
 1 

 

 

DEPARTMENT OF ECONOMICS 

ISSN 1441-5429 

DISCUSSION PAPER 32/13 

 

 

Making every dimension count: multidimensional poverty without the “dual cut 

off” 

 

Gaurav Datt
*
 

 
 

Abstract: 
This paper takes a critical look at the class of multidimensional poverty measures recently proposed 

by Alkire and Foster (2007, 2011a). The critique centres on the specific formulation of the 

dominance axioms, in particular the weak transfer and the weak rearrangement axioms. Stronger 

versions of these dominance axioms as well as a new cross-dimensional convexity axiom are 

proposed leading to a new class of multidimensional poverty measures. 

 

Keywords: multidimensional poverty, poverty measurement, axiomatic approach, transfer axiom, 

cross-dimensional convexity  

 

                                                
*
Department of Economics, Monash University and the Monash Centre for Development Economics. I am grateful to 

Birendra Rai and Arijit Sen for helpful discussions.   
 

 

 
© 2013 Gaurav Datt 

All rights reserved. No part of this paper may be reproduced in any form, or stored in a retrieval system, without the prior written 

permission of the author.   



1 
 

 

Making every dimension count: multidimensional poverty without the “dual cut-off” 

 

1.  Introduction  

In an important and influential paper, Alkire and Foster (2007, 2011a) recently proposed a 

new class of multidimensional poverty measures that are derived within an axiomatic 

framework, following a tradition pioneered by Sen (1976).  The Alkire-Foster (hereafter AF) 

class of measures can be viewed as an extension of the Foster, Greer, Thorbecke (1984) 

measures of unidimensional poverty to the case where poverty is characterized by 

simultaneous deprivation in multiple dimensions.  The AF measures have been used in the 

2010 Human Development Report which presented Multidimensional Poverty Indices (MPI) 

for 104 countries using a set of ten indicators encompassing different dimensions of welfare 

and deprivation (UNDP, 2010).  And while there is still an ongoing debate on the need for 

multidimensional poverty measures1, literature on applications of this methodology has been 

growing.2    

This paper takes a critical look at this new class of multidimensional poverty measures.  As 

Alkire and Foster (2011b) note, “Within the axiomatic approach, a method [of measuring 

poverty] is judged to acceptable or unacceptable according to the properties it satisfies.  To 

critique a method of measurement, one identifies desirable properties that it fails to exhibit.”  

This paper offers a critique of the AF measures using axiomatic arguments.  The critique 

centres on the specific formulation of the dominance axioms3, in particular, the transfer and 

the rearrangement axioms.4  The paper proposes stronger versions of these dominance 

                                                           
1
 For different perspectives on whether scalar multidimensional poverty indices are a useful way to represent 

information on multiple dimensions of poverty, see for instance, Alkire and Foster (2011b), Alkire, Foster and 
Santos (2011), Ferreira (2011), and Ravallion (2011).  This paper sidesteps this debate and takes the view 
similar to Stiglitz, Sen and Fitoussi (2009) and Fereirra and Lugo (2012) that there is a place for scalar indices in 
the poverty analyst’s toolkit since (a) in many policy contexts (related to monitoring, evaluation and targeting) 
the demand for scalar indices is likely to remain high, (b) a number of strategies can be deployed to assess 
robustness of inferences based on scalar indices across a plausible range of identification and aggregation 
methodologies, and (c) scalar indices can be supplemented with other (possibly non-scalar) representations of 
the joint distribution of deprivations, the joint distributions themselves are matters of both analytic and policy 
significance.    
2
 See for instance, Foster (2007), Alkire and Seth (2008), Alkire and Santos (2010), Bennett and Parajuli (2011); 

also see a series of Oxford Poverty and Human Development Initiative (OPHI) working and research papers for 
a wide range of applications of the AF methodology for countries in Latin America, Sub-Saharan  Africa and 
Asia.   
3
 The term “dominance axioms” appears in Foster (2005) and relates to a subset of axioms underlying poverty 

measurement that are linked to stochastic dominance of distributions.    
4
 Since the weaker and stronger forms of the transfer axiom are linked through the continuity axiom, the 

critique implicitly also invokes the omission of the continuity axiom within the AF methodology.   
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axioms introducing in particular a cross-dimensional convexity axiom, leading to a new class 

of multidimensional poverty measures.  Two central ideas underlie this paper and the 

proposed new measures: the essentiality of all dimensions and the compounding effects of 

multiple deprivations.  The first relates to the notion that an absence of deprivation in all 

dimensions is needed to truly escape poverty in a multidimensional setting, while the second 

refers to the cumulative effects of multiple disadvantage on the severity of poverty where the 

effect of disadvantage in one dimension is exacerbated by disadvantage in another.  The 

positive contribution of the paper is in bringing these two central ideas together to propose a 

new class of multidimensional poverty measures which also improve upon existing 

measures in satisfying a range of axioms proposed in the literature.   

The paper is organized as follows.  Section 2 introduces the multidimensional poverty 

measurement framework and the Alkire-Foster measures.  Section 3 illustrates how the AF 

measures violate a stronger form of the transfer axiom while section 4 elaborates the case 

for union-based multidimensional poverty measures.  Section 5 raises the issue of the 

dispersion of deprivations across individuals to motivate the cross-dimensional convexity 

axiom introduced in section 6 which also proposes the new class of multidimensional poverty 

measures and discusses their properties.  Some concluding remarks are offered in the final 

section.   

 

2.  The multidimensional framework and the AF measures 

To facilitate presentation of the main arguments of this paper, we adopt largely the same 

notation as in Alkire and Foster (2011a).  Thus, for a fixed population of   individuals, 

  [   ] denotes an     matrix of non-negative achievements of individuals        in 

dimensions       .  The dimensional cut-offs (or “poverty lines” for each dimension) are 

denoted by      such that individual   is deprived in dimension   if       , and non-

deprived otherwise.  Given   and   , a 0-1 deprivation indicator function can thus be defined5 

as      (      ) and a corresponding     matrix of proportionate deprivations can be 

defined as       [   
 ], where  

                                                           
5
 The notation                       indicates that the variable equals 1 if the condition is satisfied, 0 

otherwise.   
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  (        )

 
    for     (1)  

An individual can be deprived in none, one or more dimensions. The number of deprived 

dimensions, or the breadth of deprivations, for individual   is denoted by    ∑    
 
   , or 

equivalently, by the sum of the  -th row of   .  Thus,    or      could be interpreted as a 

measure of breadth of individual deprivations across dimensions, while    
  measures the 

depth or severity of individual deprivation in a specific dimension. For ease of exposition, we 

consider each dimension to carry an equal weight.  The arguments presented below carry 

over to the more general case of unequal weights.   

A key and innovative feature of the AF methodology is the idea of a dual cut-off to identify 

the poor.  In addition to the dimensional cut-offs, AF define a poverty or cross-dimensional 

cut-off   as the minimum number of dimensions in which an individual must be deprived in 

order to be deemed poor.  Thus,   lies between 1 and  , and individual   is considered poor 

if      .  Analogous and in addition to the deprivation indicator, a poverty indicator function 

is thus defined as   
         .   

With this basic construct, Alkire and Foster (2011a) then define the following class of 

multidimensional poverty measures,          as6:  

          
 

 
∑(

 

 
∑   

 

 

   

)   
 

 

   

 (2)  

Later, it will also be useful to represent          as an average of individual poverty 

measures,           :  

          
 

 
∑   

 
             where             (

 

 
∑    

  
   )   

  (3)  

Using notation       to denote the mean of a matrix defined as the sum of all its elements of 

divided by the total number of its elements,          can also be written as:  

                     where             (  
 )       (4)  

and     (  
 ) is a     diagonal matrix with 1 or 0 as its diagonal elements according as 

person   is poor (deprived in   or more dimensions) or not.  Note that          is well-

defined whether the achievements are cardinal or ordinal (i.e. only measurable as binary 

variables indicative of the presence or absence of a deprivation but not its extent).  However, 

                                                           
6
 The poverty measures          are also a function of the  -vector of dimensional cut-offs,  ; however, this 

argument is omitted to ease the notation.   
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if all achievements are ordinal,                              for all  .  Alkire and 

Foster (2011a) show that          satisfies a number of axioms including: decomposability, 

replication invariance, symmetry, poverty and deprivation focus, weak monotonicity, 

dimensional monotonicity, non-triviality, normalization and weak rearrangement for    ; 

monotonicity for    ; and weak transfer for    .7     

 

3.  Violation of the transfer axiom 

It is now shown that          violates an elementary form of the transfer axiom which, 

following Sen (1976), can be stated as the requirement that a transfer from a poorer to a 

richer person must increase measured poverty.  While Sen referred to this axiom in the 

context of unidimensional poverty measures, it can be adapted to the multidimensional 

context using the following definition of a poorer person and a transfer in a deprived 

dimension   .  Person    is poorer than person     if       (   is poor) and            for all   

and              for at least one    {      } (   has lower achievement than     in at least 

one dimension), or in other words,      dominates     (        ).  A (multidimensional) 

distribution    is obtained from   by a transfer in a deprived dimension    from    to     if 

          and      
               and       

                for       , while    
      for 

all other       {               }.   The transfer axiom in the multidimensional context can now 

be stated.   

Transfer axiom:  If    is obtained from   by a transfer in a deprived dimension from a 

poorer to a richer person, then                   .   

The transfer axiom as stated above is equivalent to the one-dimensional transfer principle 

(OTP) in Bourguignon and Chakravarty (2003).   

The violation of the transfer axiom by          is now demonstrated by an example.  

Consider the following 3 person 4 dimension case with, where the matrices of achievements 

before and after transfer (by person 2 of two-thirds of her achievement in the 3rd dimension 

to person 1) are given by:  

  [
      
     
       

]            [
       
     
       

]  

                                                           
7
 See the Appendix for a formal statement of these axioms.  
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If dimensional cut-offs are   [       ]  and    , then prior to the transfer this 3-

person community has two poor persons (viz., 1 and 2), and person 2 (the transferor) is 

unambiguously poorer than person 1 (the transferee) as her achievement vector is 

dominated by person 1‟s achievement vector.  Post-transfer, person 1 becomes non-poor.  

The corresponding pre- and post-transfer deprivation matrices are as below:   

      [
         

                   
    

]             [
    

                   
    

]  

It is easy to check that                    for all values of  .  A regressive transfer in a 

single dimension can reduce poverty measured by the AF measure, thus violating the 

transfer axiom.  The violation occurs even for     because the transfer to the less poor 

person can not only eliminate a particular deprivation for that person, but it can also make 

the person non-poor if she was deprived in exactly   dimensions prior to receiving the 

transfer.  Extending the example further, it can be seen that if there is a significant mass of 

people deprived in   dimensions, it will often be possible to steadily reduce the AF measure 

of multidimensional poverty by a series of regressive transfers from poorer persons, even to 

the point where achievements of these poorer transferors are driven down to zero in several 

dimensions.  Such violation of the transfer axiom is arguably a significant limitation of the AF 

class of measures.   

Conversely, it is easy to check that the violation will not occur for     if the recipient 

remains poor after the transfer.  Fundamentally, the violation arises because the “dual cut-off” 

assigns a zero weight to any deprivations of non-poor persons.   

The statement of the problem also suggests an immediate solution: set    .  This is the 

so-called union approach to identification whereby a person is considered poor if deprived in 

at least one dimension. It yields the following multidimensional poverty measure:   

        
 

  
∑∑   

 

 

   

 

   

 (5)  

This is the same as the additive multidimensional extension of the FGT measure in 

Bourguignon and Chakravarty (2003).  While Alkire and Foster (2011a) present their dual 

cut-off measures as a generalization of the Bourguignon-Chakravarty measure, the 

generalization comes at a price (most directly, the violation of the transfer axiom as above) 

that we may not want to pay.  The case for union-based measures is further elaborated 

below.  
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4.  Making every deprivation count: the case for the union approach 

The violation of the transfer axiom highlights an inherent tension within the dual cut-off 

methodology to multidimensional poverty measurement.  At one level, the entire 

multidimensional poverty measurement agenda is motivated by the professed need to take 

account of multiple deprivations faced by individuals and the essentiality of these 

deprivations.  Yet, the cross-dimensional cut-off forces the poverty measure to neglect 

deprivations of those deficient in fewer than   dimensions, no matter how large those 

deprivations are.  An obvious resolution of the tension is achieved by letting every 

deprivation count, i.e. by using the so-called union approach.   

Alkire and Foster (2011a) briefly consider the union method, but conclude that it is not 

appropriate in all circumstances.  They offer two arguments.  First, “deprivation in certain 

single dimensions may be reflective of something other than poverty”.  Second, “when the 

number of dimensions is large, the union approach will often identify most of the population 

as being poor… Consequently, a union-based poverty methodology may not be helpful in 

distinguishing and targeting the most extensively deprived”.  On closer scrutiny, however, 

neither argument is particularly compelling.  In relation to the first, if there is some 

uncertainty about whether deprivation in a certain single dimension reflects poverty, for 

instance due to some kind of measurement error, then it is not clear why this uncertainty 

should afflict only those with fewer than   deprivations.  On the contrary, it is arguable that 

such uncertainty in that dimension should equally apply to individuals with more than   

deprivations.         

The second argument is of a practical and empirical nature.  Alkire (2011) gives an example 

based on the specific implementation of the AF methodology for the Multidimensional 

Poverty Index (MPI) constructed for UNDP‟s 2010 Human Development Report, where for 

32 out of 104 countries the union approach identifies more than 90 per cent of the population 

as poor (deprived in at least one of 10 dimensions used for the MPI).  The union approach is 

thus deemed to cast the net too wide.  However, it is not clear to what extent this is an issue 

of the underlying dimensional cut-offs rather than the cross-dimensional cut-off.  An 

“unacceptably high” headcount of the poor could well be an argument for lowering some of 

the high cut-offs for particular dimensions (especially those dimensions that yield high one-

dimensional headcounts) rather than for raising the cross-dimensional bar   to values above 

1.   
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As for targeting, it is first useful to note that given subgroup decomposability, the union-

based poverty measure can be written as population share (  )-weighted sum of poverty 

measures of   mutually exclusive groups comprising respectively of those who are deprived 

in exactly   dimensions for         .         

              |             |               |      (6)  

Thus, if budgetary resources or other considerations do not allow policymakers to target the 

full set of those facing any deprivation, it is always possible to drill down a union-based 

poverty measure and focus on subsets of those deprived in multiple dimensions.  For 

instance, one could start with those deprived all   dimensions, then move on to those 

deprived in     dimensions, and so on.  Alternatively, it is possible to define a target group 

as bottom    of the population when individuals are ranked from the poorest to the least 

poor in terms of their individual poverty levels          .   

An analogous issue also arises in the context of unidimensional or income poverty 

measurement where, for a given (unidimensional) poverty line, the headcount of the poor 

may be well above what policymakers may wish to target.  Arguably, a reasonable and 

common response is not to redefine the poor by altering (lowering) the poverty line but to 

treat the target group as a subset of the poor.  A similar approach is of course feasible with 

multidimensional poverty measures; the need to identify a target group does not by itself 

offer adequate justification for the use of a cross-dimensional cut-off.8     

As against this, one needs to weigh in the potential benefits of the union approach.  Besides 

satisfying the transfer axiom above, dispensing with the dual cut-off also confers other 

advantages, two of which can be highlighted here.   

First, the union-based approach also allows the monotonicity and dimensional monotonicity 

axioms to be strengthened as below.    

Strong monotonicity9:  If distribution    is obtained from   by a decrement in any deprived 

dimension    for any individual    [i.e. there exists an         such that      
            while 

   
      for all other              ], then               .   

                                                           
8
 The argument can also be made that in a multidimensional setting there is no compelling reason to focus on 

a particular range for the headcount ratio    , since the latter is not a member of the AF class of measures.  As 
Alkire and Foster (2011a) note,   violates dimensional monotonicity.  The elementary “counting” measure 
within the AF class is       where   is the average deprivation share amongst the poor.  A high   need not 
result in a high    since the average deprivation share amongst the poor will often be well below unity.     

9
 This is analogous to the monotonicity axiom in Sen (1976) for unidimensional poverty measures.   
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Note that strong monotonicity implies monotonicity which only requires the poverty-

increasing property of a decrement in achievements to be satisfied if such decrement occurs 

for those deprived in at least   dimensions.  Conversely, for    , strong monotonicity will 

be violated by the AF class of measures unless    , i.e., the union case.   

A further implication of strong monotonicity is also notable: strong monotonicity implies 

strong dimensional monotonicity.   

Strong dimensional monotonicity:  If distribution    is obtained from   by an increment in 

a deprived dimension    for any individual    which makes her non-deprived in that dimension, 

[i.e. there exists an         such that      
            while    

      for all other       

       ], then               .   

Strong dimensional monotonicity implies dimensional monotonicity (as in Alkire and Foster, 

2011a) where the latter restricts the application of the poverty-decreasing property of the 

removal of a given deprivation to only those deprived in at least   dimensions.  Strong 

dimensional monotonicity will be generally violated by the AF class of measures whenever 

the elimination of a particular deprivation occurs for someone who is deprived in less than   

dimensions.  Such violation is precluded by setting    . 

Second, an attractive feature of the AF methodology is the two-way decomposability of 

aggregate poverty measures.  In addition to the decomposition by subgroups of population, 

the AF class of measures can also be decomposed by dimension. However, as Alkire and 

Foster observe, dimensional decomposition is strictly possible only post-identification. This is 

because while one individual‟s contribution to the aggregate measure          only 

depends on her own achievement vector, one dimension‟s contribution to the aggregate 

measure also depends on the other dimensions through identification, since for a dimension 

to be “counted in” (or not), there must be simultaneous deprivation in at least (less than) 

    other dimensions.  By contrast, in the union case identification only depends on the 

dimensional cut-offs, there is no cross-dimensional threshold, and all deprivations are 

counted in.   The union-based measure thus ensures an exact factor decomposition.   
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5.  (In)sensitivity to concentration of deprivations 

Another potential issue with the AF measures is illustrated by returning to our 3-person 4-

dimension example.  Consider the following two deprivation matrices and    :   

      [
    

     
   

      
     

 

    

]             [
    

    
     

     
     

 

    
] 

Thus, achievement matrices   and    are associated with the same combination of 

deprivations, but while in   individuals 1 and 2 share two deprivations each, in    all four 

deprivations are experienced by individual 2.  Yet, since the means of the two deprivation 

matrices are the same,                    for all values of  .  Thus, the AF class of 

measures are completely insensitive to how a given set of deprivations is spread across 

individuals; maximal and minimal concentrations of deprivations are treated alike.  This lack 

of sensitivity to the distribution of a given set of deprivations is similar to the insensitivity of 

the headcount and poverty gap indices to distribution below the poverty line in a 

unidimensional setting.      

It is notable that this issue persists even in the union case when    .  In general, 

         will be unchanged for any rearrangement of a given set of deprivations for all 

values of   and  .  In this respect, the AF class of measures (including the special case with 

   ) are rather utilitarian in their reliance on a “sum-ranking”, i.e., the aggregation of 

individual deprivations by summing them up.10  It is arguable however that a given 

deprivation is more burdensome for an individual if also accompanied by deprivation in other 

dimensions.  A similar view is echoed by Stiglitz, Sen and Fitoussi (2009, p. 15) in their 

discussion of measures of the quality of life: “…the consequences for quality of life of having 

multiple disadvantages far exceed the sum of their individual effects”.  The notion of 

compounding negative effects of multiple disadvantages is also deeply rooted in the 

sociological concept of the underclass (e.g. Wilson, 1987, 2006), in policy discussions of 

social exclusion (e.g. Levitas et al, 2007),11 as well as in some formulations of “poverty traps” 

(e.g. Durlauf, 2006; Banerjee and Duflo, 2011).12  Common to these diverse perspectives is 

the idea that through various mechanisms multiple disadvantages can reinforce each other 

                                                           
10

 See Sen (1991), for instance, for a characterization which highlights this feature of utilitarianism.   
11

 For instance, Levitas et al (2007) drawing upon Miliband (2006) define “deep exclusion” as “exclusion across 
more than one domain or dimension of disadvantage, resulting in severe negative consequences for quality of 
life, well-being and future life chances”. 
12

 Banerjee and Duflo (2011) give several examples of how interlocking deprivations in multiple dimensions can 
become “a mechanism for current misfortunes to turn into future poverty”.   
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in the social reproduction of poverty for certain groups, in undermining the long-term “life 

chances” of the underclass or the future prospects for the most disadvantaged in society.     

 

6.  Cross-dimensional convexity and new poverty measures 

It is thus eminently arguable that the concentration (or dispersion) of deprivations across 

individuals matters, and a case can be made for the requirement that multidimensional 

poverty measures be sensitive to the distribution of a given set of deprivations.  This can be 

achieved by requiring the individual multidimensional poverty measure to be convex over 

individual deprivations in different dimensions, and can be axiomatized as follows.   

Cross-dimensional convexity:  An increment in deprivation    for individual   induces a 

greater increase in measured poverty for individual  , the greater individual  ‟s deprivation in 

any other dimension     .    

The cross-dimensional convexity axiom thus appeals to the compounding (negative) effect of 

multiple deprivations on the overall well-being of the individual.  It asserts that the severity of 

the effects of an increase in deprivation in any one dimension increases not only with the 

level of deprivation in that dimension but also with the level of deprivation in other 

dimensions.  Put differently, it is a way of capturing the added welfare “cost” of deprivation in 

an additional dimension, where the added cost itself depends on the extent of deprivation in 

other dimensions.   

The axiom suggests the following general class of measures:  

          
 

 
∑(

 

 
∑   

 

 

   

)

 

                  

 

   

 (7)  

The measure          could be considered a generalization of the union-based measure 

       discussed earlier, the latter obtained for the special case when    .  It is readily 

verified that for values of    , the measure          satisfies the cross-dimensional 

convexity axiom (see 1j in the Appendix).  It also satisfies a number of other properties as 

summarized in Proposition 1.   

Proposition 1: The multidimensional poverty measure          satisfies deprivation focus, 

poverty focus, subgroup decomposability, replication invariance, symmetry, strong 

monotonicity for     and    , strong dimensional monotonicity for     , normalization, 
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transfer and rearrangement for         or         , and cross-dimensional 

convexity for    .   

A proof of Proposition 1 is given in the Appendix.  Several comments can be made on the 

proposed measure         .   

First, unlike the AF class of measures, it satisfies the transfer axiom for          or 

        (see 1i  in the Appendix for a proof).  In this respect,          is different from 

the AF measures as well as the “non-additive” measures in Bourguignon and Chakravarty 

(2003).  The latter satisfy the multidimensional transfer principle (MTP), which is equivalent 

to the weak transfer axiom in Alkire and Foster (2011a), but do not satisfy the one 

dimensional transfer axiom (OTP) which is equivalent to the transfer axiom stated above in 

section 3.  Moreover, while OTP implies MTP, the converse is not true.   

Second,          also satisfies a stronger version of the rearrangement axiom than in 

Alkire and Foster (2001a).  The rearrangement axiom considers a switch of achievements 

between two poor persons such that prior to the switch one person‟s achievement vector 

dominates the other‟s, but such vector dominance no longer obtains after the switch.  Such a 

switch is sometimes referred to an association-decreasing switch.  The rearrangement 

axiom requires that such a decrease in inequality (due to an association-decreasing switch) 

is poverty-reducing or at least not poverty-increasing.     

Rearrangement axiom.  If for an initial distribution of achievements  ,           (i.e.     

dominates     ) and both    and     are poor (i.e. deprived in at least one dimension in the 

union case with           ), then the distribution    obtained by a switch of achievement    

between    and     [i.e.      
         and       

        while    
      for all other       

{               } ] such that    
       

  (i.e.    
  does not dominate     

 ) implies that (i) 

                   if    is not a deprived dimension for     in   or             , (ii) 

otherwise                    for         or        .    

The AF measure satisfies a weaker version of this axiom (see Appendix for a definition of 

the weak rearrangement axiom), but more significantly, even the weaker version is always 

satisfied in equality, i.e.                    for any switch of achievements between two 

persons.  In other words,          measure can never decline for the kind of decrease in 

inequality implied by an association-decreasing switch of achievements.  By virtue of cross-

dimensional convexity,          measure, on the other hand, will allow a decline in 

measured poverty if the switch between    and     involves a deprived dimension for both 
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individuals with              (i.e.       
       

   ) or a deprived dimension for one of them 

(      
    and      

   ); see 1k in Appendix for a proof.   

Third, the switch considered in the rearrangement axiom also admits the possibility of a 

reverse switch (switching back) where     does not dominates      before the switch, but it 

does so after the switch (i.e.           but     
      

 ).  The rearrangement axiom in this case 

requires poverty to increase,                   , if the switch involves a deprived 

dimension for one or both individuals with       
       

   , or remain unchanged, 

                  , otherwise.  Thus, as before,          allows an association-

increasing switch to be poverty increasing while this is not permitted by         .   

Fourth, the satisfaction of the rearrangement axiom also implies that a greater concentration 

of a given set of deprivations amongst fewer individuals will increase measured poverty, 

thereby removing the insensitivity of the multidimensional poverty measure to the dispersion 

of deprivations.  Indeed, when welfare dimensions are only ordinally measured, which 

precludes measurement of the depth of deprivations, the          measure will provide an 

arguably important means of incorporating inequality aversion into multidimensional poverty 

measurement.  In the purely ordinal case,  

          
 

 
∑(

  
 
)
 

          

 

   

 (8)  

while  

          
 

 
∑(

  
 
)    

 ̿

 

 

   

 (9)  

Thus, in this case, while the AF measure in (9) only depends on the average number of 

deprivations, the          measure in (8) will also depend on the distribution of 

deprivations across individuals.   

Fifth, like the dual cut-off measures         , the          measures also retain the 

attractive property of subgroup decomposability.  Subgroup decomposability follows directly 

from          being expressible as an average of individual poverty measures,           , 

as noted in (8) above, where            depends only on the characteristics of individual   

and not on the characteristics of any other     .   
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What about dimensional decomposability?   Since 
           

          
   unless    , in general, 

the          measures do not satisfy exact dimensional decomposition.13  In this respect, 

measures are similar to the AF          measures.14  This however is not a fatal blow since 

an exact decomposition by dimension is possible using the Shapley value (Shorrocks, 2013), 

with the contribution of a particular dimension   evaluated as the expected (average) 

marginal impact on          of eliminating deprivation   when the expectation is taken over 

all possible    sequences of the elimination of the  -th deprivation ranging from its being the 

first deprivation to be removed to its being the last.   

Before turning to concluding remarks, it should be noted that while the discussion above has 

abstracted from dimensional weights, the arguments presented above as well as the 

properties of the proposed measure carry over to the more general case of unequal 

dimensional weights.  With dimensional weights specified as    for       , the 

multidimensional poverty measures can be more generally written as:   

          
 

 
∑(∑     

 

 

   

)

 

          

 

   

     ∑  

 

   

   (10)  

 

 

6. Conclusion and discussion 

This paper has argued that the violation of the transfer axiom requiring regressive transfers 

to be unambiguously poverty-increasing and the invariance of measured poverty to changes 

in the dispersion of a given set of deprivations are potentially significant limitations of the 

dual cut-off approach to measuring multidimensional poverty.  The paper proposes a 

stronger alternative to the commonly-used weak transfer axiom as well as an additional 

cross-dimensional convexity axiom, leading to a related class of poverty measures that 

parametrically allow a greater weight to be accorded not only to the depth but also to the 

multiplicity and concentration of individual deprivations. The proposed class of measures 

satisfy stronger versions of monotonicity, dimensional monotonicity and rearrangement 

                                                           
13

 Strictly, one should say that the (first round) marginal effects of eliminating deprivation in each dimension 
do not sum up to the aggregate poverty measure.   
14

 As noted above, the AF measures also do not satisfy exact dimensional decomposition, but only permit 
dimensional decomposition post-identification, i.e. after who is poor has been identified based on deprivation 
in at least   dimensions.   
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axioms, while also retaining the subgroup decomposability property which positions them 

well for empirical applications.   

The new multidimensional poverty measures in this paper do not impose any additional 

informational requirements relative to others proposed in the literature.  They can be 

calculated with exactly the same data as other measures in the literature.  One may 

nonetheless pose the question whether the new measures make a difference in empirical or 

policy applications.  As in the case of FGT measures relative to the widely-used headcount 

index, their value will only be assessable through empirical practice.  What is clear is that the 

proposed          measures will rank multidimensional distributions differently to the dual 

cut-off          measures in many empirical settings, which in many instances will carry 

different policy implications.  The ultimate appeal of the new measures however rests on the 

properties they satisfy.   
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Appendix  

 

The following gives formal definitions of various axioms referred to in the paper – other than 

axioms relating to transfer, strong monotonicity, strong dimensional monotonicity and cross-

dimensional convexity that have already been defined in the main text.  It largely draws upon 

the elegant statement of these axioms in Alkire and Foster (2011a), but also makes 

reference to the earlier work of Tsui (2002) and Bourguignon and Chakravarty (2003).  

At the outset, it is useful to define a poverty identification function which for a given     

matrix of achievements   and a  -vector of dimensional cut-offs or poverty lines   classifies 

an individual   as poor or non-poor:  

                                      

 
(11)  

This is the most general form of the poverty identification function, and the corresponding 

multidimensional poverty measures may be denoted        where   is an  -vector with 

elements        .  As this paper has argued for union-based multidimensional poverty 

measures where deprivation in at least one dimension is necessary and sufficient for an 

individual to be deemed poor, the poverty identification function (11) can be specialized for 

the union-based poverty measures as:  

  
        (                          {   })          

 
(12)  

where the function              is an indicator function taking the value 1 if the           in 

parenthesis is satisfied, and 0 otherwise, and the class of union-based poverty measures 

could be denoted           The new multidimensional poverty measures proposed in this 

paper,         , are thus seen to be a member of the class of union-based measures.  The 

axioms below are stated for the general form of multidimensional poverty measures,       , 

while the proof of Proposition 1 establishes how the axioms are satisfied by the proposed 

measure,         .    
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The axioms  

Deprivation focus:  If distribution    is obtained from   by an increment in any non-deprived  

dimension    for individual     [i.e. there exists an         such that           and       
        

while    
      for all other              ], then               .   

Poverty focus:  If distribution    is obtained from   by an increment in any dimension    for 

a non-poor individual     [i.e. there exists an         such that            and       
        

while    
      for all other              ], then               .   

For union-based poverty measures, deprivation focus implies poverty focus.15  This follows 

from noting that an increment in a non-deprived dimension can occur for an individual with 

     or     .  When it occurs for an individual with      such that all dimensions are 

non-deprived, deprivation focus implies poverty focus.   

Subgroup decomposability:  If the     matrix of achievements   is partitioned as 

   [  
    

 ] where    is the      matrix of achievements of    individuals and    is the 

     matrix of achievements of the remaining    individuals (       ), then  

       (
  

 
)        (

  

 
)        

Replication invariance:  If distribution    is obtained by replicating    -times, i.e.,     

[                  ], then               .16    

Symmetry:  If distribution    is obtained from   as       where   is a permutation matrix, 

then               .    

Non-triviality:         attains at least two distinct values.   

Normalization:         attains a minimum value of 0 and a maximum value of 1.   

Note that normalization automatically ensures non-triviality.   

Weak monotonicity:  If distribution    is obtained from   by an increment in any dimension 

   for any individual    [i.e. there exists an         such that      
            while    

      for 

all other              ], then               .    

                                                           
15

 Bourguignon and Chakravarty (2003) refer to these as the strong and weak focus axioms respectively.   
16

 The notation    denotes transpose of  .   
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Monotonicity:  If distribution    is obtained from   by an increment in any deprived 

dimension    for a poor individual    [i.e. there exists an         such that            and 

     
            while    

      for all other              ], then               .    

Dimensional monotonicity:  If distribution    is obtained from   by an increment in any 

deprived dimension    for a poor individual    so that    is no longer deprived in dimension    

[i.e. there exists an         such that            and      
            while    

      for all 

other              ], then               . 

Weak transfer:  If distribution    is obtained from   as       where   is a bi-stochastic 

matrix with       for all   with          , then               .    

Weak rearrangement17:  If distribution    is obtained from   by switching between two poor 

individuals    and     their achievements in one or more dimension    {    } [i.e.          

           , and      
         and       

        while    
      for all other       

{               } ] such that while          (i.e.     dominates     ) but that    
       

  (i.e.    
  

does not dominate     
 ), then               .  

 

Proof of Proposition 1  

To begin with, corresponding to distributions   and   , it is useful to define    
  

(        )
 
 (      ) as in section 2, and    

   (     
    )

 
 (   

    ), and note that in 

proving Proposition 1, we will be concerned with establishing specific equality or inequality 

relationships between           
 

 
∑ (

 

 
∑    

  
   )

 
 
    and 

           
 

 
∑ (

 

 
∑    

   
   )

 
 
    

1a.  Deprivation focus.   

Given:   There is an         such that           and       
        while    

      for all other 

             .   

For all              , we know that    
     , and thus    

      
 .  For        ,      

        

   , and thus      
        

   .  Hence,    
      

  for all      , which establishes           

        .     

                                                           
17

 Tsui (2002) and Bourguignon and Chakravarty (2003) refer to this property as non-decreasing poverty under 
correlation increasing switch.   
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1b.  Poverty focus.   

Given:   There exists an         such that            and       
        while    

      for all 

other              . 

Note that            implies          .  Then, by proof of 1a (deprivation focus) it follows: 

                  .     

1c.  Subgroup decomposability  

Given:      [  
    

 ] where    is the      matrix of achievements for group 1 of    

individuals and    is the      matrix of achievements of group 2 of    individuals, with the 

total number of individuals        .    

          
 

 
∑ (

 

 
∑    

  
   )

 
 
    

 

 
[∑ (

 

 
∑    

  
   )

   
    ∑ (

 

 
∑    

  
   )

   
   ]  

  (
  

 
)          (

  

 
)             

1d.  Replication invariance   

This follows directly from subgroup decomposability, on noting that replication (for    ) 

implies   
    

  and       
 

 
.  Generalizing to any     

          (
 

 
)                    (

 

 
)                     

1e.  Symmetry  

Given:        where   is a permutation matrix.  

Pre-multiplication by a permutation matrix only reorders (permutes) the rows of the matrix.  

Thus, it does not change the values of individual poverty measures,           , but merely 

reorders the individuals.  Since the sum of individual poverty measures is invariant to the 

order of summed elements, it follows that                   .    

1f.  Normalization  

         attains the minimum value of 0 if no one is deprived in any dimension, i.e.       

for all      .           attains the maximum value of 1 if everyone is maximally deprived in 

every dimension, i.e.       for all      .    
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1g.  Strong monotonicity   

Given:  There is an         such that      
            while    

      for all other       

       .   

For all              , we know that    
     , and thus    

      
 .  For        ,      

        

   , and thus      
        

  for    .  Hence, for    ,    (       
 )               while 

         
              for all     .  Thus,                    for     and    .    

1h.  Strong dimensional monotonicity   

Given:  There exists an         such that      
            while    

      for all other 

             .   

For all              , we know that    
     , and thus    

      
 .  For        , since      

     , 

     
    , while           implies      

   .   Hence,      
        

 .  Hence, for    , 

   (       
 )               while          

              for all     .  Thus, 

                   for    .    

1i.  Transfer   

Given:  There exist individuals          where    is poorer than     [i.e.            for all   with 

strict inequality for at least one   {      }]. There is a transfer from    to     in a deprived  

dimension    such that           and      
               and       

                for 

      , while    
      for all other       {               }.    

For all   and           ,    
     .  Thus,          

              for all           .  Thus, 

we need to consider how     and      change as result of the transfer from    to     to 

determine how the aggregate poverty measure          will change as a result of the 

transfer.  Thus, from the definition of         , it follows that              

           according as [(   
     )  (    

      )]   .  In particular,     

(   
     )  (    

      ). 

Since the transfer only involves dimension   , it follows that for            and     ,  

   
      and thus    

      
 .  Let us denote the sums of normalized deprivations in the non-

transfer dimensions as: 

    ∑     
  

     ∑     
 

      and       ∑      
  

     ∑      
 

    .  Then:   
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(   
     )     [(     

      )
 
 (     

     )
 
]                    

        
   

(    
      )     [(      

       )
 
 (      

      )
 
]                     

         
   

We now prove that … in three parts.   

(i)  Consider first the case where    .  In this case: 

(   
     )     *     

        
 +  and  (    

      )     *      
         

 +  

Thus:      (   
     )  (    

      )     *(     
        

 )  (      
        

  )+  

Two cases can be distinguished: (a) individual     remains deprived in dimension   even after 

receiving the transfer from individual   , or (b)     is not deprived in dimension   post-transfer.  

In case (i), since      
        

  and for     normalized deprivations    
  are strictly convex in 

achievements     that are below   , it follows that       for    .  The value of     is 

even higher in case (b) as the value of (      
        

  ) is lower since       
     in this case.  

Thus,       for     in both cases (a) and (b).  This proves that          satisfies 

transfer axiom for     and    .      

(ii)  Now, consider the case where    .  In this case:  

       [{(     
     )

 
 (         )

 
}  {(           )

 
 (      

      )
 
}]  

Since (         )  (           ) and since for    , by cross-dimensional convexity (see 

1j below), the individual poverty measures       (      )
 
 are strictly convex in 

achievements     that are below   , it follows by the same logic as in case (i) that       

for    , thus proving that          satisfies transfer axiom for     and    .      

(iii)  Now, consider the case where both     and    .  Both       doubly ensures that 

individual poverty measures       (   
    )

 
 are strictly convex in achievements     that 

are below   .  On further noting that          proves that       and          satisfies 

transfer axiom for     and    .   

Cases (i), (ii) and (iii) together establish that          satisfies transfer axiom for       

  or        .    
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1j.  Cross-dimensional convexity   

Note that          can be written as an average of individual poverty measures, 

          : 

          
 

 
∑   

 
              where             (

 

 
∑    

  
   )

 
 

(13)  

and  

           

          
  

           
       

   

                                 (14)  

 

That establishes          satisfies cross-dimensional convexity for        

1k.  Rearrangement   

Given:          , both    and     are poor (i.e.           ), and      
         and       

        

while    
      for all other       {               } and    

       
 .   

This is proved in two parts: (i)                    if    is not a deprived dimension for     

in   or             , and (ii)                    otherwise. 

(i) First consider If    is not a deprived dimension for     in  .  Given         , it thus follows 

that    is also not a deprived dimension for    in  .  Then, by the deprivation focus axiom, 

                  .   

Next consider,             .  With the switch, then      
        and       

        , thus 

implying          
              for all           , which in turn implies that           

         

(ii) Now consider the case where    is a deprived dimension for     in   and             , 

which given          must imply that                .  A switch in this case is equivalent to 

a (progressive) transfer from    to     of amount               .  By the transfer axiom, then 

                   for         or        .    
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