [0.0245,1.0272] [0.0374,1.0003] [0.2986]

SSEC 1.5009 0.2084 0.6388 0.4691 -0.0027 0.0171
[0.3574,1.0112] [0.3335,1.0668] [0.0671,1.0323] [0.0224,1.0243] [0.0400,1.0334] [0.2578]

SMI 1.3009 0.3310 1.2909 0.5998 -0.0696 0.0229
[0.0906,1.0124] [0.1697,1.0780] [0.2933,1.3426] [0.2512,1.0124] [0.2800,1.0709] [0.0518]

S&P500 1.5525 0.3184 0.7606 0.4218 -0.1094 0.0199
[0.0640,1.3507] [0.0883,1.0402] [0.1921,1.2146] [0.0332,1.1907] [ 0.0224,1.0135] [0.2076]

StrTim 1.8251 0.0674 0.4156 0.1647 -0.0076 0.0207
[0.3382,1.0034] [0.3357,1.0743] [0.5443,1.0697] [0.1825,1.0106] [0.1382,1.0626] [0.1008]

TSX 1.7069 0.1561 3.0293 0.3816 -0.0016 0.0187
[0.2655,1.0518] [0.2632,1.0424] [0.6877,1.0194] [0.1292,1.0193] [0.0949,1.0062] [0.1722]

This table shows the MSQ estimation results (using FoQ) for the CTS distribution and for all the market indexes.
Each cell in columns 2-6 is divided in two. The upper sub-cell is the estimated parameter while the lower sub-cell
shows the pair [a,b] where "a" is the estimated standard deviation and "b" is the relative efficiency ratio (i.e. the ratio
MSQ variance / MLE variance). In column 7 the upper sub-cell is the the Kolmogorov-Smirnov (KS) test statistics
and the lower sub-cell is it associated p-value.
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Table 7: Estimation results for the NTS distribution

Index α̂T ĈT λ̂T β̂T µ̂T KS

AEX 1.2282 0.4038 1.7535 0.0281 -0.0265 0.0207
[0.3647,1.0266] [0.4415,1.0317] [0.0436,2.5246] [0.0837,1.0241] [0.0173,1.0254] [0.1004]

AllOrd 1.0362 0.5789 1.9466 0.0060 -0.0127 0.0150
[0.4601,1.0238] [0.4456,1.0242] [0.4628,1.0157] [ 0.3223,1.0139] [0.0283,1.0174] [0.4127]

ATX 0.9817 0.6226 1.9151 0.0146 0.0053 0.0160
[0.1315,0.9808] [0.1364,0.9761] [0.2711,1.2560] [ 0.0927,1.0435] [0.0245,1.0065] [0.3308]

Bovespa 0.6638 1.4704 2.7552 0.0176 -0.0037 0.0123
[0.2486,1.0361] [0.2062,1.0564] [0.2924,1.0559 ] [0.0985,1.0159] [0.0283,1.0112] [0.6691]

BSE 0.6675 1.0836 2.2463 -0.0712 0.0070 0.0185
[0.3593,1.0475] [0.3189,0.9697] [0.4116,1.0135 ] [0.1245,1.0363] [0.0346,1.0355] [0.1821]

CAC40 1.3876 0.2818 1.6103 -0.0256 -0.0262 0.0199
[0.4254,1.0224 ] [0.5353,0.9382] [0.1649,1.1590] [0.1127,1.0217] [0.0316,0.9326] [0.1252]

DAX 0.5873 1.4046 2.6009 -0.4148 -0.0494 0.0170
[0.2818,1.0258] [0.3822,1.0206] [0.0424,1.0683] [0.0949,1.0412] [0.0224,1.0178] [0.2632]

FTSE 0.7771 1.2837 2.9904 -0.6452 -0.0457 0.0124
[0.3234,0.9742] [0.3138,0.9546] [0.1960,1.2273] [0.1844,1.0135] [0.0200,1.0430] [0.6584]

HgSg 0.4392 1.1667 2.0191 -0.0540 -0.0183 0.0164
[0.0283,1.0352] [0.1204,1.1970] [0.0755,1.1297] [0.0412,1.0532] [0.0141,1.0444] [0.3055]

IPC 0.9347 0.5642 1.6029 -0.2029 -0.0353 0.0134
[0.4099,1.0144] [0.5865,1.0485] [0.2621,1.0407] [0.0583,1.0095] [0.0141,0.9903] [0.5528]

KLSE 1.6222 0.1195 0.6767 -0.0978 -0.0238 0.0067
[0.3516,1.0228] [0.2317,1.0421] [0.4772,1.0149] [0.0648,1.0780] [0.0173,1.0023] [0.9974]

KOSPI 0.7066 0.9664 2.2041 -0.3602 -0.0405 0.0153
[0.4597,1.0498] [0.5984,1.0085] [0.1288,1.2517] [0.0714,0.9343] [0.0141,1.0549] [0.3895]

Merval 0.9642 0.4717 1.3965 -0.1091 -0.0203 0.0138
[0.3072,1.0179] [0.2950,1.0857] [0.2267,1.0327] [0.0510,1.0180] [0.0200,1.0163] [0.5172]

MIB 0.5012 1.2571 2.3342 -0.4787 -0.0457 0.0098
[0.3646,1.0293] [0.4800,1.0001] [0.2054,1.1813] [0.0806,1.0050] [0.0173,1.0566] [0.8899]

NASDAQ 0.5740 1.4694 2.6438 -0.3582 -0.0397 0.0153
[0.0480,1.0466] [0.3776,1.0861] [0.0980,1.3007] [0.0600,1.0684] [0.0200,1.0383] [0.3869]

Nikkei 1.3223 0.4328 3.0447 -0.8414 -0.0244 0.0180
[0.1049,1.3039] [0.0781,1.2015] [0.0624,1.0233] [0.0265,1.0324] [0.0529,1.0284] [0.2099]

SSEC 1.1064 0.4698 1.8643 -0.3987 -0.0543 0.0113
[0.2371,1.0464] [0.2629,1.0244] [0.1603,1.1627] [0.1039,1.0460] [0.0316,1.0282] [0.7599]

SMI 0.4523 1.0678 1.9631 -0.2719 -0.0452 0.0141
[0.0742,1.0179] [0.0980,0.9877] [0.1594,1.0599] [0.0933,1.0294 ] [0.0141,1.0376] [0.4896]

S&P500 1.5711 0.0969 0.2313 -0.0508 -0.0016 0.0186
[0.0480,1.3326] [0.0283,1.0233 ] [0.0678,1.1585] [0.0574,1.0942] [0.0200,1.0209] [0.1039]

StrTim 1.3132 0.3162 1.5331 -0.2791 -0.0493 0.0112
[0.1449,1.0799] [0.1179,1.0477] [0.2289,1.0998] [0.1005,1.0018] [0.0141,1.0748] [0.7721]

TSX 1.3167 0.3285 2.1770 -0.8062 -0.0293 0.0126
[0.4628,1.0356] [0.4294,1.0401] [0.4204,1.0405] [0.1778,1.0262] [0.0245,1.0306] [0.6346]

This table shows the MSQ estimation results (using FoQ) for the NTS distribution and for all the market indexes.
Each cell in columns 2-6 is divided in two. The upper sub-cell is the estimated parameter while the lower sub-cell shows
the pair [a,b] where "a" is the estimated standard deviation and "b" is the relative efficiency ratio (i.e. the ratio MSQ
variance / MLE variance). In column 7 the upper sub-cell is the the Kolmogorov-Smirnov (KS) test statistics and the
lower sub-cell is it associated p-value.
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Table 8: VaR evaluation. MLE vs. MQS

N CLRuc[p-v] CLRind[p-v] CLRcc[p-v] BLRind[p-v] BLRtail[p-v]

2008
MLE-CTS FTSE 3 0.0503[0.8225] 0.0695[0.7921] 0.1198[0.9419] 0.6560[0.4180] 0.0533[0.9737]

Nikkei 2 0.1662[0.6835] 0.0308[0.8608] 0.1969[0.9062] 1.1855[0.2762] 0.8117[0.6664]
S&P500 2 0.1662[0.6835] 0.0308[0.8608] 0.1969[0.9062] 4.7203[0.0298] 2.1197[0.3465]

MLE-NTS FTSE 4 0.6217[0.4304] 0.1240[0.7247] 0.7457[0.6888] 0.6298[0.4274] 1.2000[0.5488]
Nikkei 3 0.0503[0.8225] 0.0695[0.7921] 0.1198[0.9419] 0.9647[0.3260] 0.0485[0.9760]
S&P500 3 0.0503[0.8225] 0.0695[0.7921] 0.1198[0.9419] 4.5581[0.0328] 2.2013[0.3327]

MSQ-CTS FTSE 2 0.1662[0.6835] 0.0308[0.8608] 0.1969[0.9062] 0.6460[0.4215] 0.0744[0.9635]
Nikkei 2 0.1662[0.6835] 0.0308[0.8608] 0.1969[0.9062] 0.9905[0.3375] 0.6379[0.7216]
S&P500 2 0.1662[0.6835] 0.0308[0.8608] 0.1969[0.9062] 4.6730[0.0306] 1.9993[0.3680]

MSQ-NTS FTSE 3 0.0503[0.8225] 0.0695[0.7921] 0.1198[0.9419] 0.6039[0.4371] 0.6395[0.7263]
Nikkei 2 0.1662[0.6835] 0.0308[0.8608] 0.1969[0.9062] 1.0410[0.3076] 0.2402[0.8868]
S&P500 2 0.1662[0.6835] 0.0308[0.8608] 0.1969[0.9062] 4.6109[0.0318] 1.9931[0.3692]

2007-2008
MLE-CTS FTSE 11 4.8143[0.0282] 0.4709[0.4926] 5.2852[0.0712] 0.6806[0.4094] 4.9005[0.0863]

Nikkei 7 0.5267[0.4680] 0.1892[0.6636] 0.7159[0.6991] 0.0389[0.8437] 0.5647[0.7540]
S&P500 9 2.2146[0.1367] 0.3104[0.5753] 2.5286[0.2824] 8.2624[0.0040] 2.8284[0.2431]

MLE-NTS FTSE 8 1.2434[0.2648] 0.2476[0.6188] 1.4910[0.4754] 0.7790[0.3775] 1.7023[0.4269]
Nikkei 8 1.2434[0.2648] 0.2476[0.6188] 1.4910[0.4754] 0.0212[0.8843] 1.5920[0.4511]
S&P500 9 2.2146[0.1367] 0.3104[0.5753] 2.5286[0.2824] 7.9870[0.0047] 4.3578[0.1132]

MSQ-CTS FTSE 9 2.2146[0.1367] 0.3104[0.5753] 2.5286[0.2824] 0.7091[0.3997] 3.0235[0.2205]
Nikkei 7 0.5267[0.4680] 0.1892[0.6636] 0.7159[0.6991] 0.0378[0.8458] 0.5876[0.7454]
S&P500 9 2.2146[0.1367] 0.3104[0.5753] 2.5286[0.2824] 8.3608[0.0038] 2.9699[0.2265]

MSQ-NTS FTSE 7 0.5267[0.4680] 0.1892[0.6636] 0.7159[0.6991] 0.9372[0.3330] 2.5610[0.2779]
Nikkei 6 0.1006[0.7511] 0.1387[0.7095] 0.2393[0.8872] 0.0103[0.6614] 1.0384[0.4609]
S&P500 6 0.1006[0.7511] 0.1387[0.7095] 0.2393[0.8872] 5.1275[0.1064] 2.7542[0.2258]

2004-2008
MLE-CTS FTSE 15 1.7546[0.1852] 0.4369[0.5086] 2.1915[0.3342] 0.1436[0.7047] 1.1056[0.5753]

Nikkei 12 0.2186[0.6400] 0.2788[0.5974] 0.4974[0.7797] 0.2521[0.6156] 0.4768[0.7879]
S&P500 14 1.0940[0.2955] 0.3802[0.5374] 1.4743[0.4784] 0.9430[0.3315] 0.2621[0.8772]

MLE-NTS FTSE 15 1.7546[0.1852] 0.4369[0.5086] 2.1915[0.3342] 0.1492[0.6993] 0.5768[0.7495]
Nikkei 12 0.2186[0.6400] 0.2788[0.5974] 0.4974[0.7797] 0.2664[0.6085] 0.9706[0.6155]
S&P500 15 1.7546[0.1852] 0.4369[0.5086] 2.1915[0.3342] 0.8996[0.3429] 0.9086[0.6349]

MSQ-CTS FTSE 14 1.0940[0.2955] 0.3802[0.5374] 1.4743[0.4784] 0.1035[0.7476] 1.0045[0.6052]
Nikkei 10 0.2071[0.8854] 0.1932[0.6602] 0.2139[0.8985] 0.3883[0.5332] 3.2699[0.1950]
S&P500 15 1.7546[0.1852] 0.4369[0.5086] 2.1915[0.3342] 1.0052[0.3160] 0.3485[0.6492]

MSQ-NTS FTSE 13 0.5783[0.4469] 0.3275[0.5671] 0.9059[0.6357] 0.1440[0.7044] 0.4438[0.8010]
Nikkei 13 0.5783[0.4469] 0.3275[0.5671] 0.9059[0.6357] 0.2702[0.6032] 0.1056[0.9486]
S&P500 13 0.5783[0.4469] 0.3275[0.5671] 0.9059[0.6357] 0.6382[0.4457] 0.8864[0.7102]

This table shows a battery of backtesting tests for assessing one-step ahead Value at Risk using the CTS and NTS
distributions evaluated at Maximum Likelihood and MSQ estimates. The tests are the three Christoffersen (1998)
likelihood ratio (CLR) tests (CLRuc for unconditional coverage, CLRind for independence, and CLRcc for coverage
and independence) and two Berkowitz (2001) likelihood ratio (BLR) tests (BLRind for independence and BLRtail for
a large loss). The CLR tests are shown in columns 4-6 while the BLR tests are in columns 7-8. Every entry in these
columns is the pair a[b], where "a" is the value of the test statistics and "b" its corresponding p-value. The column N
denotes the number of violations. The table is divided in three panels. In the top, denoted "2008", VaR is computed
daily returns for 2008 only. In the middle panel, denoted "2006-2008", VaR is estimated using two years of returns,
while the bottom panel "2004-2008" uses fours years. These periods are the same as in Rachev et al. (2011). Each
panel shows the testing results using MLE and MSQ estimation of the CTS and NTS distributions and for the main
market indexes of three continents (FTSE, Nikkei and S&P500).
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