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Abstract

Estimation of unknown parameters and functions involved in complex nonlinear econometric
models is a very important issue. Existing estimation methods include generalised method of mo-
ments (GMM) by Hansen (1982) and others, efficient method of moments (EMM) by Gallant and
Tauchen (1997), Markov chain Monte Carlo (MCMC) method by Chernozhukov and Hong (2003),
and nonparametric simulated maximum likelihood estimation (NSMLE) method by Creel and Kris-
tensen (2011), and Kristensen and Shin (2012). Except the NSMLE method, other existing methods
do not provide closed—form solutions. This paper proposes non— and semi—parametric based closed—
form approximations to the estimation and computation of posterior means involved in complex
nonlinear econometric models. We first consider the case where the samples can be independently
drawn from both the likelihood function and the prior density. The samples and observations are
then used to nonparametrically estimate posterior mean functions. The estimation method is also
applied to estimate the posterior mean of the parameter—of-interest on a summary statistic. Both
the asymptotic theory and the finite sample study show that the nonparametric estimate of this
posterior mean is superior to existing estimates, including the conventional sample mean.

This paper then proposes some non— and semi—parametric dimension reductions methods to deal
with the case where the dimensionality of either the regressors or the summary statistics is large.
Meanwhile, the paper develops a nonparametric estimation method for the case where the samples
are obtained from using a resampling algorithm. The asymptotic theory shows that in each case
the rate of convergence of the nonparametric estimate based on the resamples is faster than that
of the conventional nonparametric estimation method by an order of the number of the resamples.
The proposed models and estimation methods are evaluated through using simulated and empirical
examples. Both the simulated and empirical examples show that the proposed nonparametric

estimation based on resamples outperforms existing estimation methods.
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1 Introduction

Beyesian estimation and computation is a complicated issue, particularly when estimation
issues involve computational complexity. The literature basically shows that there are three
stages of the developments. The first stage of the developments is due to the fact that
empirical Bayesian approach has been used to provide some closed—form solutions to various
Bayesian estimation problems. One useful class of models covers a class of exponential
families, in which the Bayes estimate is a ratio of the first—order derivative of the marginal
density and the marginal density itself. Then, a nonparametric kernel density estimation
method may be employed to consistently estimate the posterior mean. Similar approaches
have also been done for a class of uniform families. The literature is summarised and discussed
in Carlin and Louis (1996), Efron (1996), and some other studies.

Mainly due to the fact that most posterior means do not have closed—form relationships
with the marginal density and its functionals, computation of posterior means involves deal-
ing with some non—tractable integrals and possible high dimensionality and therefore becomes
a very difficult issue. This comes to the second stage of the developments that importance
sampling, the Gibbs sampler and other MCMC tools become available and effective for im-
plementing Bayesian estimation and computation. There is a huge literature about such
developments. We refer the reader to Liu (2001), Geweke (2005), and Brooks et al (2011).
Since Bayesian inference basically relies on the full posterior density function and the dimen-
sionality of such posterior density is usually large, both computation and simulation involve
all sorts of difficulties. To partially address such computational issues, the third stage of
the developments is based on the proposal of the so—called “Approximate Bayesian Compu-
tation” (ABC). Recent studies include Beaumont, Zhang and Balding (2002), Blum (2010),
Fearnhead and Prangle (2012), and Blum et al (2013).

This paper proposes some general non— and semi—parametric regression approaches to the
estimation and computation of posterior means involved in complex nonlinear econometric
models. The proposed estimation method provides a simple and useful alternative to existing
estimation methods, such as MCMC (Chernozhukov and Hong 2003), GMM (Hansen 1982),
EMM (Gallant and Tauchen 1997), and NSMLE method proposed recently by Creel and
Kristensen (2011), and Kristensen and Shin (2012). More recently, Gao and Hong (2014)
considerably explore the ABC idea and the NSMLE method for nonparametric implementa-
tion of GMM in practice. As we discuss in Section 4 of this paper, based on direct sampling,
the proposed nonparametric approach makes it possible to provide a closed—form estimate
for a general conditional moment of the form E[¢(6)|7},], where € is the parameter of inter-
est, ¢(+) is of a known functional form and 7,, is a summary statistic, such as the sample
mean of Xq, Xo,---,X,,. As proposed in Section 4 below, moreover, a nonparametric esti-

mation method based on resamples results in asymptotically normal estimates for unknown



conditional moments with rates of convergence faster than those for existing estimates. Such
theoretical findings are evaluated in Sections 6 and 7 through both simulated and real data
examples.

In summary, this paper proposes non— and semi-parametric methods for the establishment
of closed—form estimates for conditional moments. We believe that the newly proposed
estimation method reveals some important findings and has the following theoretical and

computational advantages:

a) it results in closed—form expressions for estimates of unknown parameters and functions

involved in non— and semi-parametric models;

b) it avoids involving numerical approximations to intractable integrals involved in the

computation of Bayesian estimates;

c¢) it directly and naturally addresses various high—-dimensional issues involved in non—

and semi—parametric approximation and estimation;

d) it facilitates both the implementation and the application of Bayesian estimation and

computation for economic and financial models; and

e) it provides a simple and useful alternative to estimating unknown parameters and

functions involved in classes of complex nonlinear econometric models.

The organisation of this paper is given as follows. Section 2 gives some examples and
models to link and motivate the discussion of this paper with the relevant literature before a
nonparametric kernel estimation method is proposed to estimate the posterior mean function.
Section 2 then establishes an asymptotic theory for the estimation method proposed in this
section. Using a resampling algorithm, Section 3 significantly improves the rate of conver-
gence of a nonparametric kernel estimator based on the resamples and its resulting theory is
then established in the end of Section 3. Section 4 proposes to estimate a general posterior
mean of the form E[0|T,] before giving a comparison with an existing estimation method.
Estimation problems involving dependent data are discussed respectively in Sections 3 and
4. Section 5 extends the discussion in Sections 2-4 to the case where there are nuisance
parameters involved and then considers a nonparametric estimation issue where the nuisance
parameters involved are consistently estimated. This large sample theory is supported by the
small and finite sample evaluation given in Sections 6 and 7. Section 6 gives some numerical
evidence to support the proposed models and estimation methods. An empirical example dis-
cussing parameter estimation of unknown parameters involved in a GARCH model is given
in Section 7. Some concluding comments are given in Section 8 before the mathematical

technicalities are given in Section 9.



2 Models and Estimation Methods

2.1 Examples and motivation

Before we propose our models and estimation methods, we use some examples to motivate

our discussion.

Example 2.1: Consider a general distributional model of the form
XtNFt($;0), t:1,2, , N, (21)

where each Fi(+;0) is a parametric distributional function indexed by 6, a vector of unknown
parameters. Note that {X;} can be either independent, stationary or nonstationary time
series.

For model (2.1), the vector of unknown parameters, #, can be consistently estimated
by classical estimates, such as, the conventional sample moment and MLE. Section 6 below
shows that if we move one—step further by combining simulated samples with a nonparametric
estimation method based on the simulated samples, a nonparametric kernel estimator for a
conditional moment of the form FE[(0)|T,] is more efficient than such classical estimates,
where T, is a summary statistic, and ¢(-) is a known function available for computation.

Extensions of model (2.1) are needed to deal with the general conditional mean case

discussed in Chen (2007), in which F(-;-) is allowed to be semiparametric.

Example 2.2 (GARCH model): Consider a GARCH (1,1) model of the form:

Yt = Ot&t, Ey, t:172a , 1,

Ut2 = by + blyt{l + b20—t2717 (2-2)

where {¢;} is a sequence of errors and 6 = (by, b1, b2)" denotes a vector of unknown parameters.

Our study in Section 7 below discusses model (2.2) and evaluates the applicability and
practical relevance of the proposed estimation method to be discussed in Sections 3 and 4
below to show that a nonparametric estimator for g(7,) = E[0|T,] is more efficient than T,
itself when T, is the MLE of 6.

2.2 Estimation based on simulation

Let f(x]€) be the conditional density of = given 6 and 7(-) be the prior density. The Bayesian

estimate of § given x is defined by

ot [ ororry . JATEOTOE _ gx)
o) = El0fs] = [ 05(0J)do — R = 2.3)
where § = (61,---,04)" is a vector of unknown parameters, p(z) = [ f(z|0)7(0)df and

q(x) = [ 0f(x|0)m(6)do.



Throughout the rest of this paper, we discuss the case where the model is exactly identi-
fied. To present the main idea in this section, we focus on the case of d = 1.

Assume that the functional form of f(z|f) is available for computation. Suppose that
0; is drawn from a proper probability density A(€) and both the forms of 7(6) and (@) are

available for computation. In this case, we may estimate g(x) by

m m(0;
N Zj:l ij@wj)AEejg

gm(r) = —, ) (2.4)
S Fl6) i
and for the case where T,, is a summary statistic, we have
R S 05 (T0l0,) 53
Gn(T) = =2 ) (2.5)

NG

Such discussions may be found from Geweke (1989), Gelfand and Smith (1990), and
Geweke (2005) for examples. Note that there is no need to draw samples from 7(6) as long
as it is possible to either draw {X;} from p(-) or to have the data {X;} available for use.

This section proposes to directly estimate the posterior mean by the nonparametric ker-
nel method. In the rest of this section, we assume that we may draw (z;,6,;) jointly from
f(z]0)A(0) when A(0) is a proper probability density. For notational simplicity, in the dis-
cussion of the rest of this section and Section 3, we assume that 7(6) is already a proper
prior density available for sampling, and thus choose A(-) = 7(+). This is consistent with the
sampling approach adopted in the ABC literature. In Section 4 below, we consider the case
where A(+) is the only proper prior density available for sampling and computation. Section
5 proposes a nonparametric estimation method that is based on MCMC samples.

Equation (2.3) implies that we can introduce a regression model of the form
0 = Elf|z] + (0 — E[0|z]) = g(x) + e, (2.6)

where e = § — E[f]|x] satisfies Fle|z] = 0.

Note that the functional of g(z) may not be feasibly available for computation even
though the functional forms of f(z|f) and 7(f) may be assumed to be either parametrically
or semiparametrically known for sampling and computation. Thus, we propose to estimate
g(z) directly using the samples {(z;,0;)} readily drawn from f(z|0)7(6).

The first objective is to estimate g(z). Suppose that we may simulate (z;,6; : j =
1,2,---,m) directly from f(x|6)7(f) and then define

0, =g(z;)+e;, j=12,---,m, (2.7)

where {e;} is a sequence of independent errors with mean zero and finite variance 0? = E [e?].

We then estimate g(-) by

() = Y Koy ()0 (2.8)



where K,,;(x) = Z’"(K—Zwk_x)’ in which K(-) is a kernel function and A is a bandwidth.
r= K (75—
In order to incorporate the data {X; : 1 < i < n} into the estimation procedure, we

simulate {0,,; : 1 <i <n < m} from a regression model of the form

where {e,,; : 1 <1i < n} is available for sampling as a sequence of conditionally independent

random errors given {(z;,6;) : 1 < j < m}, and is independent of {X;} satisfying

Elemil (w1, 2m; 01, ,0)] =0 and E[e2,|(z1, -+, 2pm; 01, ,0m)] = 02, < 00.
(2.10)
In practice, €,,; can be simulated from &,,; = Api(€m1, -, €mm) &, in which e,,; = 6; —
gm(z;), {&} is a sequence of independent and identically distributed (i.i.d.) random variables,
with E[¢;] = 0 and F[¢}] = 1, generated from a pre-specified probability distribution, such

as, either the standard normal distribution-/N (0, 1) or

P<m:_\/5—1>:\/5—|—1 and P<m:\/5—i—l>:\/5—1 (2.11)

2 25 2 2v5

and A\,;(--+) is a sequence of measurable functions. There are many cases one may use in

practice:
: _ 2 _1Nywm 2 _ .
o Case I \yi(m1, s €mm) = o, where o, = - > 70, e with €5, = 0 — g (2;);

: _ 1 m—n .
e Case II: \i(em1, -, €mm) = €mi + T > imny1 €my; and

e case ITIL: \,;(epm1,  *  €mm) = Z;”Zl ajiemj, where {ay;} is a sequence of real numbers

chosen such that o;; > 0 and Z;nzl aj; = 1.

The construction of equation (2.9) involves some kind of bootstrap idea through com-
pressing the information already available from {(z;,6;) : j = 1,2,--- ,m} and then equation
(2.8). We finally estimate g(z) by

Grnn(@) = D L ()i (2.12)

X;—z
= Z"L(L—(Xk)‘ﬁ)’ in which L(-) is a kernel function and b is a bandwidth.
k=1 b

Our experience shows that the choice of {e,,;} does not affect asymptotic consistency of

where L,;(x)

gmn(+). Before asymptotic properties for g,,(z) and g,.,(z) are established in Sections 2.3

and 2.4 below, we summarise the estimation procedure as follows:
e Step 1: Simulate {(z;,60;):j =1,2,--- ,m} from f(z|0)7(0);
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e Step 2: Estimate g(z) by gm(z) = D771, Konj(2)0;;
e Step 3: Simulate {0,,; : 1 < i <n} from 0,,; = g, (X;) + €ns; and

e Step 4: Re-estimate g(z) by gmn(z) = D 1) Lni()0m;

We will establish an asymptotic theory for the univariate case in Section 2.3 and then the

multivariate case in Section 2.4 below.

2.3 Univariate Case

In this section, we assume that the dimensionality of 0 is d = 1. Let x = (zq,--- ,,)" be
the r—dimensional vector. To establish an asymptotic theory for g,,(x) and g,.,(x), we now

introduce the following assumptions.

Assumption 2.1: (i) Let the product of f(z|f) and w(#) be a proper probability density
function.

(ii) Let f(x|@) be three times differentiable with respect to x and fé”(x|9) be the i—
th partial derivative of f(z|@) with respect to x such that [ |0|‘ % (x]@)” m(6)df < oo

and f‘ f;@(ﬂ@) )W(@)d@ < oo for any given x and i = 0,---,3, where || - || denotes the
conventional Euclidean norm.

(iii) Suppose that both py(z) = [ £2(2|0)7(0)d and go(z) = [0 (x|0)7(0)do are
continuous in z.

(iv) Suppose that {6; : j = 1,2,--- ,m} is a sequence of i.i.d. random variables drawn
from 7(0) and that {(z;,0;) : j = 1,2,--- ,m} is a vector of i.i.d. random vectors drawn

from f(x|0)m(#). Let f(z) be the marginal density of {x;}.

Assumption 2.2: (i) Suppose that there is a data set {X; : i =1,2,--- ,n} that is available
as an i.i.d. random variables with p(x) being the density function.

(ii) Suppose that {X;:7=1,2,--- ,n} is independent of {(z;,0;) : j =1,2,--- ,m}. Let
{emi} satisty equations (2.9) and (2.10).

Assumption 2.3: (i) Let K (-) be the probability kernel function satisfying [ uK (u)du = 0,
0 < [|ulPK(u)du < co and 0 < [ K?*(u)du < oo. Let the bandwidth h satisfy h — 0,
mh”™ — oo and mh"™™ — ¢(r) for some 0 < ¢(r) < co.

(ii) Let L(-) be a probability kernel function satisfying [vL(v)dv = 0,0 < [ |[v||*L(v)dv <
o0, 0 < [ L*(v)dv < oo, [|Jv|[PL(v)dv < oo and [ ||v][*L(v)dv < co. Let the bandwidth b
satisfy b — 0 and nb" — oo.

(iii) Let 2 = o(1), Z = o(1), nb"h* = O(1), nb"™ = O(1) and 2= = o(1) as (m,n) —

(00, 00).




Assumption 2.1(i) assumes the existence of proper density functions. Assumption 2.1(ii)(iii)
is assumed to ensure that g(z) is twice differentiable and that the second-order derivative
is continuous. In the usual regression setting, such smoothness conditions are imposed di-
rectly on the conditional mean function g(x). Assumption 3.1(iv) implies that (z;,6;) and
e; = 6; — g(z;) are i.i.d. random variables. As discussed below, Assumption 2.1(iv) may be
relaxed to the stationary and nonstationary time series case.

Assumption 2.2 imposes that there is a set of data {X; :i=1,2,---  n} such that {X;}
has a density function p(z). Assumption 2.3 is a set of standard regularity conditions. Such
conditions are therefore easily verifiable. Assumption 2.3(iii) basically imposes the rate of
convergence on (h,b). When h = CY - m~ 7 and b= Cy - n~ 7, Assumption 2.3(iii) reduces

to just = — 0.
We now establish the following theorems; their proofs are given in Section 9.1 below.

Theorem 2.1: Let Assumptions 2.1 and 2.3(i) hold. Then as m — oo

\/22”_1?”%) (Qm . ZB )ﬁDzv(o,a?(K», (2.13)

where 0?(K) = [ K*(u)du, Bj(z) = —IHUH K(w)du (2f(3( 199 (2) + f(2)gY7) (z )) and 02, =

L w2y (0 gm(x]))Q, in which ) (z) (md rUI)(z) are the first and second order derivatives

of r(xz) = g(x) or f(x), respectively, and f(x) denotes the marginal density function of x;.

Theorem 2.2: Let Assumptions 2.1-2.3 hold. Then as (m,n) — (00, 00)

\/2121;(%) <gmn<x) 4e) - Y B ) h2> b N(0,0%(L)), (2.14)

where 0*(L) = [ L*(u)du and 73, = %2?11 (Omi — gmn(Xi))2~

Theorem 2.2 shows that one may use the data set {X; : 1 < i < n} to re—estimate g(-)

and obtain asymptotic consistency. This is mainly because of the following reasoning:

Vb <gmn($) —g(x) - Z Bj(z) h2> = Vb (grn() = g (7))

e

= Vnb" (gmn(x) — gm(z) — ZBj(a;) h2> +op(l) =p N (0,6%(x)), (2.15)

where o?(x) > 0 is a variance function.



2.4 Multivariate Case

In this section, we assume that the dimensionality of 0 is d > 1. Let & = (x(1y, -+ ,2())" be

the r—dimensional vector. We impose the following assumptions for the multivariate case.
Assumption 2.4: (i) Assumption 2.1(i) holds.
(ii) Let f(x]0) be twice differentiable with respect to x such that [ ||6]| ‘ £ (x]0) H m(6)do <

oo and [ ‘ £ (JZ\G)H 7(0)df < oo for any given z and i = 0, 1,2, where f\”(z|0) denotes the
i—th partial derivative of f(z|f) with respect to x.
(iii) Assumption 2.1(iii) holds

(iv) Suppose that {6, : j =1,2,--- ,m} is a vector of i.i.d. random variables drawn from
7(6) and that {(z;,6;) : j =1,2,---,m} is a vector of i.i.d. random variables drawn from
f(x|6)m(6).

As 6 is now a vector, the conditions corresponding to Assumptions 2.1-2.3 are being
changed. We now establish the following theorems; their proofs are given in Section 9.2

below.

Theorem 2.3: Let Assumptions 2.2, 2.3(i) and 2.4 hold. Then as (m,n) — (00, 00)

ZK (x]f::C) 3! <9m(x) — g(x) —ZBjm(w) ’"‘2> —=p N (0,0%(K) - 1s), (2.16)

where 0*(K) = [ K?(u)du, 32, = w2 (05 = gm(25)) (05 — gm(w5))", La is the dx d identity

matriz and Bj,(z) is defined in the same way as for Bj(x).

Theorem 2.4: Let Assumptions 2.2-2.4 hold. Then as (m,n) — (00, 00) and > — 0

mh”

> L (Xib_ x) S (gmnm —9(x) =D _ Bim(2) h2> =0 N (0,0%(L) - 1), (2.17)

where 02(L) = [ L2(w)du and 32, = £ 5" (i — Gon (X3)) (Omi — G (X3))7.

T n

It is pointed out that when r, the dimensionality of x, is large, one should use a dimensional—
reduction method, such as, either an additive model or a single-index model, as discussed in
Chapter 2 of Gao (2007), to approximate g(x) and ¢(7},) as considered in Section 4 below.
We leave such discussion to future research.

As discussed in Section 3 below, the rate of convergence of g,,,(x) can be made faster

than the standard rate when a resampling method is used for generating new samples.



3 Estimation based on Resampling

3.1 Resampling for stationary data

This section considers the case where {X; : i = 1,2,--- n} is available as a data set and
{X;} is stationary time series having the same marginal density as p(z). Let f(0]z) be the
conditional density of 6 given X; = x. Using the Metropolis—Hastings algorithm (see, for
example, Chib and Greenberg 1995), we generate a stationary sequence 6;1,- - - , 0;, from a
proposal density such that as j — oo, the limiting density of 6;; is f(0|X;) (see, for example,
Theorem 3 of Tierney 1994). Note that we need not require {6;;;1 < j < m} to be stationary,
although they may be conditionally stationary given X;.

Recall g(z) = E[f|z] = [6f(0|z)df. The main objective of this section is to estimate
g(z) based on {(0;;, X;) : 1 <i<ny1 <j<m}. Let ey =05 — 9(X3), Oi = > o by and

_ 1 m .
€mi = 37 D €ij- Then, we have

eij:g(Xi)_'_eija 7;:1727"'7n;j:1727"'7m;
emi :g(Xl)+emlv 1= 1a27"' y 10, (31)
where {e;; : 1 <i <n;1 <j < m} is assumed to be a stationary sequence in Assumption

3.1 below.

As in Section 2 above, we estimate g(-) by

gmn(x) = Z Lyi ()00, (3.2)

where L,;(z) =

), in which L(-) is a probability kernel function and b is a band-

width parameter.
In order to establish an asymptotic theory for g,,,(x), we need to introduce the following

assumptions.

Assumption 3.1: (i) Suppose that {X;} is a vector of stationary time series data that are
available for generating {6;;}. Let e;; = 0;; — E[0;;]X;] and e; = (e;1, -+ , €im)". Suppose that
{(es, X3)} is a vector of stationary time series satisfying 0 < E[e};|X; = z] = 0*(z) < 0o and
E [e}|X; = 2] = pu(x) < oo, where 0*(x) is continuous at .

(ii) Let v;(z) = Eleripjen|X: = ] satisfy >2°7, |v;(2)| < oo and Mz) = o*(z) +
2372, 7;(x) > 0 for each given . Suppose that {(e;, X;)} is p-mixing with mixing coefficient
p(+) satisfying > 77 | k*+/p(k) < oo for some u > i. In addition, the conditional density of
(X1, X;) given (em1, €,;) is bounded by a positive constant independent of j > 1.

Assumption 3.2: (i) Let f(z|0) be twice differentiable with respect to = such that
/|9| || £9(210)|| 7(0)d0 < oo and /Hfgg@(xw)uw(@)de < 00

10



for any given z and i = 0, 1,2, where f.” (z|f) denotes the i—th partial derivative of f(x|0)
with respect to x, and || - || denotes the conventional Euclidean norm.
(ii) Suppose that both py(z) = [ f2( 0)df and qo(z) = [O0f (z]0)x(0)do are

continuous in .

Assumption 3.3: (i) Let L(-) be a bounded probability kernel function satisfying [vL(v)dv =
0,0 < [|vl*PL(v)dv < 0o and 0 < [ L*(v)dv < .
(ii) Let the bandwidth b satisfy b — 0 and nb" (4757 = 0 (n°) for some ¢ > 0, where r is

the dimensionality of X;. In addition, mnd" — oo and mnb™™ = O(1) as (m,n) — (00, 0).

There case where {X;} is a sequence of i.i.d. random variables is covered in Assumption
3.1. The verification of Assumptions 3.1-3.3 may be done similarly to what has been done for
Assumptions 2.1-2.3. While the assumptions may not be the weakest ones, they are easily
verifiable. The stationarity assumption is based on the nature of the MCMC algorithm. The

mixing condition is also standard while the fourth moment condition on Ele},] < oo may

]
Cij
be weakened to E [|e;;|*()] < oo for some c(e) > 0. Assumption 3.2 is needed to ensure
that the second-order derivative of g(x), ¢ (z), is continuous. The bandwidth conditions

assumed in Assumption 3.3(ii) are also quite standard.
We now establish the following theorem; its proof is given in Section 9.3 below.

Theorem 3.1: Suppose that Assumptions 3.1-3.3 are satisfied. Then, we have as (m,n) —

(00, 00)

m-iL(X
i=1

where B;(x) is the same as defined in Theorem 2.1 and X(z ) [ L*(v)dv, in which
M) = o*(z) + 23572, (@)

Theorem 3.1 shows that one can achieve a fast rate of convergence of an order of the
form ( Tnnlf")_1 —m 2. (\/W) B B

=0 ((\/ nb’") > as m — 00, because our estimation
method makes the best use of the availability of the sample (X7, -+, X,). The finite sample

“”) <gmn(x) —g(z) =Y By() b2> So N(0,2(),  (3.3)

J=1

evaluation given in Section 6 below supports this fast rate of convergence. In the following

subsection, we consider the case where a summary statistic is available for resampling.

3.2 Resampling for nonstationary data

Since {X; : i = 1,2,--- ,n} is available as a nonstationary time series in many practical
situations, this section considers the nonstationary case. Using the Metropolis-Hastings

algorithm (see, for example, Chib and Greenberg 1995) again, we generate an array of random

11



variables, 6;1,- - ,0;,, from a proposal density for each given X;. Once again, we need not
require {6;;;1 < j < m} to be stationary. Consider the case of r = 1 in this subsection.
We then assume that there are an array of martingale differences {¢;;} and a suitable

function g¢(-) such that

0ij =9(X;) +eiy, i=12---,n; j=1,2,--- ,m
Qmi = g(Xl) + Emi, 1= 1a27'” )y T (34)

where Hmi = % Z;nzl 01‘]‘ and Emi — % Z;nzl Eij-
We then estimate g(-) by

where L,;(z) =

width parameter.
For the case where X; is nonstationary and U; = X; — X;_; reduces to be stationary, we

modify Assumptions 3.1-3.3 as follows.

Assumption 3.4: (i) Suppose that {e,,;} and U; are independent of each other. Suppose also

X\[/’%T] - B(T)‘ =o0p(1) as n — occ.

that there is a stochastic process B(r) such that supy<,<

(ii) Let {eij, Fimi : 1 <14 < n} be an array of martingale differences with E [g;;|Fpi—1] = 0

and max;<j<m, [54 ]—"m7i_1} < oo almost surely (a.s.). Moreover, there is some 0 < 02 < 00

ij
such that %Z;LE [5%’]:771,1‘71] —4.s. 02 and %Zﬁ 2231 'E Eleij€ijs| Fmii—1] —ras. 0 as

J2=1
m — OQ.

Assumption 3.5: (i) Let f(z|0) be twice differentiable with respect to = such that
/|9| || £$7(2|0)]| w(0)df < oo and / || £$2(2|0)]| w(0)df < oo

for any given x and i = 0, 1,2, where fé” (x|6) denotes the i—th partial derivative of f(z|0)
with respect to x, and || - || denotes the conventional Euclidean norm.
(ii) Suppose that both py(z) = [ f2( 0)df and qo(z) = [0f (z]0)w(0)dO are

continuous in x.

Assumption 3.6: (i) Let L(-) be a bounded probability kernel function satisfying [vL(v)dv =
0,0 < [|v]*PL(v)dv < 0o and 0 < [ L*(v)dv < .

(ii) Let the bandwidth b satisfy b — 0, my/nb — oo and my/nb®> — ¢(0) for some
0 <¢(0) < 0.

The verification of Assumptions 3.4-3.6 may be done in a similar way to those of Theorem
3.2 of Gao and Phillips (2013). We then establish the following theorem; its proof is given in
Section 9.4 below.

12



Theorem 3.2: Suppose that Assumptions 3.4-3.6 are satisfied. Then, we have as (m,n) —

(00, 00)

mZL (le_ I) (gmn(z) — g(z) — B(z) b*) —p N (0,%3), (3.6)

where ¥ = o2+ [ L*(v)dv and B(z) = M (2fD(z)gM(z) + f(z)g*(x)). Note that we
also have ﬁ S L(522) —p L (1,0), in which Ly /(1,0) is a local-time random variable

driven by a standard Brownian process W (r).

In comparison with Theorem 3.2 of Gao and Phillips (2013), Theorem 3.2 establishes a
much faster rate of (m\/ﬁb)fé than (\/ﬁb)fé when a sampling method is used. Meanwhile,
the multivariate case may be done similarly to Chapter 2 of Gao (2007), and Gao and Phillips
(2013) when a semiparametric reduction method is used. When there is a type of endogeneity,

bias corrections may be done similarly to Phillips and Hansen (1990).

4 Estimation Based on Summary Statistics

We consider the case where we may use a summary statistic based on direct sampling,

importance sampling and resampling in Sections 4.1-4.3, respectively.

4.1 Estimation based on direct sampling

In econometric estimation problems, the parameter—of-interest, 6, is often involved in a
complex model, such as, a structural model of the form ¢ (X;6) = 0. Instead of estimating a
conditional mean of the form FE[f]|X], we may make the best use of the availability of some
summary statistics. In this case, we may just be interested in estimating the conditional
mean ¢(7,,) = E [0|T,], where T,, is a one-dimensional summary statistic, such as the sample
mean T, = %Z?:l X;, in which X;, X,,---, X, is a sequence of i.i.d. random variables.

Suppose that we may sample {¢; : 1 < j < m} from 7(f) and then (0;,7,;) from
f(T,]10)m(0). We then estimate ¢(7,,) by

m Tn]'—Tn
B Zj:1K< h >9j

gkm(Tn) - ™ T T (41)
Yo (Pt
where K () is a probability kernel function and h is a bandwidth parameter.
In some situations, we may estimate g(7,,) by
T (T6))

when f(7,,|0) is available for feasible computation.
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We will show that gy, (7},) is more efficient than 7,, and g4, (7},) in terms of their standard
deviations. In order to establish an asymptotic theory for gx,,(7,), we introduce the following

assumptions.

Assumption 4.1: (i) Let the product of f(7,]0) and 7(f) be a proper probability density
function for each given n > 1.

(ii) Suppose that (T),;,6;) is a vector of i.i.d. random variables sampled from f(7,,|0)7(0),
and that T},; and 7T}, are independent of each other and have the same distribution. For each
given n > 1, let e,; = 6; — g (T,,;) be a sequence of i.i.d. errors independent of {7},;} with
Flen] =0,0< Ele?;] < oo and F[e},] < oo.

(iii) Let f(x|f) be twice differentiable with respect to x such that
sup/ 6] Hfl (T.,10) H 0)df < oo and sup/ Hfl(Z)(THW)H 7(0)dh < oo

n>1 n>1

for i = 0,1, 2, where fl(i) (T},|0) denotes the i—th partial derivative of f(7,]6) with respect to
T,, and || - || denotes the conventional Euclidean norm.
(iii) Suppose that both py(z) = [ £ 0)do and qu(z) = [0fP (z]0)m(0)d0 are

continuous in .
Assumption 4.2: (i) Let K(-) be the probability kernel function satisfying [ wK (u)du = 0,

0 < [u?K(u)du < 0o, and 0 < [ K*(u)du < 0o and 0 < [u?K?(u)du < oo.
(i) Let the bandwidth A satisfy A — 0, mh — oo, @& — oo, ‘mh57(Tn) — () for

B¥) A
some 0 < C) < oo and A— -v(T,) — 0 as (m,n) — (oo, oo) where \2 = Var[0|T,,] and
A(T) = 39 (Ty) + BBl g (T,) + g(T,), in which p(Ty) = [ £(Tul6)n(6)d0

Assumption 4.1 corresponds to Assumption 2.1. Assumption 4.2(i) is similar to Assump-
tion 2.3(1). Assumption 4.2(ii) imposes a set of additional conditions on the relationship
among (m, h, A,) for the establishment of an asymptotic normality for gg,,(7},).

We then introduce the following assumption for the establishment of an asymptotic nor-

mality for gum (7))

Assumption 4.3: (i) Suppose that {¢,} is a sequence of i.i.d. random variables drawn from
m(0).

(ii) For given T,,, suppose that o*(T,) = [ <9f(T 16) — (5") (T, \0)) 7(0)df satisfies
inf,~; 02(T,,) > 0 and ’”052”") — o0 as (n,m) — (00, 00), where ¢(T,,) = [ 0f(T,|0)n(0)d0

(Tn)
(iii) For given T}, suppose that sup,,>; [ ‘Hf(TnW) — o = )f(Tn|9) m(6)df < oc.

Assumption 4.3(ii)(iii) can be easily verifiable in many cases. For example, we consider
case where T, = %Z?Zl X; ~ N (6,%) when X; ~ N(#,1) and 6 ~ N(0,1). Note that in

7<Tn79)2 Ta
this case, we have f(T,]0) = \/Tm 2 p(T,) = \/ﬁe 208 , ((Tn) = p(T5,) - 1122

2 _ 1 1 12 1 4T3 2 _ 1
and o (T") T 21 2402 exXp ( 2+J%) (2-&-0% + (2+02)2 ) where On = n
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With this setting, Assumption 4.2(ii) requires that (m, n, h) satisfies m n h — oo, nh* —
0, mn h’=0(1) and m n h" — 0. Such conditions are satisfiable when (m,n) is suitably
chosen. In the case n = [m¢] for some 0 < ¢ < 1, one may just need to choose ¢ such that
m!*h® = O(1) and m°h* — 0. As shown in Theorem 4.1 below, with the possibility to
sample (6;,T,;) from f(T,|0)m(0), the asymptotic variance of g, () is of an order of the
form —h,
the same.

which is smaller than the conventional order of #, while the bias term remains

Assumption 4.1(i)(ii) just imposes the i.i.d. structure on (0;,7,;). Assumptions 4.1(iii)
and 4.3 then impose some moment conditions on f(7},|0). In other words, there is no need
to require assuming an explicit or implicit distributional structure or even asymptotically

distributional structure on T,,.

We establish two important asymptotic distributions in Theorems 4.1 and 4.2 below; their

proofs are given in Sections 9.5 and 9.6, respectively.

Theorem 4.1: Let Assumptions 4.1 and 4.2 hold. Then as (m,n) — (00, 00)

m Tnj—Th
Zj:l K <T
A

) (9tm (1) = g(T0) — B(To,) h*) —p N (0,0%(K)), (4.3)

where o = [ K*(u)du, and B(T,) = f”K— (2p"(T,) gM(T) + p(T,) g% (1))
Theorem 4.2: Let Assumption 4.3 hold. Then as (m,n) — (oo, 00)

P Gun(T) = 9(T) 0 N(O,1), (4.4

where o*(T},) is as defined in Assumption 4.3(i1).

Let us now compare the rates of convergence in (4.3) and (4.4). Note that the rate of
convergence in (4.3) of an order of \/m - vnh is faster than the rate of convergence of \/m

involved in (4.4) when nh — oo, n A2 — C; > 0 and p( —p Cy > 0.

Tn)
In general, we conclude that g, (-) has a faster rate of convergence than that for g,

as long as ‘/E Ug”)) — o0, which is easily verified when nh — oo, n A2 — C; > 0 and

v g”% —p C’g > 0. Such an asymptotic behaviour is verified by the finite-sample evaluation

in Sections 6 and 7 below.

4.2 Estimation based on importance sampling

In the above discussions, we assume that 7(6) is a proper probability density function and

it is feasible to sample {0;} from 7(#). Let A(f) be the importance distribution and 67 be

=(0)

\0) is available for computation.

sampled from A(6). We also assume that the ratio
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Let p(0) = %. Suppose that we can sample {07 } from A(¢) and (05, T;;;) from f(7T,,[0)\(0).

Jjrong

Then, we can replace g, (-) and gum(+) by

STUK (T;J_T") p(07)6

I (Tn) = : (4.5)
S K () pl6))

o (3 = Z T (1)

> i1 f(Tl07)p(65)
In this case, Assumptions 4.1-4.3 may be replaced by Assumptions 4.1*-4.3* below.

Assumption 4.1%: (i) Let the product of f(7,]0) and A(6) be a proper probability density
function for each given n > 1.

(ii) Suppose that (7}, 07) is a vector of i.i.d. random variables sampled from f(7,|0)\(0).
Lete; =07 —g (T;j) be a sequence of i.i.d. errors with F [eﬂTfl‘j} =0,0< FE [6;2|T;j] < 00
and E [e3*|T7:] < oo.

(iii) Let f(x]f) be twice differentiable with respect to x such that

sup / 01|| 1 (T.10)| | p(0)N©)d8 < o0 and sup / |0l po)r 0100 < o
n>1

n>1

for i = 0,1,2, where fl(i) (T,,]0) denotes the i—th partial derivative of f(T,,|0) with respect to
T,, and || - || denotes the conventional Euclidean norm.
(iii) Suppose that both ps(x ff (x]0)p(0)A(0)dO and go(x f9fx2) (x]|0)p(0)\(0)db

are continuous in x.

Assumption 4.2*: Let Assumption 4.2 hold with ¢2(7T},) being replaced by o**(T,) =
Var[0*|T,,].

Assumption 4.3*: (i) Suppose that {07} is a sequence of independent and identically
distributed (i.i.d.) random variables drawn from A(#).
(ii) For given Ty, suppose that o®(T,) = [ (9 F(Tl6) — T 4(T,, |6 )) PONOL
satisfies inf,>; 02*(T},,) > 0 and %;g") — 00, where p*(T, ) [ F(T010)p(0)A(0)db and
— [ 04T OO0 b,
(iii) For given T}, suppose that sup,,>; [ ‘Gf(TnW) —

*

4
EATI0)| 0 (O)AE)d8 < o0,
We then have the following theorems.

Theorem 4.1%: Let Assumptions 4.1% and 4.2* hold. Then, as (m,n) — (oo, 00)

J s i (T

) p(65)

2 (g:m(Tn) —g(T,) — B(T,) h2) —p N (O, U*Q(K)) , (4.7)
whenever % > 0, where 0**(K) = [ K*(u)du - W and B(T,) is the same as

defined in Theorem 4.1.
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Theorem 4.2%: Let Assumption 4.3% hold. Then, as (m,n) — (00, 00)

ary) am(Tn) = 9(Tn)) =p N(O,1), (4.8)

am

where 0**(Ty,) is as defined in Assumption 4.3%(ii).

The proofs and implications of Theorem 4.1* and 4.2* are almost the same as those of

Theorems 4.1 and 4.2, and are therefore omitted.

4.3 Estimation based on resampling of summary statistics

Let T}, be a summary statistic and denote its density function by p,(:) and f,(0|7,) be the
conditional density of 6 given T,,, where n is the number of observations involved in T,,.
Suppose that one can sample a stationary sequence T, --- ,T,n from the distribution of 7,
and then an array of random variables {6,,;; : 1 < j < m} from a proposal density such that
as m — 00, the limiting density of 6,,;; is f,,(6|1};) for each fixed i.

Similarly to equation (3.1), we may write
(gnij:g(Tni)‘FEm'j,i:1,2’...’N;j:1,2’...’m7
eni :g(Tnl) +€ni7 i = 1’2"" 7Na (49)

1 m 1 m
where 07“ = m Zj:l Qm'j and Eni = m Zj:l Enij-

In the same way as in equation (4.1), we estimate g(-) by

Sy K (T =) Oni
Zz 1K( o n)

where K (-) is a probability kernel function and h is a bandwidth parameter.

G (Tr) = (4.10)

Combining the establishments and the proofs of Theorems 3.1 and 4.1, we have as

(m,n, N) — (00, 00,00)

¢Z” ) (T~ o1 — B 1) 5 N (052(0)) . (1)

where Y2(K) is defined in the same way as for ¥(z) involved in Theorem 3.1, and A\? and

B(T,) are defined in the same way as in Theorem 4.1.

N|=

Note that the rate of convergence involved in (4.11) can be as fast as moe - < n N h) L
In comparison with Theorem 4.1, the rate of convergence of g,,,n(7,) can be improved by
an order of m~2 when a resampling algorithm is used. The estimation theory is applied to a
stationary GARCH model in Sections 6 and 7 below. The case involving summary statistics

of nonstationary data may be discussed analogously.
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5 Estimation with Hyperparameters

In the discussion so far, we assume that the prior density functions 7(#) and A(#) do not
involve any hyperparameters. Thus, there is no parameter involved in g(x) and g(7},). Both
functions are estimated nonparametrically by the kernel method even though the functional
forms of f(x|0), f(T,|6) and 7(#) may be assumed to be known for sampling and computation.

This section considers the case where there is a vector of hyperparameters involved in (6),
denoted as m(#;7). We still assume that 7(6;~) is available for sampling and computation
when the value of 7 is given. We introduce the following definition:
_ JOf(=[0)m(0;7)do _ q(x;7)

J f(@]0)m(0;7)do — p(a;7)’
where p(z;7) = [ f(@]0)m(0;7)d0 and q(z;7) = [ 0f(x|0)m(6;7)do.

As pointed out before, the functional form of g(x;v) in most cases is not available for

g(w;7)

(5.1)

computation. Since 7 is the same involved in ¢(z;7) as in p(z; ), we propose to estimate
by a nonparametric maximum likelihood estimation method. Similar ideas have been used
in Kristensen and Shin (2012) for estimating unknown parameters involved in a class of fully
parametric models.

For each given v, suppose that we can sample {(0; = 0;(7),z; = z;(7)) : 1 < j < m}
from f(x]0)mw(0;~). For each given 7, we then estimate p(x;~) by

Pm(737) = mlhr Xm: L (W%) 7 (5.2)

where r is the dimensionality of z = (x1,---,2,)7, L(-) is a probability density function
defined on R", and h is a bandwidth parameter.
Assume that the data set {X; : i = 1,2,--- n} available for us is a sequence of i.i.d.

random variables. Define a normalised log—likelihood function of the form

L) = - 3" log(p(Xii7). (5.3

where v, — o0 is a sequence of positive real numbers.
We estimate v by 7, = argmax,er L,,(7), in which I' is a subset of R® with ¢ being the
dimensionality of .

The corresponding version for p,,(x;~y) is then defined as

L (7) = 3 log(pm (X3 7). (5.4

"oi=1
and 7y is then estimated by v, = argmax,er Lm, (7). Note that in practice, L, (y) may
need to replaced by a truncated form. Such an issue is discussed in Remark A.1 just after

the proof of Theorem 5.1 in the Appendix below.
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In order to study asymptotic properties for v,, and ¥,,,, we need to introduce the following
notation:
~ PLa(v)
0y - Oyoy'

& Ln(7) 1 - [0log(p(X1;v) dlog(p(X1;7)
4= )y =—=SN"FE
8787/8,%7 n(’)/) Uy, ; |: 8”y 8")/1 ’

l.(v) = diag(l,(v)) = the diagonal elements of matrix I,,(),
Un(y) =1, (1)Sa(7): Va(y) = ln? () Ha(7)ln* (7) and

Woi(7) = b ? (1) Gl (). (5.5)

Gri(7)

[

We are now able to introduce the following assumptions.

Assumption 5.1: (i) The parameter space is given by a sequence of local neighbourhoods:
T, = {v: V() (y—7) ]| < ¢} C R, where v, is the true value of v, ¢ > 0 and
7(7) = Op(1).

(ii) Let the data set {X;} be a sequence of i.i.d. random variables having the same density
function as p(x;~). Let p(x;v) and py(x;vy) = ff,,EQ)(a:W)W(@;y)dé’ satisfy

sup sup (p~(z;7) [1 + p2(a57)]) < .
TER" €Ty

(iii) L,(y) is three times differentiable with its derivatives satisfying:

(a) (VPUn(10), Va(10)) —p (Ux, Vs), where Uy and Vi are random variables with
P(V, <0)=1; and

(b) maxi<i< supyer, |[Wai(7)[| = Op(1).

Assumption 5.2: (i) For each given v, {z; = z,(7)} is a sequence of i.i.d. random variables.
The function z;(7y) is a differentiable with respect to v and #;(y) denotes the first-order

derivative with max;> F [||4;(7)]|?] < oo for each given 7.

(ii) Define
Bi(y) = sup, Eli1(y)|z1(v) = 2] p(z;7) and
By () = sup, 2] B [i1(7)|21(7) = 2] p(;7)

for some dp > r. There are some 0 < C7,Cy < oo such that SUp.,er Bi(v) < C; < oo for
i=1,2.

Assumption 5.3: (i) Let L(-) be a symmetric and bounded probability kernel function.
(ii) There are some constants 0 < C, Cy, Cy < oo and p > 1 such that L(u) is differentiable
with H"’g—U ] < ¢, and H@g_gy < Cy [[Ju]|* when ||u]| > C. In addition, L(u) < Cj ||ul|*

when ||u|| > C for some 0 < C3 < 0.

(iii) The bandwidth h satisfies h — 0, mh" — oo and % — 0 as m — oo.
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(iv) The sequence v, satisfies nh* = o (\/v,,) and L}%E) = o(v,) as (m,n) — (0o, 00).

Assumptions 5.1-5.3 are standard for this kind of problem. For example, Assumption 5.1
is similar to Assumptions C1 and C3 of Kristensen and Shin (2012). Assumption 5.1 can be
simplified to a set of standard conditions that are similar to the conditions of Theorems 4.1.2—
4.1.4 of Amemiya (1985) for the standard maximum likelihood estimation. Assumptions 5.2
and 5.3(1)(ii)(iii) are simplified versions of A.2-A.5 of Kristensen (2009). Assumption 5.3(iv)
imposes some conditions on the rates of convergence of (m, n). For example, when v, = n, it
simply requires nh* — 0 and ”loghln ) — 0, which can be satisfied with many different choices
of (m,n). While the conditions may not be the weakest possible, they are sufficient for the

establishment of the main theorem; its proof is given in Section 9.7.

Theorem 5.1: Let Assumptions 5.1-5.3 hold. Then, as n — oo

1
VVn 1 (%) (Ymn = 70) = &, (56)
where § = —Y= = with (Use, Vi) being defined in Assumption 5.1 (iii).

Theorem 5.1 shows that ,,, is still able to achieve the standard rate of convergence of an
order of n=2 when v, = n, even though a kernel estimation is involved in the construction of
the nonparametric maximum likelihood function. This is basically because of the following

derivations:

Wnl%)(m— 0) = v/ 13 (0) (G — 1) + v/ 12 (0) (3 — 70)
§

(v
= V7 12 (70) (3 = %0) + 0p(1) =50 (5.7)

as shown in Section 9.7 below. With a suitable rate of convergence for ~,,, to v, the corre-
sponding versions of g(x;v) or g(7,;~) may be consistently estimated in the same way as in
Sections 2—4.

We now conclude the establishment of the theory of this paper. In Sections 6 and 7 below,
we will evaluate the proposed theory and estimation methods using both simulated and real

data examples.

6 Numerical Evidence

This section evaluates the finite sample performance of the theory and the proposed estima-
tion methods. Examples 6.1-6.3 consider the case where {(z;,0;)} can be sampled directly
from f(z|0)mw(f) and {X;;1 < ¢ < n} is drawn from p(z). Example 6.4 consider the case
where an MCMC algorithm is used for sampling.

)2
Example 6.1: Consider the case where f(z|0) = \/%e_( 7 for —0o < x < oo, and
2
7(0) = \/%e_%. This implies g(z) = .
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In this example and Example 6.2 below, we use (m,n) = (2000,200). Figures 1 and 2

below give the corresponding estimates of g(z) for Example 6.1.

5 I T I
%  (zj,6;): Sample data .
4 - m —
gm(x) = 37111 Koj (2)0;
3 .
*
2 .
*
1r .
>
or .
| Sy .
-
_2— —
*

_3— —
—4 ! ! ! ! ! ! ! ! !

-5 -4 -3 -2 -1 0 1 2 3 4 5

x
. . . . m
Figure 1: he, = 0.2204, g, (2) = D70, Kinj(2)0;
3 T
g(z) =w/2 s
m /
i G Z;:l Kpj(2)0;

an - - gmn(m) = Z?:l Ly (z)orm e N

Figure 2: For gmn(x) = >0 | Limi(2)0mi, hey = 0.6720; For g,,,(z) = 27:1 Ky (2)0;, hey =
0.453, X; is drawn from p(x) = N (0, 2).

_ (==

2
Example 6.2: Consider the case where f(z|0) = \/%76 7= for —00 < & < oo, and
m(0) = LI1[-3 < 6 < 3]. This implies

~ 6

o) = [ falt)n(0)ds = ¢ (0o +3) — b(a —3)

q(z) = / 0 f(z|0)m(0)do = wl% (e— 2 e—“‘;’“) + 2 p(a), (6.1)

< _@3)?  _ (2-3)?
e 2 —e 2

'U2
which implies g(z) = &’c; =x+ \/LQ—W ST eE g in which (u) = [" %ﬂe’Tdv.

p(z
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Figures 3 and 4 below give the corresponding estimates of g(z) for Example 6.2.

30 *  (zj, 0;): Sample data ]
gul@) = S, Koy (@06
2 —
1 - —
< of .
_1— —
=
%
4 iy |
« * -‘ - = R
-3 #**p | | T | | | ]
-6 -4 -2 0 2 4 6
x
Figure 3: he, = 0.2946, g,n(2) = 71, Kij(2)0);
T T
sl —— @) =a@/r@) . ]
- - - gm(x) = Z:nzl ij(I)aj ~ =
2H = = gmn(x) = Z?:l L ()0 - |
l - —
0 L —
_1— -
\
_2— -
_3— -
I I I I I I
-6 -4 -2 0 2 4

Figure 4: For gnn(z) = >0 | Limi(2)0mi, hey = 0.4812; For g,,(x) = Z;"zl Ky (2)0;, hey =
0.2946, X; is drawn from p(x).

Figures 1-4 show that the proposed estimates ¢,,(x) and g, (x) are both very close to
the true function g(z).

Example 6.3: Let X; = 6y + e;, where ¢; ~ N(0,1). Parameter 6 can be estimated by
T, =L%" X and 6y = 1. In this case, we have g(7,) = 2-T),.

1+n= "
Let 0; ~ N(0,1) and generate T},; by a mean model of the form:

Tnj:9j+0n€j7j:1,2,"',m, (62)
where §; ~ N(0,1), & ~ N(0,1) and 02 = 1.
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To evaluate the finite sample performance of the proposed estimates, we use the following

estimators:
m m Tnj—Th
N im0 f(T8) B Zy‘:lK( 0 )99’
o M ()
Z‘?’;l K <Tnjh_T'n) g}k\/’] 1 N
G = T g (1) = Y 6T (6.4
Zj:l K (T) =1
where the last one denotes the sample mean of the direct MCMC draws, and K (x) = #e’é

and h is a bandwidth chosen by the leave-one-out cross—validation method.
The main task is summarised as follows. Consider Case A: (m,n) = (1000, 100); Case

B: (m,n) = (2000, 200). Let the number of replications, M = 1000.

e Calculate bias; = |T), — 0| and std; = \/ﬁ sM (T (i) — Tn)Q, where T, = - M T (),
Z?:l X5

and stdy = \/ ﬁ
and stds = \/ ﬁ

Table 6.1: The biases and standard deviations

3=

and T, (i) is the value at i—th replication of T, =

e Calculate biasy = ‘Em (T,) — g(T,)

e Calculate biass = ‘ﬁm (Tn) - Q(Tn)

case A: (m,n) = (1000, 100) | case B: (m,n) = (2000, 200)

bias; | 0.0013 | std; | 0.1761 || bias; | 0.0007 | std; | 0.1179
biasy | 0.0297 | stdy | 0.0303 || biasy | 0.0152 | stds | 0.0159

biass | 0.0189 | stds | 0.0097 || biass | 0.0094 | stds | 0.0056

Table 6.1 shows that g, () is the best performer in terms of the finite sample performance
of the standard deviations, while T}, has the smallest bias in each case. This is because T,, is

an unbiased estimator of 6.

In Example 6.4 below, we will consider the case where resamples are used in the nonpar-

metric kernel estimation.

Example 6.4: Simulate X; = 0y + ¢; with e; ~ N(0,1) for ¢ = 1,2,--- ,n, where §, = 1.
Let T,, = %2?21 X; and generate T,,; as in Example 6.1. Generate 6;; from f(0|T,,;) for
t=1,2,--- , N and each fixed j for 1 < j < m.

We use the following proposal density functions for the generations of the resamples.
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e Mixture density 1: Proposal density

02 2 . .
f0T,) = 2W exp ( ) + 2\/;? exp (—2%%) implying ¢(7;,) = 0.
e Mixture density 2: Proposal density

fO|T,) = 2f exp ( (6_21)2> + #ﬂ exp <—w>, implying ¢g(7,,) = 0.5 + 0.57,,.

e Mixture density 3: Proposal density

f0T,) = ﬁexp ( %) +2(1+T2%) exp (—(1 + T?2)6), implying g(T,) = \/LT#—I—?(%T%)

[V

As in Example 6.3, we use K(z) = \/%76_% and choose h by the leave-one-out cross—

validation method. Let the number of replications, M = 1000. We consider two cases: Case
A: (m,n, N) = (1000, 100, 1000), and Case B: (m,n, N) = (2000, 200, 2000).

Define Gy, (To () = 5 250 05(Tu(0) and Gy (Tw) = 57 300, Gwi(T(d)), where T, =
= SM. To(i), and T, (4) is the value at i-th replication of T}, = LS X

e Calculate bias, = ‘?N(Tn) — g(Tn)‘ and stdy = \/% Zi\il (gNi(Tn(i)) — §N(Tn)) :

2

e Calculate bias; = |g,,(T,) — g(T,) ; and

and stds; = \/ﬁ Zf\il (amz(Tn) - Em (T,)

e Calculate biass = [g.,(T) — g(T',)

and stdg = \/ ZZ 1 (gmz(T ) —

Table 6.2: The biases and standard deviations

Case A Case B

Mixture density 1

biasy | 0.0048 | std4 | 0.0317 || biasy | 0.0022 | std4 | 0.0261
biass | 0.0185 | stds | 0.0089 || biass | 0.0105 | stds | 0.0053

biasg | 0.0011 | stdg | 0.0014 || biasg | 0.0006 | stdg | 0.0007

Mixture density 2

biass | 0.0069 | stds | 0.0281 || biasy | 0.0031 | stdq | 0.0206
biass | 0.0192 | stds | 0.0092 || biass | 0.0115 | stds | 0.0050

biasg | 0.0009 | stdg | 0.0008 || biasg | 0.0004 | stde | 0.0005

Mixture density 3

biasy | 0.0053 | stds | 0.0328 || biass | 0.0038 | stds | 0.0239
biass | 0.0178 | stds | 0.0096 || biass | 0.0094 | stds | 0.0048

biasg | 0.0012 | stdg | 0.0011 || biasg | 0.0007 | stdg | 0.0006
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The estimated biases and standard deviations are given in Table 6.2 above. Table 6.2
shows that the nonparametric estimate based on the resamples has the smallest standard
deviation in each case, and g,k () is better than the sample average of the resamples in terms
of the standard deviations. In addition, Table 6.2 also shows that the biases and standard
deviations are smaller for the case of (N, m,n) = (2000, 2000, 200) than those for the case of
(N, m,n) = (1000, 1000, 100).

In the following example, we consider estimating unknown parameters involved in a

GARCH model before we use the same model in an empirical evaluation.

7 GARCH model estimation and implementation
Consider a GARCH (1,1) model of the form:

yt:O-tEtj 8tNN(O’1>, t:1,2’...’n’
o7 = bo + biy;_y +bao}

where 6 = (by, by, b2)’ denotes a vector of unknown parameters. Let T, denote the maximum
likelihood estimates of . Our aim is to estimate the conditional mean E(6|7},). Now we
consider the following estimation methods.

We compute the maximum likelihood estimates of by, b; and by based on a given data
series and denote the estimates as T, = (30,/6\1,/52)’ )

We then propose the following nonparametric kernel estimation method:

e First, we simulate 6; = (b9, 0}, 0%), for j = 1,2,--- ,m, from the prior density m(6). We

assume by ~ Uniform(0, 1), by ~ Uniform(0, 1) and b; ~ Uniform(0, 1 — bs).

e Second, we simulate 7T}, ; from a limiting distribution of the maximum likelihood esti-
mator of 0, which is a normal distribution with mean 6; and variance %E, where Y can
be computed with a closed—form expression provided by Ma (2008). When n is large
enough, we have

n?j ’ n7] ’ nh]

1
Tnj= (Tn . Tn . T2 )~N<9j,ﬁz>.

e Define g(T,) = (90 (). 91 (T3),92(T3}))", in which go(T)) = E(bo|T), 9:(T,) =
E(|T,) and go(T?) = E(by|T,,). Based on (0;,T,, ), we then estimate ¢g(7},) by the

nonparametric Nadaraya—Waston kernel estimate, denoted by gyw (+).

The conventional importance sampling estimate is denoted by g;as(+). To distinguish the
nonparametric kernel estimation based on MCMC samples from the conventional Bayesian

sample mean, we use MC1 to denote the latter, while MC2 to denote the former.
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MC1 method is summarised as follows.

(i) Assume 7(0|Ty,) = (1 + T2)I[1 < by < —=|(1 + TA)I[1 < by < —]I[0 < b; <

1475, 1477,
1 — by).
(ii) We can sample 0; from 7(0|T,,), for j = 1,2,--- ,m, and then we approximate the
conditional mean of the form gyc1(-) = = "0
MC2 method is described as follows.
i) Given T, ;, we simulate a sample 01,05, - , 0.y from 7(0:|T}, ;) and then we compute
J 1> Y5 J VAR

7 N
the average denoted as 6; = + >_;_, 0.

(ii) Based on (6;,T,;), we then estimate g(7;,) by the conventional Nadaraya—Waston
method denoted as gproa().

We then consider two types of error distributions in Sections 7.1 and 7.2 below.

7.1 Gaussian error density
We simulated 1000 samples from the following GARCH (1,1) model:
Yy = oey, €~ N(0,1), t=1,2,--- n
07 =bo + biy;_| + baoy 4,
where 0 = (bo, b1, b2)" = (0.5,0.15,0.7)".
e Case A: n =500 and m = 5000.
e Case B: n = 1000 and m = 10000.

For each replication, we estimate 6 by f and the bias and standard deviation for Case A

and Case B are given in Tables 7.1 and 7.2, respectively.

7.2 Chi—squared error density

We simulated 1000 samples from the following GARCH (1,1) model:
- g —1

Yt = O0¢&t, & = Wa

of = by + byt | +baol |,

utNXQ(]-)a t:1a27 , I

where n = 1000 and 6 = (bg, b1, bs)" = (0.5,0.15,0.7)".
For each replication, we estimate 6 by # and the bias and standard deviation for Case A

and Case B are given in Tables 7.3 and 7.4, respectively. For ¢ = 0, 1, 2, define

asy, = —— (b - bi) . biasg = biasy, -+ biasy, + biass,,

;oo o o
%5 = 1000 ; <bi,r - bi) (bj,r - bj) , stdp = Hizjggj'
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Tables 7.1-7.4 below give the biases and standard deviations of the maximum likelihood

(ML) estimate, the importance sampling average (IMS) estimate, the simple MC mean (MC1)

estimate, the nonparametric NW kernel (NW) estimate based on direct samples, and the

nonparametric NW kernel estimate based on MCMC samples (MC2).

Table 7.1: The biases and standard deviations for Case A with Normal error

Case A bias std

biasy, biasy, biasy, biasg stdy, stdp, stdy, stdg
MLE 0.1117  0.0043 —0.0396  0.0764 0.3540 0.0537  0.1396 0.2456
IMS 0.1174  0.0027 —0.0390  0.0811 0.1389 0.0487  0.0746 0.1010
MC1 —0.1304  0.1760 —0.3520 —0.3064 0.0886 0.0210  0.0418 0.0693
NW 0.0006 —0.0042 —0.1464 —0.1499 0.0042 0.0499  0.0766 0.0248
MC2 —0.1158  0.1632 —0.3265 —0.2791 0.0039 0.0132 0.02630 0.0167
Table 7.2: The biases and standard deviations for Case B with Normal error
Case B bias std

biasp, biasp, biasp, biasg stdp, stdp, stdy, stdg
MLE 0.0452  0.0009 —0.0151 0.0310 0.2068 0.0363 0.0850 0.1449
IMS 0.0917  0.0019 —0.0294  0.0642 0.1309 0.0344 0.0624 0.0914
MC1 —0.1143  0.1796 —0.3593 —0.2940 0.0600 0.0135 0.0267 0.0476
NW —0.0080 —0.0072 —0.1542 —0.1694 0.0112 0.0349 0.0469 0.0119
MC2 —0.1091 0.1611 —0.3221 —0.2701 0.0034 0.0083 0.0165 0.0073

Table 7.3: The biases and standard deviations for Case A with Chi—squared

error

Case A bias std

bias,,  biasy, biasp, biasg stdy, stds, stdp, stdg
MLE 0.1667 0.0360 —0.0788  0.1238 0.5112 0.1598 0.2236 0.3801
IMS 0.1435 0.0147 —0.0875  0.0707 0.1967 0.1060 0.1860 0.1492
MC1 —0.1404 0.1708 —0.3417 —0.3112 0.1135 0.0314 0.0627 0.0866
NW —0.0048 0.0232 —-0.1712 —0.1528 0.0277 0.1253 0.1768 0.0169
MC2 —0.1168 0.1611 —0.3223 —0.2780 0.0120 0.0272 0.0545 0.0097
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Table 7.4: The biases and standard deviations for Case B with Chi-squared

error
Case B bias std

biasy,  biasy, biasy, biasg stdp, stdp, stdp, stdg
MLE 0.1128 0.0204 —0.0523  0.0808 0.3790 0.1071 0.1712 0.2731
IMS 0.1269 0.0131 —0.0589  0.0811 0.1923 0.0866 0.1301 0.1458
MC1 —0.1306 0.1742 —0.3484 —0.3048 0.0939 0.0251 0.0501 0.0716
NW —0.0045 0.0126 —0.1725 —0.1644 0.0217 0.0956 0.1290 0.0235
MC2 —0.1103 0.1595 —0.3191 —0.2690 0.0065 0.0205 0.0411 0.0108

Note that the bandwidth used in either the nonparametric NW estimate or the nonpara-
metric NW estimate based on the resample is chosen by the normal reference rule. Note
also that Tables 7.1-7.4 show that in terms of the standard deviation performance, MC2,
the nonparametric estimate based on the resample, in each case, outperforms its natural
competitors.

In the following subsection, using a set of real data, we examine the finite-sample perfor-

mance of NW and MC2 with their natural competitors of the unknown parameters involved

in the GARCH model.

7.3 Real data

We downloaded the S&P 500 daily closing prices, p; from http://finance.yahoo.com. The
date t return is calculated as y;, = log(ps/pi—1). We consider the case where S&P 500 daily
returns are from the 4th of January 2007 to the 31st of May 2013 with the rolling period
starting from the 3rd of January 2011. Figure 5 below gives the plot of y; for this first period.
To evaluate whether the inclusion of the period of the main global financial crisis has any
impact on the finite—sample performance, we also consider the returns for the period of the
5th January 2009 to the 2nd September 2014 rolling from 2nd January 2013. Figure 6 below
gives the plot of y; for this second period.

Unlike in simulation, we cannot replicate the data. Instead, we propose a so—called
forward-rolling method to use the consecutive sections of the data for the evaluation of
standard deviations of the estimators proposed above. Let T denote the number of all the
observations and n denote the rolling sample size. We consider the first case where T' = 1613,
the size of rolling samples, n = 1007, and the number of rolling samples, R =T — n = 606.
We also consider the second case where T' = 1425, the size of rolling samples, n = 1005, and

the number of rolling samples, R =T —n = 420.
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Figure 5: Plot of y; for the period of the 4th of January 2007 to the 31st of May 2013.
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Figure 6: Plot of y; for the period of the 5th January 2009 to the 2nd September 2014.

For the r—th rolling sample with » = 1,2,--- ,T" — n, we compute parameter estimates

denoted as ELT, 1 = 0,1,2 using the five methods outlined in the previous section. We then
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compute forward-rolling standard deviation (FRSD) by

1 '~ =\ 2
FRSDy, = || =—— > (b - bl-) and FRSD, = |3 o2 (7.1)
—n
r=1 i

for © = 0,1,2, where BZ = ﬁ Zf;"a” and o;; is as defined before for 7,5 = 0,1, 2.

Table 7.5 below gives the Forward-rolling standard deviations (FRSDs) for the first pe-
riod, while Table 7.6 below reports the FRSDs for the second period. For the nonparametric
kernel based estimates: NW and MC2, the usual normal reference rule was used for the
bandwidth choice.

Table 7.5: FRSDs of S&P 500 returns for the first period

Estimates FRSD,, FRSD, FRSD,, FRSDy

MLE 0.0028 0.0069 0.0084  0.0044
IMS 0.1203 0.0046 0.0623  0.0679
MC1 0.0029 0.0026 0.0028  0.0038
NW 0.0005 0.0062 0.0103  0.0036
MC2 0.00008 0.0020 0.0040  0.0013

Table 7.6: FRSDs of S&P 500 returns for the second period

Estimates FRSD,, FRSD, FRSD,, FRSDy

MLE 0.0029 0.0063 0.0117  0.0052
IMS 0.0168 0.0053 0.0242  0.0140
MC1 0.0029 0.0029 0.0038  0.0039
NW 0.0005 0.0059 0.0091  0.0027
MC2 0.0001 0.0018 0.0035  0.0009

While Column 4 of Figure 7.5 shows that MC1 has slightly smaller forward-rolling stan-
dard deviation than that of MC2, the last column of Table 7.5 shows that MC2 uniformly
outperforms its natural competitors in terms of the proposed forward-rolling standard devi-
ation. Similar conclusions can be made for Table 7.6. Without including the period of the
main global financial crisis, there are some improvements on the FRSDs, particularly with
the IMS method.

In summary, both the simulation and the real data evaluation show that MC2 has the
smallest standard deviation, which supports that the large—sample theory is verifiable in the

finite—sample situations.
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8 Conclusions and Discussions

This paper has proposed some closed—form estimation and approximation methods for some
infeasible computational issues. We have also developed some new asymptotic theory to
support the proposed estimation and approximation methods. The proposed estimation
and approximation theory has been evaluated by the simulated examples. Meanwhile, an
empirical example has also been included to show that the proposed nonparametric estimation
method based on resamples for the unknown parameters involved in the GARCH model has
the smallest forward-rolling standard deviation.

There are several topics that are left for future research. The first topic is that issues
regarding model overidentification will be carefully examined. The second topic is that new
estimation and approximation methods are needed to deal with the case where there are
structural breaks with the conditional distribution of X given 6. In this case, one may need
to extend the work by Andrews and Fair (1988), and then Imbens and Kalyanaraman (2012)
for our case. The third topic is how to deal with various estimation and approximation issues
for the case where there is a type of endogeneity involved in the conditional distribution
of X given 6. Estimation issues for unknown parameters and functions involved in general

structural models will also be considered.

9 Appendix

9.1 Proofs of Theorems 2.1 and 2.2

Let Apj(z) = \/ K<Ijh;> ) We have
Sy K2
e (Eie Sia K () &
S (U5) gmle) o) = S Ay (0)e,

(10.1)

The converge of the first term of (10.1) in distribution to a Normal random variable follows
directly from Assumptions 2.1 and 2.3(i). Assumption 2.1(ii)(iii) implies that g(z) = E[f|x] is twice
differentiable and the second—order derivative is continuous. Thus, the second term of equation

(10.1) is of an order of O (\/mhr+4).
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To prove Theorem 2.2, we have a look at the following decomposition:

Immn(®) = 9() = gmn () — gn(T) + gm(2) — g(x)
Sl (B5) ems L (55) (0n(X0) — gn(a)
- n X:—x X;,—x +gm(l') _g(J:)
e L (T) i L ( B )
= Bimn(®) + Bamn () + gm(x) — g(), (10.2)

1 (T )ems 2 L( 25 (g (X3) —gm (=
2 G ) SN D > S ; ) am ) gm ()
L () Eia L(5)
Let us first deal Wlth Blmn(a:). Under Assumptions 2.1-2.3, the standard conditions required

where By, (x) =

for establishing the central limit theorem are satisfied. Thus, we have as n — oo

[P G [sr (e o o)
52
T\ o ()

Emi

Oinn P L (Xib—x)
—p N (0,0*(L)). (10.3)

Let us then deal with Bay,,(z). Observe that

S L (255 (gm(X) = gm(@) X0 L (552 (9m(X) — 9(X0)
Ban( )— ] = )
i (%) YL (¥5)
S L (255E) (90X — 9(@) X L (X52) (9(2) — gm(@)
+ +
i (%) i (%)

where we have used the decomposition: g, (X;) — gm(x) = gm(Xi) — 9(Xi) + 9(Xi) — g(z) + g(x) —
gm(l’)7 and CSmn(x) = g(x) - gm(fL‘)
Meanwhile, using the following decomposition:

m

gm(@) = g(x) = Y Kmj(@)8; — g(2) = Y Kmj(z)ej + Z Ko (2 —9(x)) (10.5)

Jj=1 Jj=1

we have

Si L (5 (om(X0) — 9(%0)) iy L (X5 (S5 K (X))
S L (X5E) S L (552)
S L (552) (7 Ko (X0) (9(a) — 9(X0)))
+
S L (%5

K( -

where K,,,;(x) = e S—
mj( ) ZZL:lK kh )

Clmn (.T) =

= Dlmn(x) + ngn(l’), (106)

32



Define D3 (z) = —— Py (Z?Zl L (X,;x) K (wJ;XZ)) ej and let Ele?] = 1 for notational
simplicity. We then have

B [Dyn(@)] =~y s (Z -

m2 h2rn2 b2r

_|_
[\
o
1]
1 s
[N}
TN A S
I, L
~
N
5]
o
> |
I
N———
=
N
&
<.
> |
S
x>
N———
h
N
>
S
s
N———
h
VN
P
ol
<
8
N———
v

1

g (Damn(@) + 2Dsmn (@) (10.7)

Simple calculation implies as (m,n) — (0o, 00)
= - ;i — X X;,—=z
Do) =33k [ (255 ) 12 (%57
1i=1 b

= mn //K;(T) L’ (” - x) p(v) f (w)dudv

= mnh"b" (1+0(1)) - //K2($)L2(y)dyd1‘ -p(x) - f(x), (10.8)

where p(-) and f(-) denote the density functions of X; and z;, respectively.

Similarly, we have as 3 —> 0

ElDtol = 35 1 (B (B2 (K (K,

J=1i=2 k=1
= meso) [ [ [ (M5 () () £ (M) detws)
« dudvdw = mn?h2" (1 + o(1)) - / L2(u)du - 2(x) - p(a). (10.9)

Equations (10.7)—(10.9) then imply

ngn(m):op< ! ) and Dlmn(g;):op< ! ) (10.10)

vVmb" vmb”
We now deal with Day,,(z) involved in (10.6). By Assumption 2.1(ii), using the standard

derivation for the bias term (see Theorem 2.2 of Li and Racine 2007), we have

Y Kmj(@) (9(z)) — g(x)) = (L +0p(1)) Q(x) - b7,

j=1

where

Q(m):fuzK( du (1+o(1 zr:( (i) ()(a:)f(j)(x)>7

7=1
in which f(-) is the density function of {z;}.
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We then define Dgpp () = h i, L (%) Q(X;). As (m,n) — (00, 00), we then have

nb”
E [Dgyn()] = nf; (;E [L2 (Xi - “””) Q%X»}
. znga{L(Xib—m)L(ij‘x)Q<Xi>Q<Xj>]

4

- %(1 +0(1))Q*(x) (nbr /LQ(u)du p(x) +n(n — l)b2rp2(x))

— 1@ i) (o) (o [Ldut o). 1011)
which implies
Dgmn(z) = Op(h?) and Doy (z) = Op(h?). (10.12)

Similarly, we have as n — oo

S L (552 (9(%0) - g(@)
Can(ﬂf) - n X,—x
Z¢:1L( b )
where R, (x) is a continuous function.

Therefore, under Assumptions 2.1-2.3, equations (10.2)—(10.4), (10.10) and (10.12)—(10.13) com-
plete the proof of Theorem 2.2.

=b> (14+0p(1)) - Ru(2), (10.13)

9.2 Proofs of Theorems 2.3 and 2.4

The main ideas for the proofs of Theorems 2.3 and 2.4 are very similar to those for Theorems 2.1
and 2.2. In addition, the idea dealing with the multivariate case for Theorem 2.3 is also very similar
to that for Theorem 2.4. Therefore, we just give the main idea for the proof of Theorem 2.3.

Observe that

J]Zn;ff(”h ) (9m(x) — g(x)) = m‘ %m)-iwmj<x>ej

| T K () oley) — gla)

\/2?21 ® <xjh_x)

S K2 (T n -
e Ll P Sk (U)o (1014)
Zj:1K< " ) J=1
K(ZZ " K () (g(z)—g(x
where ij(;p) — ( h ) 7Jm1(x) — 2511 ij(fﬁ)@j and Jm2($) _ =1 ( h )(g( )—9( ))‘

\/23":1 K2 (22 s, K (50)

In order to show that J,1(z) —p N (0,%), it suffices to show that A" J,,1(z) —»p N (0, ATXA)

for any constant vector A = (ay,---,aq)" satisfying ATA = 1. The proof of the latter follows
trivially.
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Meanwhile, the bias term Jp2(z) may also be dealt with through computing the bias term

AT Jma(x), and this follows trivially. This therefore completes the proof of Theorem 2.3

9.3 Proof of Theorem 3.1

Observe that
ny L<X $>(gmn \/Z’ 1 thm>
i=1 \/Zz 1 L thz)
x Z?zlL(Xfx>Em1 vin S L (%) (X")ig(x))v (10.15)

N () oL ()

= o _1 m y
where emz—ﬁzjzle”.

By Peligrad (1987), we have for some 0 < C' < oo
2\ 2

m? E[e?j] +|E Zeij < C < o0, (10.16)

which, along with the conditions of Theorem 3.1 of this paper and Theorem 2.22 of Fan and Yao

(2003), implies
(10.17)

) €mi —D N (0, 22(.%)) s

L
e (7
where o2, (x ) =1 Z;” E [e?j|X- = :B} +2 =B D ?;71
and X%(z) = p(z) - [ K%(u)du, in which p(x) is the density of X;.

The second term of equation (10.15) can be dealt with as before. Therefore, we have completed

Eeijyeijy | Xi = 2] = y(2) +23°72, v;(2),

the proof of Theorem 3.1.

9.4 Proof of Theorem 3.2

The proof of the first part follows in the same way from equation (10.15). In a similar fashion to

equation (10.16), by Assumption 6.4(ii), we have almost surely,

1 m m j1—1
E [Efm|fm,¢71} = E ZE [ z]|]:m2 1+ = Z Z E 51,]151,]2‘]:17“ 1]
Jj=1 31 2j2=1
1 m

= Z;E €531 Fmji-1] — 02, (10.18)

]:

2 2
m
m [ z]|fm2 1] E Zeij |fm,i—1 < C< o0,

1
E[mz|fm’l 1]Sm7

35



which, along with an application of Theorem 3.2 of Gao and Phillips (2013), imply

> 1L2( - z) .Z?:1L<Xih_x>émi
ELL 37"” \/zyzl L2 (XT—)

where 37 is the same as defined in Theorem 3.2. The second term can be dealt with in a similar

—p N (0,£7), (10.19)

way to what has been done before. This completes the proof of Theorem 3.2.

9.5 Proof of Theorem 4.1

Let e,; = 0; — E[0;|T5,;]. Observe that

T Y K2 (Tte) o
JZK<h> @) ot = | X Pl
| T K (B (6(T) — o(T)
Yo ()
- ?: II{(Q((Tn]th))  Qua(Ty) + J S K (T’”;Tn>  Qua(T), (10.20)
j=1 T h Jj=1
()

where Pp,;(T, ; Qmi(Th) = Z;nzl Prj(Ty)en; and

\/E T 7Tn)
S K (B (9(Tg) — 9(Tw)

@rell) = 2 K (%)

(10.21)

Let fy() be the density of T},;. Simple calculation implies for i = 1,2, > "" | E [K ‘ (%)} =
(1+0(1)) mh [ K'(v)dv- f,(T,) when T, is given. Such results, along with the law of large numbers,
1mply that W(Tn)zjilKZ (L}:E’L) :(1+0P fK’L dU fOI”L—l 2.

Thus, we have as n — oo
oSk (T o) - o) | = (1 oPC(T) - [ PR Gd (1022
j=1

where C(T},) = %p(Tn)!]@) (Th) + 9(1)(Tn)p(1)(Tn)-
Let D(T,,) = p(T;) (¢ (T5) 2, Similarly, we have as n — oo



which, along with equation (10.22), implies as n — oo

\/;;Th (T,) = (OP (;;) +Op < Zhg))) -(Tn) = Op(1) (10.23)

by Assumption 4.2(ii), where v(T},) = %9(2) (T,) + p ()(T;L)g(l)( )+ gW(T,).
Using the result that E[e?|T,1] = Var[0|T,] = A2 as well as Assumptions 4.1 and 4.2, the
standard conditions required for establishing the central limit theorem are satisfied. The proof of

Theorem 4.1 is therefore completed.

9.6 Proof of Theorem 4.2

Recall that p(Ty,) = [ f(T,|0)7(0)dd, ¢(T,) = [0f(T,|0)m(0)d6 and p(Ty,) = L S f(Tnl6;). By
the definition of gam( T,), we have
N _ _ 1y 4(Tn) |
VIR B san(T) ~o(To) = 72 3 (4T = s 1T
L, | a(Tn) Vv y
-> = (ezﬂmez) p(Tn)f(anz)) =3 Yo (1024)

where Yy = & (9 F(T016:) — L2 £ (T0]6; ))
By Assumption 4.3, the standard conditions required for establishing the central limit theorem

of a sum of i.i.d. random variables are satisfied. Therefore, we have for fixed n and as m — o

m p2(T,) (T
UQ(Tn) p(Tn)

B < _q(Ty) ,
_ > ( F(@0) ~ I f(Tn]91)> —p N(0,1), (10.25)

\/m 02
K2

which completes the proof of Theorem 4.2.

9.7 Proof of Theorem 5.1

9.7.1 Lemmas
In order to prove Theorem 5.1, we need to introduce the following lemmas.

_1
Lemma 9.1: Suppose that Assumption 5.1 holds. Let sup.cr, [Limn(7) — Ln(7)| = op (Vn 2) for

1 1
m = m(n) — co. Then, we have \/v, 12(70) (Ymn — 1) = or(1) and /v 12 (0) (Ymn — 0) =0 &,
where £ is as defined in Theorem 5.1.

The proof of Lemma 9.1 follows from that of Theorem A.5 of Kristensen and Shin (2012).

Lemma 9.2: Let Assumptions 5.2 and 5.3 hold. Then as (m,n) — (0o, 00)

sup sup [pm(7;7) — E [pm(z;7)]l = Op (V/sm) - (10.26)
zeR" vel'y,
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where I' C R" is the parameter space of v, and s, = 12:%(,”).

The proof of Lemma 9.2 follows immediately from Theorem 1(ii) of Kristensen (2009) because

the setting here is all i.i.d.

9.7.2 Proof of Theorem 5.1

-

The main idea here is to apply Lemma 9.2 to verify sup,cp, | Lyn (7)) — Ln ()| = op <y7:2> for
m = m(n) — oo.
Observe that

n

Linn(7) = Ln(v) = —= > (log(pm(Xi:7)) — (log(p(Xi:7))

" i=1
1< m(Xi;y) — p(Xi;
:—Zlog <1+p (Xi;v) — p( W))
Vn = p(Xi;7)

" i=1

n = p(Xiiy)
Ryn1(7) + Ryn2(7), (10.27)

where Ay, (z;7) is a function of terms with orders higher than m (pm(Xi;v) — p(X457)), and
such higher order terms are negligible in the evaluation of the order of Ly, (v) — Ly (7).

Using Lemma 9.2, we have

|Rin1(7)] = Vi Zp(Xl,.V) (pm(Xi7) —p(Xi;v))‘ (10.28)
n i=1 (3]
Z I X557) = By X )]+ 5 D s 1B (X)) = ()
1 Xisy no_1 (4]

— Z sup sup (1 Npm(a;y) — E [P(ﬂf;v)]!)

Un i—] TERT €l p(x; 7)

o> sup sup (o Bl )] - )] ) < ( e +h2> — op (v77)

Vn (=] €R" veln \P\T; ) Un

using the standard result that |E[py, (z,7)] — p(x;7)| < C(x,v)h? as well as Assumptions 5.1(ii) and
5.3(iv) in particular, where E;[U] denotes the conditional expectation of U given X;, and C(z,7) is

a function involving po(z;y) that is the second—order partial derivative of p(z;~y) with respect to x.
_1
This shows that sup,ep, [Lmn(7) — Ln(¥)] = op <1/n > | required in Lemma 9.1 is satisfied.

Therefore, the proof of Theorem 5.1 then follows from Lemma 9.1.

Remark 9.1: As mentioned in Section 5, one may replace Ly,,(7y) by a truncated version of the

form
mnc Z wmn IOg pm(X ’Y))v (10'29)

where Wi (X;) = 1if pr(Xisv) > cmn and Wi (X;) = 0 if pp(Xi5y) < 932, where ¢, > 0 and

Cmn — 0 as (m,n) — (00, 00).
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Let fo(x;v) = p~!(x;7). We then have
1 = Cmn
Line(y) = Lin(0) = - ZI [—2 < pm(Xi37y) < cmn} log(pm (Xi;7))
=1

- yi > T llog(cnn) < 10g(fm(Xi57)) < log(2emn)] log(fn(Xi; 7)), (10.30)
" i=1

which implies

Nz

sup |Lmnc(7) - Lmn(f)/)’]

7€l
< \%Z;E sup (T [log(cmn) < log(fm(Xi;7)) < log(2emn)]| - log(fim(Xi; 7))
< \log(Cmn)é-\/%E sup <|log(fm(X1;7))|1+5)] = o(1) (10.31)

when il o(1) and [sup,er, (\log(p(az;v))]prép(x;'y)) dzr < oo for some § > 0. Note

n
Vvn [log(cmn
that it is possible to choose ¢, such that = o(1) for a suitable § > 0. When

- n
Vn [log(emn)|’

[log(¢mn)| = (mn)¢ for some ¢ > 0 and v,, = n, for example, the condition is satisfied if (m\{gcé — 0.
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