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3.1	Half-life





	Different radioactive isotopes undergo radioactive decay (nuclear readjustment) at different rates, and each isotope has its own characteristic decay rate.  For example, when the activity of 32P is measured daily over a period of about 3 months, and the percentage of the initial activity is plotted as a function of time, the curve shown in Figure 3.1 is obtained.  The data show that one half of the 32P is gone in 14.3 days, half of the remainder in another 14.3 days, half of what is left during the following 14.3 days, and so on.












































Figure 3.1.  Decrease of 32P activity.








	If a similar series of measurements were made on 131I, it would be observed that the iodine would disappear at a faster rate.  One half would be gone after 8 days, and three fourths of the initial activity would be gone after only 16 days, while seven eights of the iodine would be gone after 24 days.





	The time required for any given radioisotope to decrease to one-half of its original quantity is a measure of the speed with which the isotope undergoes radioactive decay.  This period of time is called the half-life, and is characteristic of the particular radioisotope.  Each radioisotope has its own unique rate of decay, and no operation, either chemical or physical, is known that will change the decay rate.  The half-life (T½) of a radioisotope is an unalterable property of the isotope.  Half-lives of radioisotopes range from microseconds to billions of years.





	From the definition of the half-life, if follows that the fraction of a radioisotope remaining after n half-lives is given by the relationship.





				  �ADVANCE \D 3.60�A		  1�ADVANCE \U 3.60�


			�ADVANCE \U 5.75�	     	 =	     �ADVANCE \D 5.75�


			�ADVANCE \U 5.75�	  A0		  2n�ADVANCE \D 5.75�





	Where A0 is the original quantity of activity, and A is the activity left after n half-lives.


	Example 3.1.  At the time of dispensing, the activity of a vial of technetium-99m was 6GBq.  The half-life of technetium-99m is 6 hours.  What is the activity of the sample after 24 hours has expired?





	*	24 hr is equal to 4 half-lives (4 x 6 hrs = 24 hrs)





	*	let A0		=	6GBq


�ADVANCE \D 4.30�


	*	At		= � EMBED Equation.2  ���	





					    �ADVANCE \U 7.90�


	*			=�ADVANCE \U 1.45�� EMBED Equation.2  ���	


							�ADVANCE \D 4.30�


	*			=�ADVANCE \U 1.45�� EMBED Equation.2  ���	





	*			=0.375 GBq





	Example 3.2  Cobalt-60, gamma-emitting radioisotope whose half-life is 5.3 years, is used as a radiation sources for radiographing pipe welds.  Because of the decrease in radioactivity with increasing time, the exposure time for a radiograph will be increased annually.  Calculate the correction factor to be applied to the exposure time in order to account for the decrease in the strength of the source.  Above equation may be re-written as





						  �ADVANCE \D 7.90�A0 �ADVANCE \U 7.90�   


						�ADVANCE \U 1.45�     �ADVANCE \D 1.45�	=  2n�ADVANCE \D 1.45�


						  A    





	By taking the logarithm of each side of the equation, we have





						 �ADVANCE \D 7.90�A0 �ADVANCE \U 7.90�     


					   �ADVANCE \U 1.45� log        �ADVANCE \D 1.45�	=  mlog 2�ADVANCE \D 1.45�


						 A     


	


	where n, the number of 60Co half-lives in one year, is 1/5.3 = 0.189





						�ADVANCE \D 7.90� A0�ADVANCE \U 7.90�            


					    �ADVANCE \U 1.45�log         �ADVANCE \D 1.45�	=  0.189 x 0.301�ADVANCE \D 1.45�


						 A           





						�ADVANCE \D 4.30�A0�ADVANCE \U 4.30�                


					        �ADVANCE \U 1.45�      �ADVANCE \D 1.45�	=  antilog 0.0569


						A                


							=  1.14


The ratio of the initial quantity of cobalt to the quantity remaining after 1 year is 1.14. The exposure time after 1 year, therefore, must be increased by 14%.  it should be noted that this ratio is independent of the actual amount of activity at the beginning and end of the year.  After the second year, the ratio of the cobalt at the beginning of the second year to that at the end will be 1.14.  The same correction factor, 1.14, therefore, is applied every year to the exposure time for the previous year.





	If the decay data for any isotope are plotted on semi-logarithmic paper, with the activity measurements recorded on the logarithmic axis and time on the linear axis, a straight line results.  If time is measured in units of half-lives, the generally useful curve shown in Figure 3.2 results.


















































Figure 3.2.  Generalized semi-logarithmic plot of the decrease in activity due to radioactive decay.








	The illustrative example given above could have been solved graphically with the aid of this curve.  The ordinate at which the time in units of half-life, 0.189, intersects the curve shows that 87.7% of the original activity is left.  The correction factor, therefore, is the reciprocal of 0.877:





							    �ADVANCE \D 3.60�1�ADVANCE \U 3.60�


		 �ADVANCE \U 1.45� Correction factor	=	         	=	1.14�ADVANCE \D 1.45�


							  0.877





	The decay of a radioactive sample is statistical in nature and it is impossible to predict when any particular atom will disintegrate.  The result of this random behaviour of any particular atom is that the radioactive decay law is exponential in nature, and is expressed mathematically as:





					N	=	N0e-lt








where N0 is the number of nuclei present initially, N is the number of nuclei present at time (t) and l is the radioactive decay constant.  Since the half-life of a radioactive species is the time required for one half of the nuclei in a sample to decay, it is obtained by putting N = N0/2 in the above equation:





				     N0/2 	=	N0e-lT1/2








Dividing across by N0 and taking logs:





				    loge(½)	=	-lT1/2





				Now:


	


				    loge(½)	=	-loge(2)





				and so:





						        �ADVANCE \D 3.60�loge2  		   0.693�ADVANCE \U 3.60�


				    T1/2		=   �ADVANCE \U 1.45�            �ADVANCE \D 1.45�	=	�ADVANCE \U 1.45�            �ADVANCE \D 1.45�


						          l     		     l





				and:


						  �ADVANCE \D 3.60�    0.693�ADVANCE \U 3.60�


				      	l	=   �ADVANCE \U 1.45�          �ADVANCE \D 1.45�


						       T1/2








	Since the decay rate, or activity of the sample is proportional to the number of unstable nuclei, this also varies exponentially with time, namely;





	A = A0e-lt





	This relationship is illustrated in Figure 3.1 which shows the variation of sample activity with time.  The half-life of a particular radioactive isotope is constant and its measurement assists in the identification of radioactive samples of unknown composition.  This method can only be applied to isotopes whose disintegration rates change appreciably over reasonable counting periods.  At the other end of the scale, the isotope must have a long enough half-life to allow some measurements to be made before it all disintegrates.  To determine extremely short and extremely long half-lives, more elaborate means must be used.  Half-lives range from about 10-14 years (212Po) to about 1017 years (209Bi) which represents a factor of 1031.





	Example 3.3.  Example 3.1 can also be worked out using the radioactive decay 		     law A = A0e-lt.

















	Ratio of Co-60 activity at the beginning and end of the year A/Ao is given 	


	by:


				 �ADVANCE \D 3.60�A                                 


				�ADVANCE \U 3.60�--- = e-lt = e-0.693/5.3 x 1 = 0.877


				 �ADVANCE \U 3.60�A0                                  





	Therefore the Correction Factor = 1/0.877 = 1.14








	Example 3.4.  What percentage of a given amount of radium will decay during a period of 1000 years?





				For radium l = 4.38 x 10-4 per year





	The fraction remaining after 1000 years is given by





		 �ADVANCE \D 4.30� A�ADVANCE \U 4.30�


	�ADVANCE \U 1.45�	       �ADVANCE \D 1.45�  =  e-lt  =  e�ADVANCE \U 3.60�-4.38  x  10-4  x  103�ADVANCE \D 3.60�  =  e-0.438  =  0.645  =  64.5%


		  �ADVANCE \U 3.60�Ao





	The percentage that was transformed during the 1000 year period, therefore, is:





						100%  -  64.5%  =  35.5%.








3.2	Mean-life





	Although the half-life of an isotope is a unique, reproducible characteristic of that isotope, it is nevertheless a statistical property, and is valid only because of the very large number of atoms involved.  Any particular atom of a radioisotope may be transformed at any time, from zero to infinity, after it is observed.  For some applications, such as in the case of dosimetry of internally deposited radioisotopes, it is convenient to use the mean-life of the radioisotope.  The mean-life is defined simply as the sum of the lifetimes of the individual atoms divided by the total number of atoms originally present.





	The mean-life (t) of a radionuclide is given by the expressions:





							�ADVANCE \D 4.30�   1�ADVANCE \U 4.30�


					    t =  �ADVANCE \U 1.45�     �ADVANCE \D 1.45�   and


							   l





							�ADVANCE \D 4.30�   T½�ADVANCE \U 4.30�


					    t =  �ADVANCE \U 1.45�       �ADVANCE \D 1.45�     =   1.45 T½


							 0.693








3.3	Serial transformations





	Consider the following radioactive transformations.  Here the radioactive nuclide strontium-90 undergoes radioactive decay with a half-life of 29.9 years producing yttrium-90 which is itself radioactive with a half-life of 64.2 hours.





						  �ADVANCE \D 3.60� b�ADVANCE \U 3.60�			    �ADVANCE \D 3.60� b		  		


				 �ADVANCE \U 3.60�90�ADVANCE \L 7.20�38Sr ----------->    90�ADVANCE \L 7.20�39Rn ---------->   90�ADVANCE \L 7.20�40Po


					�ADVANCE \U 3.60�	�ADVANCE \D 3.60� 29.9Y    	  62.4h	�ADVANCE \U 3.60�





	The half-life of 90Sr is 29.9 years, and its transformation, therefore, is very slow.  The 90Y daughter of 90Sr, with a half-life of 64.2 hours transforms rapidly to stable 90Zr.  If initially pure 90Sr is prepared, its radioactive transformation will result in an accumulation of 90Y.  Because the 90Y transforms very much faster than 90Sr, however, a point is soon reached at which the instantaneous amount of 90Sr that transforms is equal to that of 90Y.  Under these conditions, the 90Y is said to be in secular equilibrium.  The quantitative relationship between isotopes in secular equilibrium may be derived in the following manner for the general case:





					     							


					     la	      lb   


					�ADVANCE \U 3.60�A ------> B ------> C,





Where the half-life of isotope A is very much greater than that of isotope B.  The decay constant of A, lA, is therefore much smaller than lB, the decay constant for isotope B.  Isotope C is stable and is not transformed.  Because of the very long half-life of A relative to B, the rate of formation of B may be considered to be constant.  Under the conditions the relation between the activities of A and B may be written as:


					  QB = QA(1 - e-l�ADVANCE \D 2.15�B�ADVANCE \U 2.15�t),





where QB and QA are the respective activities of the parent and daughter.





	Example 3.5.  If we have 500 mg radium, how much 222Rn will be collected after 1 day, after 3.8 days, after 10 days, and after 100 days?





				�ADVANCE \D 3.60�		  		


				 �ADVANCE \U 3.60�226�ADVANCE \L 7.20�88RA -------->    222�ADVANCE \L 7.20�86Rn ------->   218�ADVANCE \L 7.20�84Po


					�ADVANCE \U 3.60�	�ADVANCE \D 3.60� 1062Y    	  3.8d	�ADVANCE \U 3.60�





	Since the specific activity of radium is 3.7 x 1010Bq/g, 500 mg = 1.85 x 1010Bq.  The half-life of radon is 3.8 days.  Its decay constant is therefore:





					 	 �ADVANCE \D 3.60� 0.693     	   0.693


			�ADVANCE \U 3.60�lRn    = 	------------    =	 ------------    


						�ADVANCE \U 3.60�(T1/2)Rn  	 	  3.8 days





						lRn = 0.1825 day-1.


	From the above equation we have:





							QRn = QRa(1 - e-l�ADVANCE \D 2.15�Rn�ADVANCE \U 2.15�t ),





					QRn = 1.85 x 1010Bq(1 - e-0.1825 x t)








	Substituting the respective time in days for t in the equation above gives 3.1 x 109Bq Rn after 1 day, 9.25 x 109Bq after 3.8 days, 1.55 x 110Bq after 10 days, and 1.85 x 1010Bq after 100 days.  The illustrative example given above, shows a build-up of radon from 0 to a maximum activity that is equal to that of the parent from which it was derived.  This build-up of daughter activity may be shown graphically by plotting the above equation.  A generally useful curve showing the build-up of daughter activity under conditions of secular equilibrium may be obtained if t is plotted in units of daughter half-life, as shown in Figure 3.3.  As time increases, e-lt decreases, and QB approaches QA.  For practical purposes, equilibrium may be considered established after 7 daughter half-lives.  At equilibrium, it should be noted that





							lANA = lBNB.





	This tells us that, at equilibrium, the activity of the parent is equal to that of the daughter, and that the ratio of the decay constants of the parent and daughter are in the inverse ratio of the equilibrium concentrations of the parent and daughter.
























































Figure 3.3.  Secular equilibrium: build-up of a very short-lived daughter from a long-lived parent.  The activity of the parent remains constant.

















	In the case of secular equilibrium discussed above, the quantity of parent remains substantially constant during the period that it is being observed.  Since it is required, for secular equilibrium, that the half-life of the parent be very much longer than that of the daughter, it is evident that secular equilibrium is a special case of a more general situation in which the half-life of the parent may be of any conceivable magnitude, and no restrictions are applied to the relative magnitudes of the decay constants of the parent and daughter.  For the general case, where the parent activity is not relatively constant:





						     �ADVANCE \D 3.60�lA	      lB


						�ADVANCE \U 3.60�A ------> B ------> C








The mathematical expression for transient equilibrium, may be rewritten as:





							�ADVANCE \D 3.60�  lB


					�ADVANCE \U 3.60�QB = ------------ QA.


						   �ADVANCE \U 3.60�lB - lA















































Figure 3.4.  Transient equilibrium: growth and decay of 60.5-min ThC from 10.6-hr ThB.





	An example of this equilibrium that is of importance to the health physicist is the "ThB to ThC to ThC and ThC" chain which occurs near the end of the thorium series.  In this sequence of transformations, ThB(212Pb), whose half-life is 10.6h, decays by beta emission to 60.5 min ThC(212Bi), which then branches, 35.4% of the transformations going by alpha emission to ThC"(208Po).  The ThC and ThC" half-lives are very short, 3 x 10-7 sec and 3.1 min, respectively, and both decay to stable 208Pb.  Since ThB is a naturally occurring atmospheric isotope, correction for its activity and its daughter activity must be made before data on air samples can be accurately interpreted.  The growth and decay of ThC is shown in Figure 3.4.  This curve graphically emphasizes the fact that, at transient equilibrium, the daughter activity seems to decrease at the same rate as the parent activity.











	Figure 3.4 also shows that the daughter activity, which starts from zero, rises to a maximum value and then decreases.  It is also seen that the total activity, daughter plus parent, reaches a maximum value that does not coincide in time with that of the daughter.





	The time when the parent and daughter isotopes may be considered to be equilibrated depends on their respective half-lives.  The shorter the half-life of the daughter, relative to the parent, the more rapidly will equilibrium be attained.





No Equilibrium





	In the case where the half-life of the daughter exceeds that of the parent, no equilibrium is possible.  The daughter activity reaches a maximum, at a time which can be calculated from the equation:





						�ADVANCE \D 3.60�  2.3 log(lB/lA)


					�ADVANCE \U 3.60�t = --------------------


							  �ADVANCE \U 3.60�lB - lA











It then reaches a point where it decays at its own characteristic rate.  The parent, in the meantime, because of its shorter half-life, decays away.  The total activity in this case does not increase to a maximum; it decreases continuously.  The case in which the half-life of the daughter exceed that of the parent, or if lB < lA is illustrated in Figure 3.5, which shows the course in time of the growth and decay of 146Pr, whose half-life is 24.4 min, from the fission product 146Ce, whose half-life is only 13.9 minutes.





















































Figure 3.5.  No equilibrium:  Growth and decay of 24 minutes 146Pr from 14 min 146Ce
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