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Abstract

This paper rigorously analyzes the properties of the local projection (LP) methodology
within a high-dimensional (HD) framework, with a central focus on achieving robust long-
horizon inference. We integrate a general dependence structure into h-step ahead forecasting
models via a flexible specification of the residual terms. Additionally, we study the corre-
sponding HD covariance matrix estimation, explicitly addressing the complexity arising from
the long-horizon setting. Extensive Monte Carlo simulations are conducted to substantiate the
derived theoretical findings. In the empirical study, we utilize the proposed HD LP framework

to study the impact of business news attention on U.S. industry-level stock volatility.
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1 Introduction

The local projection (LP) method, introduced in the seminal work of Jorda (2005), has garnered
significant attention in macroeconomics and econometrics. We refer interested readers to Jorda and
Taylor (2025) for the latest comprehensive literature review.

A key advantage of the LP method, which has led to its widespread adoption and numerous
extensions, is its simplicity: impulse responses can be recovered via a set of simple least squares
regressions, bypassing traditional short-run, long-run, or sign restrictions. Consequently, researchers
have intuitively applied different generalizations of the least squares regression to the LP method.
The literature has thus expanded to include extensions concerning nonlinear structures, robustness
estimation, and such models associated with high-dimensional (HD) regressors (covariates), just to
name a few. Given the vastness of this literature, we acknowledge the limitation of the following
literature review, and summarize only the key articles that directly motivate our research, after
which we situate our specific contribution within this field.

The first stream we review concerns the robustness and inference of the LP method. For example,
Montiel Olea and Plagborg-Mgller (2021) establish long-horizon inference and provide a practical
bootstrap method for conducting it. Xu (2023) extends this work, demonstrating the efficiency of
the LP method within a vector autoregression of infinite order (VAR(c0)) framework. Furthermore,
both Herbst and Johannsen (2024) and Mei et al. (2025) investigate the biases associated with the
LP method under different model specifications, drawing attention to its application in panel data
studies. Given the inherent connection between panel and HD data, a group of studies focuses on the
application of the LP method to HD settings. Recently, Adamek et al. (2024) apply the desparsified
least absolute shrinkage and selection operator (LASSO) to carry on the HD LP approach, while
leaving the impulse response parameter of interest unpenalized; Cha (2024) considers a similar
setting without specifically relying on sparsity assumptions, and establishes some useful concentration
inequalities. Methodologically, Basu and Michailidis (2015) and Miao et al. (2023) provide useful
insights by analyzing specific HD-VAR models; these serve as essential benchmarks for investigating
the LP approach in certain HD settings.

Up to this point, we emphasize the necessity of integrating the LP approach within a HD frame-
work, recognizing the intrinsic relationship between LP and VAR models. To illustrate this, consider
N time series observed over T time periods. A critical challenge arises in the HD-LP setup: the
effective sample size is only of the order T, yet the number of unknown parameters can scale as N
or even N? (e.g., as shown in (2.9) of Example 3 and (2.10) of Section 2 respectively). In the latter
case, this means even a modest cross-sectional dimension, such as N = 10, yields at least 100 - p
unknown parameters in which p is the number of lags to be specified. It then calls for a toolkit
to understand and implement the LP approach robustly in HD settings, thereby enabling accurate
estimation of impulse response functions when the cross-sectional dimension is large — a common

scenario in empirical macroeconomics and finance. To the best of our knowledge, very limited re-



search has investigated long-horizon inference for the LP approach within the HD setting. In this
regard, we believe that we make a significant contribution by deriving a set of basic results (e.g.,
concentration inequality and HD covariance estimation) for HD h-step ahead forecasting models in
the context of long-horizon analysis.

The second main stream that we review applies the LP method to nonlinear models. For instance,
Barnichon and Brownlees (2019) consider the LP approach based on a varying coefficient framework.
Gongalves et al. (2021) introduce a semi-parametric model and examine the validity of the LP
method, while Inoue et al. (2024) further introduce a nonparametric time-varying framework in order
to model local instabilities. In sharp contrast to this existing literature, we motivate and model the
nonlinearity via the residual terms as proposed in the relevant literature, such as in Assumption
2 of Wang and Phillips (2009), and Assumption A.3 of Dong and Gao (2018). This approach has
direct and critical impacts on the long-horizon inference established in our paper, thereby offering a
distinct path to further generalize the aforementioned nonlinear models.

The third stream that is relevant to our work considers simultaneous equations and IV approaches.
For a comprehensive survey of the simultaneous equations, we refer interested readers to Gongalves
et al. (2024) for details, wherein they also refer to this line of research as “state-dependent local
projection”. Plaghorg-Mgller and Wolf (2021) investigate the IV based approach, and further bridge
the LP method and the VAR literature. Although we do not have any specific IV included, our
framework can be considered as a set of simultaneous equations. While one could impose additional
identification restrictions, similar to those often applied in the VAR literature, these are generally

application-driven; hence, we do not pursue this avenue further in the current paper.
Having reviewed the relevant literature, we summarize our contributions below:

1. We establish long-horizon inference specifically for the LP approach in a class of HD moving
average infinity-HDMA (00) models, which is considerably different from such models associated
with high—dimensional regressors (covariants) discussed in the relevant literature. Our approach
relies only on the underlying DGP, circumventing the need for restrictive assumptions like mixing

conditions or near-epoch dependence imposed in the relevant literature.

2. While Bickel and Levina (2008) lay the foundation for HD covariance matrix estimation, our
study offers the first application of this approach to long—horizon inference within the litera-
ture. Based on this result, we establish some asymptotic normality extending the long-horizon

inference analysis (Montiel Olea and Plagborg-Mgller, 2021) to our class of HD-MA (00) models.

3. Motivated by Assumption 2 of Wang and Phillips (2009) and Assumption A.3 of Dong and Gao
(2018), we model the nonlinearity via the residual terms, and offer a distinct path to further
generalize the existing literature of nonlinear models. The main challenge is how to integrate
this general structure into the h-step ahead forecasting models and work out its theoretical

properties for such a class of HDMA (c0) models.



4. In addition, we conduct extensive simulations to examine the theoretical results. In the em-
pirical study, we utilize the proposed HD-LP framework to revisit the impact of business news
attention on U.S. industry-level stock volatility. Though the structural VAR models, as a pow-
erful toolkit, have been widely used in the relevant literature (e.g., Diebold and Yilmaz, 2009;
Diebold and Yilmaz, 2014) to trace how volatility shocks propagate across markets or industries,
such methods impose rigid assumptions on system dynamics. Our method, on the other hand,
allows for more flexibility in capturing the effect of news shocks and the volatility spillover ef-
fects among industries. Finally, we compute impulse-response functions at different horizons,

and summarize how news-driven volatility shocks evolve over time.

The remainder of the paper is organized as follows. Section 2 introduces the model setup and
methodology, and establishes the asymptotic results. In Section 3, we conduct extensive simulations
to corroborate the theoretical findings. Section 4 presents the empirical study on the impact of
business news attention on U.S. industry-level stock volatility. Section 5 concludes. Appendix A
provides supplementary results, while Appendix B contains the technical proofs and preliminary

lemmas.

Before proceeding further, we introduce some notations which will be repeatedly used in the
paper. For a positive integer L, we let [L] := {1,...,N}. Let e; be a N x 1 selection vector with
the i'" element being 1 and the others being 0, and i € [N]. For a vector v = (v,...,uy)", we let
IVl =325 Juil, and [[v]l2 = {3, [u;*}'/?. For a matrix B := {bj;}, we let B, |[Bll2, [|B|lmax,
|B||1, and ||B||o define its Frobenius norm, spectral norm, max norm, column norm, and row norm

respectively. Additionally, we define the following operator for a symmetric square matrix B:
4, (B) = {b;;I(|b;;| >n) for i j}, (1.1)

where 7 is a user-specified threshold parameter. For a random variable z, let ||z, = (E|z|§;)1/ P, For
a € R, let |a] be the largest positive integer less than or equal to a. For two numbers, we let a < b
stand for a = O(b); let a < b stands for ¢ < band b < a; a Ab and a V b stand for min(a,b) and
max(a, b) respectively. For two random variables (say, a and b again for simplicity), we let a < b

stand for a = Op(b), and accordingly define a < b.

2 Setup and Asymptotic Properties

In this section, we first present the DGP and justify its generality (Section 2.1). Next, Section 2.2
introduces the setup for h-step ahead forecasting models and their useful properties. We then detail
the estimation procedure and establish its corresponding asymptotics under minimal conditions in
Section 2.3. Finally, Section 2.4 imposes more structural assumptions, specifically considering a
HD covariance matrix estimation, and establishes the asymptotic distribution for practical analysis.

Secondary results are relegated to Appendices A.2-A .4 for the sake of space.



2.1 Data Generating Process
Suppose that the following panel dataset is observable.

{J]Zt’ZG[N],tZQ—p,?)—p,,T}, (21)

where ¢ indexes the number of individuals, ¢ indexes the time periods, and p (> 1) is introduced
to accommodate the lag terms in the dynamic structure to be specified and estimated later. In an
AR(1) model, p = 1 ensures the observable dataset is {z;; | ¢ € [N], t € [T]}. The parameter p is
preserved in (2.1) solely to simplify the notation during theoretical derivations.

Additionally, suppose the data generating process (DGP) of {z;; } admits the following HDMA (c0)

process:
Xy = ZB@Et,g, (2.2)
=0
where, for V¢ > 0,
Br=B1,....Bon) = Ber,-- . Ben) " = {beijtnxn

is an N x N matrix, X, = (214,...,2n5¢) ", and & = (y,...,6n:) " with g being independent and
identically distributed (i.i.d.) over both dimensions.

The popularity and importance of MA (co) processes is governed by the Wold decomposition (Fan
and Yao, 2003, p. 15). Its recent extensions to fixed multi-dimensional settings include Gao et al.
(2024) and Yan et al. (2025). Equation (2.2) is a substantial extension of such MA(oo) processes to
a HDMA (00) setting.

Throughout, we suppose that Ele;] = 0 and Elee/] | = Iy without loss of generality. Otherwise,

one always encounters the identification issue due to the fact that
Be:  =BWW g,

for any conformable matrix W with invertibility.

Our goal is to infer the impulse responses defined below via the LP approach.
IRhJ' = E[Xt+h | 6t|j(1)78t71, .. ] — E[Xt+h | Eﬂj(O),é‘t,l, .. .], (23)

where h > 1, j € [N], and &y;(a) == (€14, - - - ,€j-14: @, Ejs1ts - - - s Ene) |- Using (2.2) and (2.3), simple
algebra shows that

IR, ; = By, (2.4)

so the key question is how to recover By, for h > 1.

Before proceeding further, we show the flexibility of the above setup.

Example 1. If the DGP of (2.2) follows a VAR(1) process x; = a;X;—1 + &, it then yields the
following h-step ahead forecasting model for A > 1



Xpih = A% + Uy, (2.5)

where u; ), = al e, + - + a1 + €n. Notably, the following two facts hold: (i). up, is
(h — 1)-dependent along the time dimension (i.e., u;j and u, ), are independent for |t — s| > h); (ii).
for Vt, {u;, | h > 1} and {x, | s <t} are independent of each other.

One can further extend the above DGP to include (conditional) heteroskedasticity. For example,

consider an autoregressive conditional heteroskedasticity (ARCH) structure:
= = 1/2 T
X =a1X;_1 +&, & =o0,"¢, and o,=Dby+b o, b,

where by and by need to fulfil certain conditions. In this case, the h-step ahead forecasting model is

almost the same as (2.5) with minor modification:

h ~
Xith = a;X¢ + Ugp, (2.6)
~ . h—1_1/2 1/2 1/2 . . T T N\T . .
where Gy, == (a] 0,47, ..., 410\, 1,0.40)Vip With vy, = (6,1, ..., €4) - In (2.6), vy is (h—1)-

dependent, and for Vt, {v;) | h > 1} and {x, | s < t} are still independent of each other.

Example 2. If the DGP of (2.2) follows a VAR(p) process, we have

Xt Xt—1
Al (p—1) QAp & ~
= S = A X1 + &y (2.7)
I 0 0
Xt—pt1 Xt—p
where aj.(,—1) = (ai,...,a,-1), I and 0 are conformable matrix and vector respectively, and the

definitions of Ap, X; and &; are evident. According to Appendix A, we can further obtain that
Xith = SpAZXt + U p,

Where Sp = (INyoNXN(pfl))y ut7h =

is (h — 1)-dependent, and for V¢, {u;, | h > 1} and {x, | s <t} are independent of each other.

~Z};L_18t+1 + o+ épet_;,_h_l + E¢yn, and é]l; = SpA:f;S;— Stlu, Uy p
Again, one can extend (2.7) to capture (conditional) hetroskedasticity, and we will no longer

discuss it due to similarity.

Example 3. We now provide an example to connect our study with some popular examples of
the literature. For notational simplicity we focus on the case with one lag only, i.e., Example 1
again. The extension with multiple lags such as Example 2 should be straightforward in view of the
following justification.

Firstly, we partition x; of Example 1 into two parts (x; and XI ) as follows:

*
—

xF a; a x; er
t 1 t—1 t
XI a; ag XI_I 81

wherein {€}} and {e]} are independent of each other. It yields that

bt



X kK T T *
X =X, taX,_ T&

XI =azx; ; + a;XLl + 51

which is then similar to Eq. (2) of Gongalves et al. (2024) with constant parameters.

One may further regulate {x] } to be exogenous regressors (i.e., ai = 0), so (2.8) reduces to

* * T * *

Xl ([ & X1 &
- Y

x| 0 af) \x/, el

In this case, if we let ag =0, {XI (= 61 )} become purely white noises. The setting therefore is in
the same sprit as in Inoue et al. (2024, Eq. (3)) and Gongalves et al. (2024, Eq. (3)).
Additionally, we may focus exclusively on modeling x;. The first equation of (2.8) then represents

a standard dynamic model incorporating a HD set of exogenous regressors:
X; = ajx;_; +ajx|_; €. (2.9)

In the limiting case where x; is a scalar, al becomes a HD row vector. In this configuration, (2.9)

aligns with the frameworks established by Adamek et al. (2024, Eq. (2.4)) and Cha (2024, Eq. (2.2)).

2.2 The Setup

Up to this point, we have discussed our goal and the flexibility of the DGP process. However, (2.2) has
infinite parameters, so we have to further impose certain structure in order to get some meaningful
results practically while maintaining the assumptions as flexible as possible. In Appendix A.2, we
provide a Proposition Al to briefly answer the question that how far we can go in approximating
(2.2) without knowing the underlying DGP, which however is not the main focus of this paper.

Having said that, we suppose that {x;} also admit the following set of regression models:
Xeon = Arx; -+ Ay g = (X @ TIy) vec(A) 4+ gy, (2.10)

where p is a fixed positive constant, i (> 1) may diverge, A = {A;;}nxnp = (A1,...,A,), and
wy, = (Wi, --- ,uNt’h)T has an (h — 1)-dependent structure to be specified below. It should be
understood that (A4,...,A,) vary with respect to h, which is suppressed in the sub-indices for
notational simplicity when no misunderstanding arises. The set of regression models given in (2.10)
is similar to Eq. (2) of Jorda (2005) with a focus on long-horizon inference under the HD setting.

To facilitate development, we impose the following assumptions.

Assumption 1. {e;} are i.i.d. over both i and t, and satisfy that Eley1] = 0, E[e2,] = 1, and
Eleni]? < oo with a fived J (> 4).

Assumption 1 only regulates the random components of (2.2). We will impose more restrictions

on the deterministic matrices involved whenever necessary.



Assumption 2.

1. Assume that g(-) is a smooth function such that u,j, = g(€tsn, - - - ,€141) Satisfies that E[uy | = 0,

Elugpu/,] = Xy, and max; y, ||/ ug sl < 0o, where J is given in Assumption 1.

g
2. Suppose that (). max; Zfiofwjﬂ) 1BejllsH < oo with {Be;} being defined below (2.2); ().

BYEN 0 with dg = 52 |Belleo: (id). h)T — 0 as (b, T) — (00, 00).

T

Assumption 2 is readily justified in light of Examples 1 and 2. Specifically, Assumption 2.2.(i)
requires a reasonably slow decay rate for the norm ||8;||2. At this stage, the sample size N can be
large in view of the condition in Assumption 2.2.(ii). Assumption 2.2.(ii) allows that N and 7" can
be proportional to each other. Assumption 2.2.(iii) permits that h can go to co as long as % — 0.

With the above setup, we present the first result of this paper.

Proposition 1. Suppose that x; admits both representations (2.3) and (2.10), Assumptions 1 and
2.1 hold, and By = In. For Vh > 1, we obtain that Ay = By, = (IRp1, ..., IRy ).

The condition By = I serves a standard identification purpose, aligning with Jorda (2005, Eq.
(3)). Without this normalization, we can only determine the relationship A1By = Bj,. Given the
definition of the impulse responses in (2.3), this lack of identification means the LP method would
only recover the impulse responses up to a rotation matrix. The matrices A; for j > 2, while
being essential components of the underlying model (2.10), are not directly connected to the impulse
responses.

To conclude our model setup, we establish the following concentration inequality for the h-
step ahead forecasting models based on (2.2) and (2.10), which will facilitate the estimation of the

parameters of interest in the next subsection.

Theorem 1. Under Assumptions 1-2, there exit positive constants cy, ¢, c3, ¢4 Such that for Vi, j €

[N], ¥t e0U[p—1], and 6 > 64\/TM;ILH/J

t

Z Uis hTj,s—1

s=1

Pr ( max
te[T—h]

T 0352
Z 6) S CI(S—JM}‘{""l + Co exp <_1—,2+2/J> s
Fon

where iy = mex S7I(C+ )3 By 175 < b
I€INT ;5

Theorem 1 establishes a concentration inequality for the h-step ahead forecasting models of (2.10),
contributing to the literature on long-horizon inference in a HD setting. Notably, the bound contains
the term py,, which diverges as the horizon h increases. The term gy, is simply due to lack of structure
in u;, and (2.2). Since J > 4 as stated in Assumption 1, we obtain that Wi € [RY/5 /2.
Therefore, in the worst case scenario, ju, diverges at the rate h'/2. From a modeling perspective, this
result explains the inherent loss of accuracy in forecasting models as h becomes large.

Furthermore, the derivation of this theorem relies only on the underlying DGP, circumventing
the need for restrictive assumptions like mixing conditions or near-epoch dependence. In this regard,

it substantially improves upon the findings in Section 4 of Cha (2024).
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2.3 Estimation

We are now ready to consider the estimation in this subsection. Firstly, we assume p is known, and
discuss how to select the optimal lag later.

According to (2.10), we define the following objective function:

1 T—h

> Ixeen — (X[ @ Ly) vee(a) 3, (2.11)
t=1

Qo(a) = T

where a is a generic N x Np matrix. However, due to the large amount of elements included in
A= {flij} NxNp, one cannot fully recover everything from (2.11) unless the effective sample size T'—h
is extremely large practically. Consequently, it might not always be feasible for real data analysis.
In order to find a balance between feasibility and generality, we impose sparsity on A of (2.10), and

define some new notation to facilitate the investigation. Let
Sy = {I(|Ai| > 0)}nxnp and S = {I(A; = 0)}wxny.

Apparently, d, := ||S./||? gives the total number of nonzero elements in A. It is noteworthy that we
allow for the case that A = 0, i.e., d,; = 0. For this extreme case, x; reduces to a HD white noise.

Using (2.11), we then introduce the following estimation procedure to recover A and its sparsity.

Step 1 Initial estimation via LASSO:
a= argmin(Qo(a) + || vec(a)|l1), (2.12)

where 7 is a tuning parameter.

Step 2 Refined estimation via adaptive LASSO:
§1¢ = arg}nin(Qo(é) + 7| vec(a) o @||1), (2.13)

where ¢ = (¢1,- -+ ,dn2,) | is a vector of predetermined weights.

The above estimation procedure connects the adaptive LASSO developed in Zou (2006) with
the LP approach in a HD framework. For the adaptive LASSO, we refer interested readers to
Zou (2006) for extensive theoretical investigation and to Mcllhagga (2016) for detailed numerical
implementation. In the second step, we may let ¢y = |a,|~¢ with a, being the ¢** element of a, in
which ¢ > 0 is an arbitrary positive constant, as long as certain conditions to be specified below are
fulfilled.

To proceed, we introduce some additional notation and assumptions. Let ¢ ¢ and ¢ ; , denote the
(™" elements of @, and ¢ respectively, where ¢,, and @, contain the elements of ¢ that correspond
to the non-zero elements of vec(S,/) and vec(S,7). Let £g == {¥p j;} with 0 <4,j <p—1 and

> BB/ ifi=j

.
ZBi = En = T e
Y20 Berj—iB, it >



Assumption 3.

1. Suppose that vec(a)' (Ep @ Iy) vec(a) > al| vec(a)||2 for Va € A(S.,) and a # 0 uniformly in

N, where a > 0 s a fized positive constant, and

A(S.y) = {a = {ai}nunp | I vee(S7 0 a)lly < 3| vee(Sy 0 a1}

2. Suppose that d%d% Vi‘}gTN — 0 and % — 0, where J is given in Assumption 1.

The first condition of Assumption 3.1 is the so-called restricted eigenvalue condition, which has
been fully discussed in the literature. See Bickel et al. (2009, pp. 1709-1710) and Raskutti et al. (2010,
p. 2245) for example. In the definition of A(S./), the targeted set || vec(S o0a)||; < 3| vec(Syoa)ly
is obvious in view of the development given in (B.12) of the appendix. The second condition further
regulates the sparsity and the sample size involved.

With these in hand, we are able to achieve the following results for the 2-step procedure.

+1/J9 /15
Theorem 2. Let Assumptions 1-3 hold and ~ =< “h—\/flg(m, where py, is the same as in Theorem

1.

1. For (2.12), the following results hold:

1+1/J dey logN)

(a) || vec(A —&)|l = Op(“—Y5

< oa /0 J/log N
(b) || vec(A — &)y = Op (22052,

2. For (2.13), let the elements of ¢ satisfy

. . > uiJrl/J doy log N .
i. mingejq,,)|Bo,.w.6| 2 T MaXe(d,,] P e

)

11. minge[dd,] (b&gx z d@{ mane[dd] (ﬁ%,g.
Then sgn(§l¢) = sgn(A) with probability approaching one.

The first result of Theorem 2 explains how the h-step ahead forecasting framework affects the
estimation results when A diverges. The second result proves the sign consistency, i.e., the identifi-
cation of 0’s of A, wherein the additional restrictions can be easily fulfilled in view of the discussion

under (2.13).

Selection of the lags With Theorem 2 in hand, we can then choose the lag terms involved. The
following selection criterion is based on the first step of the estimation procedure (i.e., (2.12)).

Define the following information criterion:
1 T—h

> lIxesn — (X @ TIy) vee(ay)ll3 +p - &,
t=1

IC(p) = T_1

where ﬁp is obtained via (2.12) using p lags, and £ is a tuning parameter satisfying certain condition

to be specified. The optimal lag is then estimated by

p = argmin IC(p), (2.14)
p<p*

9



where p* is a user-specified large and fixed integer.

2/Jd,Q¢ log N

2+
Theorem 3. Let Assumptions 1-3 hold, Te — 0, and £ — 0. Then Pr(p=p) — 1.

In order to select the optimal number of lags practically, we make two comments:

L : . L 2+2/7 4 s log N WG /Tog N
1. An intuitive choice of £ is to let £ =< +, so the condition % — 0 reduces to %

0, which is required by Theorem 2.1 already. Therefore, such a choice does not create any ad-

ditional restriction.

2. In fact, one can further simplify the selection process. It is worth pointing out that Jorda (2005)
defines the LP approach as a series of regressions such as those in (2.10), where the number
of lags is independent of the horizon h. Theorem 3 establishes a result that holds for Vh.
Therefore, from a practical standpoint, we suggest that using a small horizon (e.g., h =1 or 2)
is preferable for selecting the optimal lag, as this significantly simplifies the required restrictions.
For instance, the term uy no longer plays a role in such cases. In the simulation, we shall further

examine this point.

2.4 Asymptotic Distribution

It is worth mentioning that we have not imposed too many restrictions on u,j so far. However, to
achieve the HD covariance estimation and establish the asymptotic normality in what follows, we

need to add more structures to the residuals (i.e., u.y’s).

Firstly, we consider the estimation of the covariance matrix. To be precise, our goal is to estimate
Q, = E[Q,], where

1 T—h
> (X @ In)ugpuy, (X @ Ly). (2.15)

[t—k|<h

Q=
R A A

Note that if A is sparse, it will naturally pass the sparsity to £j, and consequently pass the
sparsity to €. To see this point, consider an extreme case using Example 1.
Example 1 (Cont.) If a; = 0, then ¥, = Iy and Q; = Iy for VA > 1.

The justification of the above statement should be obvious, so we omit the details. Therefore, without

loss of generality, we suppose that Q) € U(c,, ¢y, ¢), where

U(cq, N, €) = {Q = {wy} |wy < cand D |wy|® < ey for all i}, (2.16)
J

0 <c¢, <1,and ¢ is a fixed number. The restriction (2.16) is the so-called densest sparse condition.
We refer interested readers to Bickel and Levina (2008) and extensive extensions since then for
discussion on (2.16).

We now move to estimate €. Recall the the operator ¢, (-) defined in Section 1, and let

10



1 T—h

Qo= S (X, @Iy, (X @Iy), (2.17)
T—h [t—K|<h 7

where 0,5, = x40 — (X] @ Iy) Vec(§¢). Putting these together, the estimator of Q is given by

G (), (2.18)

where 1 =< \/hlog N/T.

In order to investigate (2.18), we impose some extra conditions in Assumption 4.

Assumption 4.

1. There exists a constant cs > 2 such that for 1 =1,... h —1 with h > 1
max e (un — u; )|l = max ds4(h, 1) = O(™),

where u;,, , is the coupled version of uy by replacing €, with an independent copy €; ;.

1—20},)

2. There exists a constant ¢, > 2, such that max; 52 [|Be;ll3 = O(m as m — 00.

3. Suppose that for J > 4,

(a) 12 d2,\/RTog N/VT — 0,
(b) NAT'=7/(log N)=//4(log T')(T~///e0 4 p=7/4=1) — 0,

where ¢y = (—2%_1) (765/\%_1).

2 cs/\Cyp

Note that A is involved in a few places of Assumption 4. The first condition essentially regulates
the decay rate of the time series dependence of {u,;}, while the second condition imposes a further
restriction on the matrices involved in (2.2). To ensure the third condition holds, J has to be larger

than 4.

Theorem 4. Under Assumptions 1-/,

1. max; ; |sz - QU| = Op(\/thgN/T),
2. %) — Q|2 = Op((hlog N/T)0=)2cy),

where Qij and Q;; are the (i,7)™" elements of flh and Qy, respectively.

Based on Theorem 4, we can then derive a central limit theory for the purpose of inference,
which further extends the long-horizon inference of Montiel Olea and Plagborg-Moller (2021) to a
HD setting.

Specifically, we adopt the node-wise LASSO method to construct the debiased estimator. For
notational simplicity, define Z; :== X; ® Iy. Accordingly, for i € [N?p], let Z;; and Z_;, be the i*"
row of Z, and the submatrix of Z, constructed by removing its i’* row, respectively. Additionally,

define p, = (p1, -+ ,pn2p) " as the selection vector such that [|pall;1 < co. For each i, let s, ; =

11



siil > Npx1 cnote € Sparsity o e 17 TOW O R , where s.i7 denotes 1ts (2, ]
I(|Z545] > 0)}npx1l|® denote th ity of the i f £5', where ¥, ,;; denotes its (i, )"
element of g'.

Then, we conduct the node-wise LASSO estimation:

R . 1 T—-h ~
by — argmin { ——— 3= |12, ~ 27, bill3 + 25 bil . (2.19)
b; =1
B LHL/T floe(N) A . R R
where 7; = %. Let 72 = 72 > 12, — 2T, b4]|3 + 7:[|bi[l1, and we then define the
debiased estimator a,. as
5 . PN .
vec(ape) = vec(a) + T Q. ) 7z, (Xt+h -7, Vec(é)), (2.20)
o t=1

where Q, = T;léz, T, = diag(7Z, ... ,ﬂ%mp), and C, = (Cz,l, ce CZ7N2P)T is an N2p x N%p matrix.
Each row C; is constructed by placing a 1 in the i position and filling the remaining N?p — 1
entries with the elements of —lA)Z- in their natural order.

Finally, it is noteworthy that under the HD-LP framework, the node-wise LASSO estimation can
be much simplified numerically in practical analysis. For the sake of space, we provide the details in

Appendix A.6.
We are now ready to establish the following CLT for the debiased estimator.

Theorem 5. Let Assumptions 1-4 hold and (d; + max; s ;)(log N)T_l/Qu,ZLH/J — 0. Then

VT (pIQ.9,(Q,)Q.pa) " ?p] vec(an. — A) = N(0,1).

We have emphasized that the preceding framework is not limited to the large-sample N — oo
regime; it also encompasses such settings associated with fixed N as special cases. A corollary
detailing the corresponding asymptotic distribution for the fixed—N case is provided in Appendix
A.1 below.

Up to this point, we have completed our theoretical investigation. It is worth mentioning again
that some additional secondary results are also presented in Appendix A for the sake of space. In

what follows, we examine these theoretical findings via numerical analyses.

3 Simulation

Without loss of generality, let the true DGP be as follows:
Xy = a1Xy—1 =+ AoXi_9 + 6t7 (31)

where ; ~ N(0,Iy). By (3.1), it is obvious that p = 2. The coefficient matrices a; = {a1,;}nxn

and as = {as,;} nxn are designed as follows:
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0.25 ifi=jandi < N/2 0.35 ifi=jandi> N/2
ari; =194 035 ifi—j=1 and  ag;; =4 —0.25 ifj—i=1

0 otherwise 0 otherwise

Also, we let t € {—Tp,—Tp + 1,...,T}, in which Ty is a sufficiently large positive number cor-
responding to a burn-in period. According to Example 2, the model (3.1) admits an HDMA (c0)
representation x, = ;2 Bsg;_y, in which

a; ap

B, =SC'S", S=(Iy,0y), and C=
I, O
For each generated dataset, we fit the observations {x; [,t =2 —p,3 —p,..., T} to the following

set of h-step ahead forecasting models:
Xeph = A1Xy + AgXy 1 + U p, (3.2)

where h > 1. We suppress the subindex h in A; and Ay when no misunderstanding arises. According
to Proposition 1, we have A; = By,. Additionally, for h = 1, (3.1) and (3.2) infer that a; = A; = B;.

In what follows, we consider the cases with N € {20,30,40} and T € {300, 400,500}, so the
number of parameters involved ranges from 800 to 3200. Based on the above settings, we firstly
present Figure 1 to demonstrate the sparsity involved in By. It is clear that the sparsity exists in
all By’s, and also the pattern varies with respect to h. For example, when h = 10, B, has more
non-zero elements, but many of them are close to zero and may become negligible.

Based on the specified DGP, we perform R replications to evaluate our proposed estimation
procedure. Without loss of generality, we let R = 500 throughout. The complete numerical algorithm
is detailed in Appendix A.6. We assess the estimation accuracy of Bj, = {b;; } after identifying (1).
P, and (2). the sparsity.

We start from examining the selection of the optimal lag, and emphasize that two facts:

1. Over-selection is generally permissible, as it still yields reasonably reliable (consistent) estimates,

though it may result in a decrease in estimation efficiency;

2. As explained under Theorem 3, we only need to select the optimal p once for the group of
regressions such as those in (2.10) practically. To minimize the restrictions required, we therefore

consider h = 1,2 only.

To quantify performance, we introduce the following measures:

R 1 R
Z ph<p szﬁzl(ﬁﬁ,r:p)v S le€r>p>
r=1 r=1

r 1

where ¢ € {1,2} corresponds to the lag orders h € {1,2} when implementing (2.14). These indices

represent the empirical frequencies of under-selection (.S, ), correct selection (Sy), and over-selection

13



Figure 1: Sparsity of By,
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(S;), where . denotes the estimated lag in the r** replication for V¢ € {1, 2}.

The selection results are reported in Panel A of Table 1. For V¢ € {1,2}, we observe that the
values of Sy are close to 1, which aligns with theoretical expectations. When ¢ = 2, we have a small
proportion over-section (i.e., S > 0), and S, moves towards 1 as T increases. As explained above,
over-section is not ideal but permissible. It is not surprising that Sy decreases slightly as N goes up.
As we have seen in Figure 1, the coefficients have the strongest signal for A = 1 when implementing
LASSO procedure. Hence, it is reasonable to expect h = 1 offers better finite sample performance
from different perspectives such as those presented by Panel A of Table 1.

For each p, with £ € {1,2}, we carry on the second step of the numerical algorithm of Appendix

A.6. To measure the performance, we quantify the accuracy of sparsity detection as:

1 &1 .
SLip, = I Zl e Z [ (@q,ijr = 0) — I(bns; = 0)],
r= 1,7

where SL stands for the selection, the subscript | p, indicates the selection results are calculated
based on the estimated lag order py, Aa = {@4,;} defines the adaptive LASSO estimate, and r
indexes the r* replication. The SL measure focuses on the overall accuracy of zero/non-zero element
classification rather than distinguishing between false negative (incorrectly identified zero elements)
and false positive (incorrectly identified non-zero elements).

We observe in Panel A of Table 1 that the SL value tends to become relatively large as the horizon

h increases. This phenomenon is primarily attributable to a source of false negative, as illustrated

14



in Figure 1. Specifically, as h increases, the number of non-zero elements in the true matrix By,
may rise; however, many of these elements become negligible (i.e., close to zero) due to weak signal
propagation. The adaptive LASSO procedure may incorrectly detect these negligible elements as
zero, thereby leading to a higher overall SL score.

Finally, based on p, and the estimated sparsity, we introduce the following measure:
1 E A
ADy, = 5> A, 08, ~ By,
r=1

where AD stands for the averaged distance, x € {a, d}, the subscript | p, again indicates the results
are calculated based on the estimated lag order py, and S, = {I(dai, # 0)}. The definition of
ADg, infers that for the debiased LASSO estimator, we only consider those elements which are not
identified as 0 by the adaptive LASSO.

Panel B of Table 1 summarizes the relevant results. The results conditional on p; and py are
very similar, which should be expected. Despite the relatively large number of parameters, which
ranges from 800 to 3200, both the adaptive LASSO estimation error (AD,) and the debiased LASSO
estimation error (ADy) are observed to be small. Also, both AD, and AD,; move towards 0 as T
increases for all (N, h). Overall, the debiased LASSO exhibits superior finite sample performance,
which is consistent with the theoretical expectation that debiasing mitigates the shrinkage bias

inherent in the standard LASSO procedure.

Table 1: Results of Selection and Estimation

Panel A Panel B
s 8, st SLis, ADqjp, ADgyp,
N T i 1 h=1 h=5 h=10 h=1 h=5 h=10 h=1 h=5 h=10
20 300 0.000 1.000 0.000]| 0.019 0.308 0.620 0.465 0.410 0.376 | 0.406 0.395 0.368
400 0.000 1.000 0.000|0.013 0.304 0.619 0.408 0.393 0.373 | 0.342 0.375 0.367
500 0.000 1.000 0.000| 0.009 0.301 0.618 0.364 0.379 0.370 | 0.307 0.356 0.363
30 300 0.000 1.000 0.000]| 0.023 0.216 0.448 0.563 0.453 0.411 | 0.542 0.446 0.410
400 0.000 1.000 0.000 | 0.018 0.214 0.448 0.536 0.445 0.412 | 0.499 0.435 0.410
500 0.000 1.000 0.000 | 0.015 0.213 0.448 0.497 0.437 0.411 | 0.426 0.424 0.409
40 300 0.000 1.000 0.000| 0.024 0.166 0.349 0.591 0.471 0.428 | 0.587 0.468 0.427
400 0.000 1.000 0.000| 0.020 0.165 0.349 0.583 0.467 0.428 | 0.573 0.463 0.427
500 0.000 1.000 0.000| 0.017 0.165 0.349 0.568 0.465 0.428 | 0.546 0.458 0.427

_ SLy, AD, 5 ADy,
55 Sz Sy h=1 h:‘pg h=10 h=1 h:thzlo h=1 h=‘5p2h:10
20 300 0.000 0.932 0.068 | 0.019 0.308 0.620  0.465 0.410 0.376 | 0.406 0.396 0.369
400 0.000 0.978 0.022|0.013 0.304 0.619  0.408 0.393 0.373 | 0.343 0.375 0.367
500 0.000 0.994 0.006 | 0.009 0.301 0.618  0.364 0.379 0.370 | 0.307 0.357 0.363
30 300 0.000 0.966 0.034|0.023 0.216 0.448  0.563 0.453 0.412 | 0.543 0.446 0.410
400 0.000 0.992 0.008 | 0.018 0.214 0.448  0.536 0.445 0.412 | 0.499 0.435 0.410
500 0.000 0.998 0.002|0.015 0.213 0.448  0.497 0.437 0.411 | 0.426 0.424 0.409
40 300 0.000 0.974 0.026 | 0.024 0.166 0.349  0.591 0.471 0.428 | 0.587 0.468 0.427
400 0.000 0.996 0.004 | 0.020 0.165 0.349  0.583 0.467 0.428 | 0.573 0.463 0.427
500 0.000 0.992 0.002|0.017 0.165 0.349  0.568 0.465 0.428 |0.546 0.458 0.427
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4 Empirical Study

In the era of big data, textual sources such as news and policy announcements are increasingly
used in economic research. For example, Baker et al. (2016) develop an economic policy uncertainty
index from newspaper articles and find that higher news-based uncertainty is associated with greater
stock price volatility. Similarly, Bybee et al. (2024) construct 180 news attention indices from
thousands of Wall Street Journal (WSJ) articles and show that attention topics like recession news
have economically large predictive power for future output variables. Their news-attention measures
closely track a wide range of macroeconomic and financial series. In particular, it is shown that shifts
in WSJ coverage of specific themes coincide closely with observed industry-level market volatility.
In this paper, we utilize the proposed high-dimensional local projection framework to revisit the
impact of business news attention on U.S. industry-level stock volatility. Additionally, we explic-
itly include lagged volatilities from all industries as regressors to model cross-sector spillovers. The
spillover of volatility across assets and sectors has long been a focus in finance (e.g., Diebold and
Yilmaz, 2009; Diebold and Yilmaz, 2014). Though the structural VAR models, as a powerful toolkit,
have been widely used in the relevant literature to trace how volatility shocks propagate across mar-
kets or industries, such methods impose rigid assumptions on system dynamics. Our method, on
the other hand, allows for more flexibility in capturing the effect of news shocks and the volatil-
ity spillover effects among industries. Finally, we compute impulse-response functions at different
horizons to trace the short-, medium-, and long-run effects of a news-attention shock on industry
volatility. By deriving these responses, we summarize how news-driven volatility shocks evolve over

time.

4.1 Data and Variables

To construct U.S. industry-level volatility measures, we collect daily industry portfolio returns for
37 industry categories from Kenneth French’s data library.! Monthly industry volatility is computed
as the standard deviation of daily returns within each calendar month, which is a standard approach
in the empirical asset pricing and volatility literature. Details on the industry classifications are
provided in Table 2 and the descriptive statistics for the resulting industry-level volatility series
are reported in Table 3. To assess the time-series properties of the data, we conduct augmented
Dickey—Fuller (ADF) unit root tests. As shown in Table 3, all industry volatility series are found to
be stationary at conventional significance levels.

For the news attention data, we rely on the monthly topic-level attention indices constructed
by Bybee et al. (2024), which cover 180 distinct news topics over the period 1984-2017.* From

this universe, we select 23 topics that are most closely related to economic growth and financial

!The data are available at https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/data_library.
html. We exclude the sector labeled “Other” in the original dataset, as it lacks a clear economic interpretation.
2The data are available at www.structureofnews.com.
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markets. Prior evidence in Bybee et al. (2024) highlights the Recession topic (REC) as particularly
informative for macro-financial dynamics. Accordingly, in our empirical analysis, we progressively
incorporate the recession-related news attention series, followed by the remaining seven topics in
the economic growth category and fifteen topics in the financial market category, into the local
projection framework to examine their effects on industry-level volatilities. A detailed description of
the selected topics is provided in Table 2.

By merging the industry volatility dataset with the news attention indices, we obtain a multi-
variate time-series dataset spanning January 1984 to June 2017 (7" = 402), comprising a total of
60 variables: 37 industry-level volatility series and 23 news topic attention measures. All volatility
series and news attention indices are subsequently standardized to have zero mean and a variance
of one. We consider three local projection specifications that differ in the set of regressors included.

These models are summarized as follows:
o Model 1: 37 industry-level volatility variables and the recession-related news attention index;

o Model 2: 37 industry-level volatility variables and 8 news attention indices related to economic

growth;

o« Model 3: 37 industry-level volatility variables, 8 news attention indices related to economic

growth, and 15 news attention indices related to financial markets.

4.2 Estimation Results

The numerical implementation is the same as that documented in Appendix A.6. In constructing the
asymptotic covariance estimator, we set the threshold parameter to n = 24/hlog N/T. To determine
the optimal lag order in the local projection regressions, we employ the information criterion proposed
in Section 2. As discussed earlier, it is sufficient to consider relatively small forecasting horizons when
selecting the lag length p. Accordingly, we set h = 1,2, 3 and, for each horizon, compute the values of
IC(p) for lag orders up to a maximum of ten. The resulting information criterion values are reported
in Table 4. The results indicate that the criterion favors p = 5 when h = 1, and p = 3 for both h = 2
and h = 3. Based on these findings, we adopt p = 3 as the common lag order in the subsequent
analysis.

The estimated local projection coefficients for different horizons (h = 1,6, 12,24) using Model 1
are reported in Figure 2. In the short run, the recession-attention news index exerts a broadly positive
effect on industry-level return volatility. This result coincides with the expectation that recession-
related news can raise perceived macroeconomic uncertainty in the market, which can in turn increase
the cross-sectional dispersion of firms’ economic activities (e.g., investment) and eventually increases
asset-return volatility. This pattern is consistent with a large literature confirming that positive

contribution of the market uncertainty to the asset return volatility (see Bloom, 2009, for example).
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Table 2: Industry Classification and News Topic Information

Panel A: Industry Classification

Panel B: News Topics

Industry
AG Agriculture, forestry, and fishing REC
MN Mining RHI
OG Oil and Gas Extraction EGR
ST Nonmetallic Minerals Except Fuels FED

CN Construction ESD

FD Food and Kindred Products PPR
TB Tobacco Products OoPT
TX Textile Mill Products MAC
AP Apparel and other Textile Products PO

WD Lumber and Wood Products BYD
FU Furniture and Fixtures SRT

PA Paper and Allied Products SML

PR Printing and Publishing TBY
CH Chemicals and Allied Products INT

PE Petroleum and Coal Products CMP
RB Rubber and Miscellaneous Plastics Products FXM

LE
GL
MT
FM
MC
EL
CA
IN
MF
TS
PH
vV
UT
GB
SM
WT
WS
RT
FI
SV
GV

PAY
BBM
CMD
TRD
VIX

Leather and Leather Products
Stone, Clay and Glass Products
Primary Metal Industries
Fabricated Metal Products
Machinery, Except Electrical
Electrical and Electronic Equipment
Transportation Equipment
Instruments and Related Products
Miscellaneous Manufacturing Industries
Transportation

Telephone and Telegraph Communication
Radio and Television Broadcasting
Electric, Gas, and Water Supply
Sanitary Services

Steam Supply

Irrigation Systems

Wholesale

Retail Stores

Finance, Insurance, and Real Estate
Services

Public Administration

News Topic
Recession

Record High
Economic Growth
Federal Reserve

European Sovereign Debt

Product Prices
Optimism
Macroeconomic Data
IPOs

Bond Yields

Short Sales

Small Caps

Treasury Bonds
International Exchanges
Exchanges Composites
Currencies Metals
Share Payouts

Bear Bull Market
Commodities

Trading Activity
Options VIX

Category
Economic Growth
Economic Growth
Economic Growth
Economic Growth
Economic Growth
Economic Growth
Economic Growth
Economic Growth
Financial Market
Financial Market
Financial Market
Financial Market
Financial Market
Financial Market
Financial Market
Financial Market
Financial Market
Financial Market
Financial Market
Financial Market
Financial Market

Notes: Panel A reports the industry classification and corresponding abbreviations used in the empirical analysis.
Panel B lists news topic indices used in our study and their broad categories according to Bybee et al. (2024)’s
classification. To distinguish between these two categories of variables, we use two-letter codes for industries and
three-letter codes for news-attention indices.
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Table 3: Descriptive Statistics

Industry Mean StD t¢-stats p value Industry Mean StD t-stats p value

AG 1.34 0.64 -2.40 0.016 FM 1.00 0.58 -2.92 0.004
MN 1.81 0.94 -2.52 0.012 MC 1.22 0.72 -2.83 0.005
oG 1.45 0.94 -2.57 0.010 EL 1.27 0.75 -2.66 0.008
ST 1.65 0.70 -2.70 0.007 CA 1.07 0.61 -3.03 0.003
CN 1.37 0.86 -2.66 0.008 IN 0.92 0.49 -3.19 0.002
FD 0.80 0.40 -3.04 0.003 MF 1.11 0.57 -2.71 0.007
TB 1.43 0.71 -2.82 0.005 TS 1.07 0.58 -2.89 0.004
X 1.19 0.71 -2.70 0.007 PH 1.16 0.64 -2.80 0.005
AP 1.19 0.66 -2.70 0.007 TV 1.17 0.70 -3.02 0.003
WD 1.42 0.71 -2.32 0.020 UT 0.74 0.50 -3.61 0.001
FU 1.13 0.68 -2.61 0.009 GB 1.29 0.58 -2.88 0.004
PA 1.16 0.67 -2.91 0.004 SM 1.52 3.81 -7.32 0.001
PR 1.03 0.70 -2.82 0.005 WT 0.15 0.88 -4.37 0.001
CH 1.00 0.53 -3.10 0.003 WS 0.89 0.50 -3.03 0.003
PE 1.24 0.71 -3.00 0.003 RT 0.99 0.55 -2.80 0.005
RB 1.04 0.59 -2.87 0.005 FI 0.92 0.71 -2.69 0.007
LE 1.38 0.64 -2.35 0.018 SV 1.02 0.61 -3.14 0.002
GL 1.25 0.70 -2.62 0.009 GV 2.09 4.34 -7.06 0.001
MT 1.39 0.92 -2.76 0.006

The effect turns weak at medium horizons (e.g., h = 6) and becomes negligible at longer horizons
(e.g., h = 24), indicating that the volatility impulse triggered by recession news is predominantly
transitory. Similar patterns are observed in Figures 3 and 4, which present the estimated coefficients
for Models 2 and 3. This indicates that the positive impact of recession-related news attention on
volatility remains robust to the inclusion of additional news indices. To document cross-industry
heterogeneity more precisely, Table 5 reports the estimated short-run (h = 1) impulse responses and
their standard errors for each industry; several industries exhibit estimates exceeding 0.2, whereas
many others remain indistinguishable from zero. These heterogeneous patterns are economically
plausible: the short-run responses are strongest in cyclical and finance-sensitive sectors (for example,
construction, transportation equipment, and finance sectors), whereas defensive sectors (such as
mining, food or tobacco products) display statistically insignificant responses. Table 5 also presents
the short-run impulse-response estimates from Models 2 and 3. Even after adding attention series
for other news topics that are related to economic growth or financial markets, the recession topic
maintains positive impacts on volatility across most industries, though several estimated effects
decline in magnitude.

To assess the temporal evolution of recession-driven volatility shocks, we compute impulse re-
sponses at horizons spanning one month to two years for each industry. Owing to page constraints,
Figure 5 displays the estimated impulse responses and their 90% confidence intervals for six rep-
resentative industries (AG, OG, ST, CN, MF, and FI). The results confirm positive, statistically
significant short-run effects of recession-related news attention. For example, the value for ST in-

dustry remains significantly positive through horizon h = 4, while the responses for CN and OG
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industries are significantly positive at horizons up to 3. At medium and long horizons, on the
other hand, the effects become statistically insignificant as confidence bands widen. These findings
corroborate those reported in Figure 2.

In addition to analyzing the effects of recession-related news on volatility, Models 2 and 3 allow
us to examine the influence of other economics- and finance-related news topics. As shown in
Figures 3 and 4, these topics exert divisive effects on industry-level volatilities. In particular, the
topic European Sovereign Debt (ESD) exhibits a strong short-run effect in increasing volatility, and
this effect is broadly uniform across industries. This finding is not surprising, as news related
to sovereign debt crises, which is similar to the recession-related news, tends to heighten market
perceptions of macroeconomic and financial uncertainty, thereby amplifying volatility. By contrast,
the Federal Reserve (FED) topic displays a pervasive volatility-reducing effect across industries.
One possible explanation is that Federal Reserve-related news often conveys policy guidance and
information about the future path of monetary policy, which can reduce uncertainty by anchoring
market expectations.

We then turn to examine volatility spillovers across industries. In our estimates, the Finance,
Insurance, and Real Estate (FI) sector emerges as a prominent source of volatility spillovers to other
industries at both short and medium horizons, as shown in Figure 2. This result is consistent with
the broader literature, which finds that financial sectors often act as net transmitters of volatility
due to their central role in credit intermediation and risk sharing (e.g., Diebold and Yilmaz, 2015).
It also extends the existing literature that documents risk spillovers among financial institutions
themselves (e.g., Tobias and Brunnermeier, 2016), and further underscores the pivotal role of the
financial sector in propagating volatility shocks across the entire economic network. By contrast, the
transportation industry appears to exert a restraining effect on volatility spillovers, which indicates
sectors that are more closely tied to final demand and production may absorb volatility rather than
amplify it.

As a robustness check, we replace historical volatility with realized volatility. Specifically, monthly
realized volatility is constructed as the square root of the sum of squared daily returns for each
industry. We then re-estimate the model using the same local projection framework. Due to page
constraints, the corresponding results are reported in Figures 6, 7, and 8 in Appendix A.5. The main
empirical findings remain largely unchanged. Recession-related news attention continues to exert a
positive effect on volatility across most industries, and the presence of volatility spillovers from the

financial sector to other sectors is again confirmed.

5 Conclusion

In this paper, we rigorously analyze the properties of the LP methodology within a HD framework,

with a central focus on achieving robust long-horizon inference. We integrate a general dependence
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Table 4: IC Values for Lag Order Selection

h/p 1 2 3 4 5 6 7 8 9 10
17.085 17.235 17.07v3  16.829 16.772 16914 17.207 17.925 17.986 18.050

2 19.611 19.946 19.793 20.103 20.694 21.180 21.989 20.446 21.711 21.753
24.085 23.431 23.178 23.650 23.689 24.039 24.610 24.461 25.006 24.878

Table 5: Estimated Impulse Responses of Volatilities to Recession Attention

Model 1 Model 2 Model 3

Ind.
AG

IR StD Ind. IR StD Ind. IR StD Ind. IR StD Ind. IR StD Ind. IR StD

MN
oG
ST
CN
FD
TB
TX
AP
WD
FU
PA
PR
CH
PE
RB
LE

0.167 0.081 FM
MC
0.191 0.075 EL
0.224 0.067 CA
0.212 0.072 IN
MF
TS
0.193 0.078 PH
0.164 0.086 TV
0.108 0.072 UT
0.092 0.067 GB
0.089 0.077 SM
0.136 0.063 WT
0.166 0.096 WS
RT
0.162 0.091 FI

FM
0.191 0.101 MC
0.184 0.108 EL
0.211 0.079 CA
IN
0.154 0.084 MF
0.169 0.091 TS
0.173 0.081 PH
0.192 0.079 TV
0.227 0.090 UT
GB
SM

WT 0.115 0.059 WT

WS
0.235 0.070 RT

0.183 0.072 FI

0.188 0.096 FM
MC
0.222 0.088 EL
0.188 0.046 CA
0.188 0.024 IN
0.098 0.104 MF
TS
0.182 0.067 PH
0.132 0.076 TV
0.074 0.065 UT
0.083 0.074 GB
SM

0.174 0.092 WS
RT
0.112 0.089 FI

0.231 0.111 SV 0.173 0.100 SV 0.213 0.125 SV

0.102 0.095 AG
0.198 0.097 MN
oG
0.194 0.043 ST
CN
0.120 0.074 FD
0.150 0.071 TB
0.148 0.065 TX
0.150 0.068 AP
0.216 0.094 WD
FU
PA
PR
0.102 0.074 CH
0.185 0.064 PE
0.167 0.077 RB
LE

0.203 0.104 FM
MC
0.234 0.133 EL
0.217 0.093 CA
0.265 0.055 IN
0.092 0.134 MF
TS
0.189 0.109 PH
vV
0.127 0.109 UT
0.106 0.141 GB
0.123 0.123 SM
0.152 0.106 WT
0.143 0.086 WS
RT
0.128 0.139 FI
0.186 0.165 SV

0.124 0.125
0.195 0.120
0.151 0.119
0.197 0.115

0.143 0.050
0.126 0.115
0.146 0.136
0.224 0.149

0.235 0.141
0.162 0.116
0.149 0.103

GL 0.152 0.075 GV GV 0.126 0.055 GV GL 0.121 0.106 GV
MT 0.162 0.068 MT 0.161 0.061 MT 0.165 0.104

Notes: This table reports estimated impulse responses (IR) of industry-level volatilities to a recession attention
shock, together with their corresponding standard deviations (StD). All reported results correspond to horizon h = 1.
Entries left blank indicate coefficients that are not selected by the LASSO procedure and are therefore statistically
insignificant.

21



{9z 21 9T} > y suozuioy 10j A[pyeredes umoys are sasuodsay ‘a[qrLIRA 10921pald o1} S)SI[ SIX® [RJUOZLIOY 1/ + 7 WOZLIOY J® d[RLIRA juapuadap oY) Jo
asuodsa1 uorposloid [ed0] oY) SMOYS SIXE [BIIMIDA S920N T [9POJA 10J SPUSIDIPA0 ) UO0I}I3[01J [ed0T [eUoISUSWI([-YSIE] PojyewI)sy :g oIndi]

e =14 (p) g1 =1y ()
Pl Pl
m (%) T4Z2_0OmsI1IZ TTVTO OpnoOZ> m %) T4Z_0Oms1IZ TTVO OpO=Z>
0222552052 450m5230L3323R 05327324353 LoenB552052R5:0m52308R232 25525324353
80 [ oV || ov
NIN NIN
90 80- 20
[ | 1S 1S
NO NO
o [ ] | | | mw | | [ | mm
9'0-
XL X1
an an
M| - e o s
dd dd
. HO HO
[ 3d zo- | [ ] 3d
- ad gy
El | | || [ | 1
19 19
0F 1N 0F [ | [ | 1N
oI oI
[ | [ | > = B =l A
20k [ | VO 20 vO
piA piA
SL - - SL
. Hd V0| Hd
Yo ‘ AL AL
[ | 1n | | 1n
d9 [ | d9
[ | NS 90 NS
90 1M [ | [ | 1M
- o - o
4 80 - - - (=]
g0 | AS . AS
AD | | NAD
9=1(q) 1=y (e)
Py Pl
% _ T O mo =Ss0o T4Z_0OmZ1IZ 0O = 4MOpOZ>
) L0025 32052450m5230R8R23R 053535329353 B22nR53L85324520m5250R3R03305323324333
i ov oV
NN 9'0- [N
| - 90 - | | 20
o0 ) = >
| | a4 || [ | - a4

0 F

20

20

||
Il B

z<

=0

Vo[

il |
o
©>

90

(N
[aa]
[O]
<
(<]

80

Bd "1™ ol "l ™
|
'_q

[ B
-
=

22



{$2 21 9T} > y suozuioy 10j A[preredss umoys are sosuodsay -a[qrLIRA 10901pald oY} S)SI] SIX® [RJUOZLIOY 1/ + 7 WOZLIOY] J® d[(RLIRA juapuadap oY) Jo
asuodsa1 uorosloid [ed0] oY) SMOYS SIX® [BIIMDA S910N T [OPOIA 10J SPUSIDIPO0) UO0I}I3[01J [ed0 [eUoISUSWI([-YSI| PojyewI)sy :¢ oInsi]

v =14 (p) 1 =1 (9
S R 0. DS SPOC 4 TE—OmE TZ O B DO TN > 4 TIONOZ S S 0 0 DS SROC 4 TZ—OmEDZ OB TOTINE S 4 TOHOZE
03B500T0<L 218552052 TiTZr N0 Il MEm I oS CoTRBu=2L020 03B50HT0< 218532052 TiTZ oSl MEm T oS CoTXBu2L020
80 | | ov [ | - || ov
N | NI
90 90
Is [ Is
90 ND 9'0- ND
a4 [ - - a4
I a1 daL
[ X1 X1
[ dv . dv
70 amvo- am
N4 N4
m| [ vd vd
i) i)
zo-r ECR) 3d
ad ad
37 = 37
9 1D
o} 1IN of [} 1N
0 o v =1 B 2
cor NI 20r | | Ni
SN BT
SI SI
| Hd | H n Hd
70 AL 0 AL
u mn n
|| a9 | | | | 49
= . R | n =
90 SM 90 SM
- i . | ¥
[ | AS - [ | AS
80 AD AD
9=1(q) T=1(®)
Soummm, T Zoummm, X
3 mo2Me 2200cHT4E_OmETZO-TTO £»4-m0nQ<® > moZm 4] T4Z_0mETZ-TTO QnoZ»
BP0 n 5320350 2SR BRRB RS 337324858 oo et il o e alep R P u i alap RS T SIS
W oy 90 | oV
| - - - ll NI w | NW
90 [ 90 , W |90
= 5 R . -
[ | ad | | ad
- - "
7o - - dv dv
am [ am
- u N4 N4
| [ | vd vd

20

=14

Sl S1

| | Hd Hd

| A y AL

" , a2 . a2

0

| | 1M 1M
SM u SM

90 I I

[ ] (=] (=]
NS NS

23



"po310dal aIe S9OIPUI UOIJUD})R-SMOU 0) A[IJR[OA JO SoSUOdSal o1} AJUO {PIIIWO IR SALIOS AYIJR[OA O} UIYILM SIOAO[[IdS I0] S0RUIISO \mwgwﬁ Hom
{¥zc1'91} o4 w.goN.an. 10] AJoyeredas UMOYS oIk sosu0dsey] o[qerreA 10901paid o1} S)SI[ SIX® [RIUOZLIOY (Y + 7 UOZLIOY Je d[(RLIRA JUIPUD .@@ QMW w
asuodsai1 uorjosfoid EQ.S 91} SMOTS SIX® [BII}IOA S0\ € [OPOIA 10J SIUSIOIJO0)) UO0I}03[01J €20 [euoisuaw([-YSI] payewiIsy : oInsI

e1 =1 (9)
ve =1y (p)
2 2335930 a827 12822253292 35330A82R
4 O ® g 7 - 4 0 un 3 = L < 3 3 = 33 353027
% 3 m 2 z m M = REZ 533 3388 %28 X © 0 2 x 2 71T 5 < F 3 = ov
X O ov o
NI g-0- 3
90 e
[ ) No
90- A=, %
al gl
X1 XL
am g
vo- am ., g
vd vd
- i) Ho
zo mw_mo. mh_m
37 el
hs) 19
1IN o i
or 8] W
O ol
3 3
N Nl
zot N )
SI SL
Hd 4o He
A Lo1n
70 & in
= o e e
1MW 90 im
SM sy
90 it i
A 0 AD
AD
9="1(q) T=1(e) _ o
Q2 13 Q2 _ 40 0@ = o T mm z B
0O w n o 4 9 0w ® =S5 o3 mmom 4 D <3 2w QX = zZ @ X 528 230 T 0omeF
2 % Z 5 g8 % 8 = < <~ 3 000 33 0 0xx o
S85222522:=33 8 33 O 1 I O X 0 O < 235
XGGWAWdLAWlGOOLa,G oy w_«,_
. NI i
ro- . 2 i
| e | ad
- a1 o
- - v - - o
- — B i [ | am
' [ N4 04
zo- 0 0
- B - - 5
T0-
i - 3d ad
To | ad E:
37 o [ | . Ell
- || W o . o
| o | o
A 3
- ) - . N
| - = a
SI SL
AT AL
“l - in ¢o | &
|| w2 | NS
NS e
€0 i o
M= s
0 AS | S
’ AD

24



AG oG
1 T T T 1 T T T
i 2 osl
l 2 W
Q. Q
7] 7]
Q Q
hd @ of {
3 W 3
2’ 2
£ £-05f
051 I I I 1 I I I I
5 10 15 20 5 10 15 20
Horizon Horizon
(a) AG (b) OG
ST CN
1F T T T 1 T T T
[ i
2 05t 2 051 4
o o
Q Q
7] 7]
Q Q
e W g , W
[ i)
K Q9
E E
E-051 £-057 4
1 " " " . 1 . . . .
5 10 15 20 5 10 15 20
Horizon Horizon
(c) ST (d) CN
MF Fl
1F T T T 15 T T T T
Q Q
2 o5f 2 1r J
o o
Q. Q
AV NVIAVAVAV SN ¢
X or ¥ 05f
[} i
2 2 /\,\/\/\—/\m
3 =3
Q Q
E-05¢1 £ 0Ff |
1 s s s s -05E s s s s
5 10 15 20 5 10 15 20
Horizon Horizon
(e) MF (f) FI

Figure 5: Estimated Impulse Responses of Industry Volatilities to Recession News At-
tention. Notes: The solid black line represents the estimated impulse response of volatility to the
recession-related news attention index, while the light blue shaded area denotes the associated 90%
confidence intervals.
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structure into h-step ahead forecasting models via a flexible specification of the residual terms.
Additionally, we study the corresponding HD covariance matrix estimation, explicitly addressing the
complexity arising from the long-horizon setting. Extensive Monte Carlo simulations are conducted
to substantiate the derived theoretical findings.

In the empirical study, we utilize the proposed HD LP framework to revisit the impact of business
news attention on U.S. industry-level stock volatility. Though the structural VAR models, as a
powerful toolkit, have been widely used in the relevant literature (e.g., Diebold and Yilmaz, 2009;
Diebold and Yilmaz, 2014) to trace how volatility shocks propagate across markets or industries,
such methods impose rigid assumptions on system dynamics. Our method, on the other hand, allows
for more flexibility in capturing the effect of news shocks and the volatility spillover effects among
industries. Finally, we compute impulse-response functions at different horizons, and summarize

how news-driven volatility shocks evolve over time.
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Appendix A Additional Results and Information

Appendix A.1 provides a corollary to state the asymptotic distribution for the case with N being fixed.
In Appendix A.2, we briefly answer that how far we can go in approximating (2.2) without knowing the
underlying DGP. In Appendix A.3, we explain how our study is connected with some of the existing
literature. We justify Example 2 in Appendix A.4, provide additional empirical results in Appendix A.5,

and document the detailed numerical implementation in Appendix A.6.

A.1 Finite-Dimensional Setting

In this appendix, we establish an asymptotic theory for the bias—corrected estimator ap. under a finite-
dimensional (fixed V) setting. In this case, the optimization problem in (2.12) reduces to a classical LASSO
estimation problem with a fixed number of parameters. Consequently, the restricted eigenvalue condition
imposed in Assumption 3, which is essential in high-dimensional settings, is no longer required. Instead,
standard regularity conditions that ensure the positive definiteness of the population covariance matrix Xg
are sufficient to establish the asymptotic normality of ay..

Moreover, in the finite-dimensional framework, the estimation of the asymptotic covariance matrix does
not require the thresholding step introduced in (1.1). Considering all together, these simplifications allow

us to derive an asymptotic normality for aj. as a counterpart of the high—dimensional result in Theorem 5.
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Corollary 1. Let Assumptions 1, 2, and 4 hold. In addition, suppose that Amin(XB) > 0 and (d% +

ui+2/J)T_1/2 — 0. Then,
VT (Q.0,0.) /2 vec(ape — A) -2 N(0, 1),

where I and O denote conformable identity matrix and zero vector, respectively.

Since this corollary follows directly from Theorem 5 under the finite-dimensional specialization, its proof

is omitted.

A.2 Approximation of HDMA (o0)

In this section, we seek to answer that how far we can go in approximating (2.2) without knowing the
underlying DGP such as (2.10).

As in Ding and Zhou (2023), one may adopt an autoregressive (AR) model to approximate (2.2).
Without loss of generality, we examine the suitability of AR(1) model, i.e., finding {X;} which are close to

{x:} in some sense. Specifically, we consider

Xy = AXy_1 + &4, (A1)

where g; is the same as that defined in (2.2), and A is an N x N matrix.
Therefore, the question becomes whether there exists an A such that the difference between {x;} and
{%¢} can be relatively small. We answer this question in the following proposition. Firstly, we introduce an

additional assumption.
Assumption Al. Suppose that
1. limsupy Y7204 - ||Bell2 < oo,
2. liminfy Apin(BBT) > 0, where B = Y222, By.

This fundamental assumption helps us establish some basic results such as the HD BN decomposition

in Lemma B4, which might be used elsewhere.

Proposition Al. Suppose Assumptions 1 and A1 hold. There exists a matriz A satisfying that
1. limsupy [|Al]2 < 1,
2. liminfy Apin[(I — A)(I — A)T] >0,

such that maxery |30 (x5 — %) |l2 = OP(\/N)-

The condition lim supy ||Alj2 < 1 is consistent with Assumption A.1.vi of Miao et al. (2023). We provide

some remarks below.

Remark:

(a). As shown in the proof, we have

B=I-A)! or A=1-B7% (A.2)
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In view of (A.2), if the true DGP of {x;} is indeed a HD VAR(1) process such as

Xy = axX¢—1 + €y,

we can further obtain that

-1

A:I—B_I:I—<§:a€> :I—<(I—a)_1>_1:a, (A.3)
/=1

which is exactly what we are hoping for when the model is correctly specified. It is worth mentioning that
n (A.3), it is possible to allow for A = a = Oy.
(b). For the case with N being fixed, Proposition (A1) yields

o 1
ﬂgaﬁuz %), =0r (7).

It then infers that, for the typical fixed dimensional data, one does not need to worry about model misspec-
ification too much.

(¢). For the high dimensional case without knowing the DGP of (2.2), the rate given in Proposition A1
may not be further reduced without additional information. Moreover, the non-negligible bias will generate

more accumulated errors when one tries to implement regression with {x;} practically.

A.3 Connection with the Existing Literature

To close our theoretical investigation, we discuss how our study connects with the existing literature. It is
recognized in the LP literature that under certain conditions the HAC estimator of the covariance matrix
can suffer from small-sample bias (Herbst and Johannsen, 2024; Xu, 2023), and may even perform worse
than the simpler Eicker-Huber-White estimator, which ignores autocorrelation in the errors. To understand

this issue, we rewrite the LP regression as follows:

Xirh = Aixe + -+ ApXy—pi1 + gy

= (x; @ In)vec(Ay) + (X' @ Iy) vec(A*) +uyp, (A.4)

where A* == (Ag,...,A,) and X} T} = (x4, - ,X{_,+1) . Since we are primarily interested in inference
for vec(A1), standard multivariate regression theory implies that the relevant covariance is obtained by
projecting out Xy | from x4: €f = x; — E[x¢|X}_ ;] =&, + Apx;—p. Eventually, it requires estimation of the
following covariance matrix:

1 T—h

Q= T > E[(ﬁf ® IN)ut,hug,h(szT ® IN)] . (A.5)
[tk <h

Notably, if the second term in €; were absent, we would obtain

1 T—h
Ql = —-— Z E[(Et & IN)utﬁu;Ih(S;— &® IN)]

T=h ) S
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= E{(Sl X IN)uLhth(EI &® IN)} , (A6)

which implies that no autocorrelation adjustment would be required for estimating €.
To address this issue in practice, the lag-augmented LP regression proposed by Montiel Olea and

Plagborg-Mgller (2021) is often employed. In this specification, we include one additional lag:

Xeph = ArXe -+ ApXypi1 + AppiXep + U

= (x; ®Iy)vec(Ay) + (X, @ Iy)vec(A*) +uyp, (A.7)

where A* := (Ag,...,A,+1). Then the inference of vec(A;) only requires the estimation of (A.6) in
which the autocorrelation is not involved. While this approach works reasonably well for low dimensional
models, in the HD setting, such a strategy may fail. Loosely speaking, adding one additional lag term
will automatically include N? unknown parameters in the regression, as a result it may lead to significant

efficiency loss. Not to mention additional restrictions need to be imposed in this scenario.

A.4 Justification of Example 2

Justification of Example 2.

Similar to Example 1, we have

Xpsn = AKXy + Uy, (A.8)

where Uy j, = AM1€, 0+ + A& + &
Note that S, satisfies S;Sp = diag{Iy,0n(y—1)} and SpSI—,r =Iy. Using S, and (A.8), we write further

Xprn = SpAlX, + Sy (AL 1€+ + Ap€iinot + Ei4n)
= SPAZXt + SP(AZ_ls;SPEH'l ot APS;Sp8t+h_1 + S;—SpetJrh)
= S,ANX, + S, (A} 'S e+ + AyS Erin1 + S, Erpn)
= SpAZXt + W p,

where uy j, := ar

p_18t+1 +- -+ apEi4n—1+E1+n and éf; = SpAf)S; . Then the statements provided in Example

2 become obvious. O

A.5 Additional Empirical Results

In this appendix, we report robustness checks for the empirical results. Specifically, we replace historical
volatility with realized volatility. The re-estimated local projection coeflicients for Models 1, 2, and 3 are

presented in Figures 6, 7, and 8, respectively.

A.6 Numerical Algorithm

Before providing the numerical algorithm, we firstly simplify the node-wise LASSO numerically for the LP

approach in the HD environment.
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Firstly, we introduce the following notations to facilitate the development. For ¥b; which is a (N?p—1)x1
vector, let b; be defined by placing a 1 in the it position and filling the remaining N2p — 1 entries with the
elements of —b; in their natural order.

We can then rewrite the objective function of (2.19) as follows:

T SNz —ZT, i3 + 29l billx
=1

1 T—h
=7 Z I(X] ®In)by|l3 + 29l billx
= = . ) )
=7 Z X, b*Hz+ Z (X @In_1) b3+ 2%([b; [l + b [I1), (A.9)

where ‘f);-k is Np x 1, and it includes the 1 and the elements of b; corresponding to the non-zero elements of
the i*" row of (X] ® Iy), and b includes the rest elements of b;. Note that the interaction term of X, b}
and (X @1 N,l)TlN)i+ is 0 due to the structure of Kronecker product, so it automatically disappears from
the second equality of (A.9).

Note that

= > (X @ Inv-1) B (I3 + 23l |1u (A.10)

reaches the minimum (i.e., 0) at Bj = 0 due to the quadratic form. Therefore, minimizing (A.9) is equivalent
to minimizing
1 T—h
T2 ~ Tk
T 1X¢ b7 |2 + 2%b |1 (A.11)
t=1
with respect to Bf only.
We can now conclude that the node-wise LASSO only needs to be implemented Np times before con-

structing (2.20) accordingly.

Algorithm We perform the numerical implementation using the lasso function® in MATLAB. For further
technical details regarding the (adaptive) LASSO algorithm, we refer interested readers to Mcllhagga (2016).
Based on the results in Section 2, we set J = 5 and v =< h'/%(log(N)/T)"/2. Following the discussion of
Theorem 3, we restrict our analysis to h = 1,2 to minimize the constraints involved in selecting the optimal
lag order; for simplicity, we then let ¢ < (log(N)/T)'/2.

That said, the detailed algorithm is as follows:

Step 1 Select the optimal lag using (2.14) and (2.12) by letting A be a small integer such as h =1 or 2.
Step 2 With p in hand, implement (2.12) and (2.13), and identify the positions of 0’s.

Step 3 Conduct the node-wise LASSO estimation using (2.19) and (2.20), and set those positions iden-
tified in Step 2 to 0’s.

3https://www.mathworks.com/help/stats/lasso.html
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Appendix B Proofs

The following notations will be used throughout the proofs.
Firstly, recall that we have defined Z; := X; ® Iy, ¥B, ¢ and ¢, in the main text.

Secondly, let By = vec(A), and let By include the elements of By corresponding to the non-zero

ﬁh

elements of vec(S,/), wherein the element of B¢ . is denoted as (g o ¢. Similarly, let B 6= vec(§¢), and

let ,Bmz{ include the elements of ,Bd) corresponding to the non-zero elements of vec(S,).

In the same fashion, we define B(;&,JJ? ﬁO&;, b, 0.7, Ly, and Zj, Let ¢ i, ¢y B(M, and B¢,mg be
the ¢t" elements of @y, o, B¢, and Bqﬁ,pf respectively. Finally, let g, = sgn(Bo ) © @z, Xz = LB @ Iy,

and let ¥z ., be the covariance matrix associated with Z ;.

B.1 Proofs of the Main Results

Proof of Proposition Al.

Firstly, it is easy to see that (A.1) also admits a HDMA (co0) representation:
Xt = Z Ae&'t,g. (Bl)
=0
Secondly, we note that
L L
(ZM) I-A)=T-A)) Al =T- A"
=0 £=0
Provided the conditions [|A |2 < 1 and Apin(I — A) > 0, we can write further
L
Al —(1-A)'1-A) - <Z A‘) (I—A)
£=0

= [(I —A) - (gﬁﬂ I-A).

Thus, as L — oo,

= [|AR 2 < Ay = 0.
2

||(I —A)t - XL:A"

£=0

We are not ready to proceed. Note that by Lemma B4,

t t
Z(xs —%5)=(B—-A) Zss —B(L)e: + B(L)eg + A(L)er — A(L)ey,
s=1 s=1
where A = >.2°, A% and B = Y.2°, B,. Note further that for every B, we can find a A so that B = (I-A)~L.
In other words, A = I — B~!. Therefore, we can now write
o
> A

{=L+1

+

L
IB— Al — Ha—A)-l YA
(=0 2

2

{=L+1

<o) (\|AH§+1+ i HM%)
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— O()|A[F = 0.

We then investigate

N 1/2
max |B(L)esl2 < [B(L)]2 - g%l!st!b < IB(L)]]2- (max 6%) :
Let z; = s — 1. Using Lemma B3, we obtain that

te[T) €[T]
Pr (?el[aﬁ >e) <ZPr( ZZ” >6>

< 2T exp(—¢?/4) = 2T exp(log(1/T°))

Z zit

i= 1E[Z i= 1E[

= 2T/T° — 0.

where the first equality follows from letting €2/4 = log(T°) (i.e., € = \/4clog(T)) with ¢ > 1. In connection
with the fact that "% | F[22] < N, we conclude that

o= N1
grelaﬁzzze Op(y/Nlog(T)).

Thus, max;¢ry IB(L)es|l2 < Op(1)V/N||B(L)||2-. Consequently, in connection with Lemma B4, we conclude
that

max [B(L)e; - B(L)eo ~ A(L)e: + A(L)eoll2 = Op(VN)

In what follows, we just need to focus on (B — A)Y%_; &,. Simple algebra shows that

(B — AZES

< HB AHQ maxZ!Ezt\
2

max
te[T]

= O(l)||A||§Jrl -V N max E leit]
1E€[N] -
= OP( \ N)7

where the last line follows from the fact that || A2 shrinks to 0 exponentially.

Putting the above results together, the proof is completed. ]

Proof of Proposition 1.

By (2.10), we now have

IR(h, j) = E[Xt4n | Et\j(l)vst—la o] = Elxen | 5t\j(0)75t—1a o]

= Al(E[Xt | 5t\j(1)75t—1a .. ] — E[Xt | 5t|j(0)75t—17 .. ])
Since By = I, we obtain that
R(h,j) = Ay, (B.2)
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where A1 = (A171, . ’Al,N)-
According to (2.4) and (B.2), we conclude A; ; = By, ;. The proof is completed. O

Proof of Theorem 1.

Without loss of generality, we consider ZtT:_lh u; pxj¢ only for example. Before proceeding, we define a few
notations which will be repeatedly used throughout the proof. Let {A1,..., Ar} be a positive sequence such
that S22, A\; < 1, where the first & — 1 periods are discarded in the summation for some obvious reason
in view of the following development. We note that ¢, with ¢ being fixed positive integer always stands for
positive constant, and may vary at each appearance.

By DGP, we write

0
Uit R jt = e;—g(eHh, . 75t+1) Z,szet,g = U(t, h),
=0

where we have suppressed (i, 7) when defining U(t, k) for notational simplicity. Let further

U(t, h,m) = E[U(t7 h) ’ &O}\Prh,ﬂrh*m]?

where % 3 = o(€t,€4-1,...,€5) for t > s. By the definition, U(t, h,m) and U(s, h,m) are independent of
each other as long as |t — s| > m.

For t € [T — h|, we decompose U (t, h) as follows:

T
U(t,h) =U(t,h) = U(t,h,T) + Y _[U(t,h,m) — U(t,h,m — 1)] + U(t, h,0),
m=1

wherein, for m < h,

oo
U(t,h,m) = E[e] g(€rsn- - €141) D Bl j€t—t | Frvntsn-m) =0,
=0

and for m > h,
||U(ta h, m) - U(ta h,m — 1)”]

= He-Tg(EHh, &) B €t s

( )H:Bm h,jst m—h)”J

1
D Z(bm—h,jm,t_(m_h))Q} 2|,
=1

<o
[N

N
DS (Elbm—nji€is—m-n)”) 7}
=1

= O()||Bm—njll2, (B.3)

where the first inequality follows from Assumption 2.1, the second inequality follows from Burkholder’s
inequality, the third inequality follows from Minkowski inequality, and the last line follows from the existence
of Elei;|” as mentioned in Assumption 1. It is noteworthy that the right hand side of (B.3) is independent
of t.
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Based on the above setting, for S(¢) = S_!_, u;s n7js with t € [T — h], we can write

t t T
S(t) = Z[U(Sv h) - U(Sa h7T>] + Z Z [U(Sv h7m) - U(S7 h,m — 1)]
s=1 s=1m=h

T
B4 > Sam(t) = Si(t) + Sa(t).
m=h

Again, for notational simplicity, we have suppressed (i, 7, h) in S(t), Si(t), and S2(t). In what follows, we
consider the following probability:

Pr( max |S(¢)] > 46) <Pr( max |Si(t)| >6) +Pr( max |Sy(t)| > 34).

te[T—h] te[T—h] te|T—h]

Firstly, we consider Sa(t). To proceed, we let b= |L | + 1, and for [ € [b] let

ImAT

V| = Z [U(s,h,m)—U(s,h,m —1)].
s=14+(1-1)m
By the construction, we obtain that
ImAT oy L
lmalls <OMI{ > [U(s,hym) = Uls, hym = 1)P12 ]
s=14+(-1)m

ImNAT 9 1

< O(1){ Z (E’|U(s,h,m)—U(s,h,m—1)|‘])7}5
s=14+(-1)m
O(Vm|Bm—n,jl2), (B.4)

where the first inequality follows from Burkholder’s inequality, the second inequality follows from Minkowski
inequality, and the third inequality follows from (B.3).

We then denote that
- (- L1 (-1

‘/l,s,m = Z Um,l and V2,s,m = Z 9

VUm,l,

where Vi ¢, and V3 4, include odd and even indexed terms respectively. Additionally, note that

[t/m] t
SQm Z le+ Z [U(S’ham) _U(Sahvm_]-)]7
s=[t/m]m+1
where
t t—|t/m]m
Z [U(S7 h, m) - U(87 h,m — 1)] =D Z [U(Sa h, m) - U(Sv h,m — 1)]
s=[t/m]m+1 s=1

Thus, we further write

Pr< max |Sa(t)| > 35)

te[T—h]

T
< Z Pr< max |San,(t)] > 3)\m5>

—h te[T—h|
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T
< Z [Pr (max|V15m| >\ 5) + Pr (Ii?gf|%sm| > )\m6>

m—h s€b]
t
+Pr (1%.‘2};1 g s,h,m) —U(s,h,m —1)]| > )\m5> } (B.5)

We then study the terms on the right hand side of (B.5) one by one. Since v, v3,... are independent,

we invoke Nagaev inequality of Lemma B1 and obtain that

Pr (max\Vlsm\ > A 5)

SE

p 121 1 Wil —|—2exp< —c2(Amb)? )
B (Am)” St vmall3

b2 (|B ;4 —co(Amd)?
<eg——————+2exp| ————
()’ b Bmn |2

J

Tms = B ;11 —co(Am6)?

=c ’ +2exp | =—35 | »
w0 PA T8 12

where the second inequality follows from (B.4). Similarly, we obtain that

J
TmTlHﬂmfh 13 —c2(Amd)?
Pr [ max|Va sm| > Am 5) T2y 2exp | s )
(se ()\m(s)J T”ﬁm—hd”%

In order to study the third term on the right hand side of (B.5), we note that

(U(T = h—t,hym) = U(T — b —t,hym — 1)}

are martingale differences with respect to Fy .= o(€r—_¢t—m,Er—t—m+1, - - -), thus,

{ .

a positive submartingale with respect to J;. Thus, by Doob L, maximal inequality, we write

Et:[U(T—h—s,h,m)—U(T—h—s,h,m—l)]
s=0

t I
E lrgl%ag)in Z[U(s, h,m) —U(s,h,m — 1)]
- S;L 7
=F X E[U(s, h,m) —U(s,h,m — 1)]
g( / )JEﬁiU@hmw—U@ﬁmm—mJ
J -1 s=1
< O(M)m?2||Bm-nlla, (B.6)

where the last step follows from (B.4). Thus,

Z[U(s, h,m) —U(s,h,m — 1)]

s=1

J
J nJ
zmggqmwﬁﬁm.

Pr| max
1<t<m

Up to this point, we have investigated all the terms on the right hand side of (B.5). In order to put
everything together, we let A\, = pip /10 in which 1 = Y00t and p, = (méleﬂm_hJ g)%ﬂ, and write

further
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Pr( max _|Sa(t)| > 35)

te[T h]
J
“HBum—njlld ( —ca(Am6)? )
<cl— + 4 ex _—
57 Z AL Z T Br—n,; I3

2
J+1 _CQ(Mmé)
—61 + E 4dex oo 192 |
(TNQHﬁm—h,jH%

where the last step follows from the direct calculation. It is noteworthy that we have suppressed the index

h in i for notational simplicity.

We now consider Si(t), and write

H max | Sq(¢

s \HJ max

te[T—h|

T—h o0
Z Z ez—'rus,h,Bstsff

s=1 {=T—h+1

t 00
Z Z eTus,h,BZjes—f

s=1¢=T—h+1

J

J

[e.9]

Z e;rus,h,BZjesff

{=T—h+1

<OUWT—h > 1Bl el

{=T—h+1

<OAWT —h > |Bejla

{=T—h+1

<OWT —h

J

where the first inequality follows from a development similar to (B.6), the second inequality follows from

a development similar to (B.4), and the last line follows from the development of (B.3). Additionally, we

> J 00 J+1
( Z Hﬂ&j“z) S( Z ”ﬂ,]HJ/JH)>

{=T—h+1 {=T—h+1

J+1
- Z Chs h)(J/2 1)/(J+1)||IB ||J/(J+1)
iy (0 R) U270/ tj

J+1
1

note that

{=T—h+1

J+1
(T+1 )72 ( 2 W) ’ (B7)

(=T+1

where the first inequality follows from the norm monotonicity. Thus, we write

J+1
Pr<nmx|&(M25>gcf” P S [1Begl2)” T(:X:“J ,

J
te[T—h) 1) =Tl

where the second inequality follows from (B.7).

Based on the development for Si(t) and Sa(t), we can conclude that

Pr( max [S(0)>6) < eiopi/* + i dexp _—ca(pmd)*
el ) m=h T2 Bm-n,jl3
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Letting 6 = vTr't/7¢ with ¢ > 0 yields that

- J-2 2
(n0)? _ (pVTRIO? 2 mT o 1 2B 12
TE?|Bm-nils — TEBm-n;l3 = T2
H:Bm—h,] |2 Mm
Thus,
d _CQ(IUJ > 1_2
m =
exXp | =—=1>—"—3 2m J)
2, (Tu 7B h,]u?) 2 e

e exp(—¢PmiTT) exp(¢?)
exp(¢?)
2 oxp(—m!'~7) exp(1)
exp(¢?)
= cexp(—¢*(?),

where ¢ and ¢* are two constants, and the second inequality follows from the fact that, for any s > 0

sup Z exp(— ) exp(¢ Z exp(—m?) exp(1),
10

which can be easily verified by showing that > >°_; exp(

$¢2)exp(¢?) is monotonically decreasing on
¢ € [1,00). Finally, in view of the fact that ¢ = 6/(v/T**"/7), we obtain that

P >0 < T g+ + c30*
r max C C9o €X —7
te[T—h) 157 Hn 26xp TM2+2/J g

I 1
where yuy, := max i j and pip,j = 3iZ[(¢ + h)2 HIBe 11317+

t

Ujs,hTj,s—
2 tisii

Note further that

[M]8

J_ 1
[(¢+h)27HBeyllz] 7+

~
o

M=

[+ )2 MBI 7T + S0 [(0+R)2 Y Beyllg]) 7

{=h+1

~
Il
=)

h2(J+1) Z Hﬂ&]

7+ Z (2057|1417

{=h+1

1)K Z 51 Bey 1) T

J—2

= O(hZ7+1),

where the last line follows from Lemma B5. We conclude that j;, = O(h%’jrl) ). The proof is now completed.

O
Proof of Theorem 2.
(1). Firstly, by Theorem 1, Lemma B6 and the condition % of Assumption 3, the following results
hold with probability approaching 1:
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1 —~ T g
Z ut,h(Xt ®Iy) < -,
H T-hiH o 4
1 & 1-1/J
2 —_ —
t= max

1+1/J
log(N
where v = %7\ﬁog().

Let Q(a) = Qo(a) + 7| vec(a)||1. Since Q(a) < Q(A) by (2.13), we obtain that

T—h
e 2 IIxeen — (X @ Inv) vee(a)ll3 + v vee(a)lr

1 b N 3
< 2 ke — (X[ @ In) vee(A)|3 + 4 vee(A)
t=1

L A (B.9)

=—— > |wnll5 + 7] vec(A)]1.
T —h P

Due to the first inequality of (B.8),

1 & .
T—h ZuthX @ Iy)vec(A —a)
t=1
1 ey T (xT A2 gl A2
<77 | 2 waX @In)|| - [lvec(A —a)]l < I vec(A — &)y,
t=1 oo

o (B.9) reduces to

L Th o
T Z (X ©In) vee(A = &)|3 + 7| vec(a@)|s
guvecm &)1+ vee(A)]. (B.10)
Note that
[ vec(A — &)1 + | vec(A)|li — [ vec(a) s
= || vec(Sw o (A —&))[l1 + || vec(Se 0 A)[li — || vec(S.y 0 @)y
< 2||vee(Sy o (A — &)1,
so we can rewrite (B.10) as
T A y o
T Z (X @ In)vec(A —a)|3+ §H vec(A —a)|;
< ([ vec(A — &)1 + || vec(A)[l — || vec(@)[h)
(B.11)

< 29| vee(Syy o (A — &),
which further yields that
| T=h o 5 o
= 2 (X @ Iy) vee(A - &)|5 + Sllvec(S7 0 (A —a))lh

T'—h{=
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< ;'vaec(Sdo(A—é))Hl. (B.12)

We now focus on - >7° X @ 1y) vec(A —a)|j3 of (B.12). For Va € A(S,,), Assumption 3 yields
that

[vec(@)|l1 = || vec(Se 0 @)l[1 + || vee(S ;7 0 a)lly

< 4| vec(Sy oa)|1 < 4vdyl| vec(Sy oa)ls. (B.13)

Thus, with probability approaching 1,

L Tk L
T > (X, ®1Iy)vec(A —a)|3
=1

> vec(A —a)" (B @ Iy) vec(A — &)

‘ 1 T-h -
7> XiX/ —Zp
T—h =

> vec(A — é)T(EB @ Iy)vec(A —a)

|| vec(A — a)|§

max

1

—4d ’ —_— Z XX, — || vec(A — a)|)3

max

> —vec(A —a)" (B @ Iy)vec(A — a),

1
2
where the second inequality follows from (B.13), and the third inequality follows from the second inequality

of (B.8) and dﬂdgvlji — 0.

Thus, by Assumption 3,
]. ~ 2 2 3 ~ Q
ol vec(A —a)ll; < *’YH vec(Sy o (A —a))l
57\/ |l vec(S.y o (A —a))2

3 :
57\/ || vec(A —a)|a (B.14)

where the first inequality follows from (B.12). We can conclude that with probability approaching 1,

- 3vv/d,
[ vec(A — &), < 2L
(6%
Additionally, we can obtain that
~ ~ 12~d
| vee(A = &)1 < 4v/dy || vee(S.y o (A = &) 2 < —1=

with probability approaching 1, where the first inequality follows from (B.13), and the second inequality
follows from || vec(A — a)||p < 31¥%e Vad“’. The proof of Theorem 2.(1) is now completed.

(2). Firstly, we emphasize that (2.12) and (2.13) share the exactly same v. We are now ready to prove
that

sgn(ay) = sgn(A) (e, sgn(B,) = sgn(Bo)) (B.15)
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with probability approaching one. Due to the property of convex optimization, §1¢ is a solution of (2.13) if

and only if there exits a subgradient

gec {z e RN | 20 = sgn(By.)be for sgn(Bye) # 0, and |z < ¢y elsewhere, for £ € [NQp]}

such that

| T=h -
T Z Zixiip + 5 g
=1

1 T—h R
=77 > LZ By
=1

Note that sgn(,3¢) = sgn(Bo) holds if and only if the following Karush-Kuhn-Tucker conditions hold:

(I Y v,
0= ~— tz::l Zy1Zoy (B, — Bor) — T 7 ; Zosth+ 5 8o (B.16)
(I 1w gl
0= T_h ; Zﬁf,tzﬂi,t(ﬁqﬁ,d —Bo,w) — T_h ; Zﬂjtut,h + 5 8.7 (B.17)
and
sg0(B0,0.0) (Bt — Bor ) > —|Bosral, forl € [dy), (B.18)

where g, and g_; contain respectively the elements of g that are associated with the non-zero and zero
elements of Bg.

We now investigate ﬁ Z?;lh Z d,tZZ{,t- By standard eigenvalue perturbation bounds,

1 T—h 1 T—h
>\m1n Z Z;z{t gt | T >\min (EZ,%) <llm=— Z Z.Q/ tzdt - 2Z o
T — ht . T— ] )
dﬂH Zzﬂtzp/t_EZ;y
- max

< dydjpy ' 1“%

141/
where the last inequality follows from the second result in (B.8) and v =< “h—log(N) Under the condition

dgy d2 Y i‘}g» — 0 of Assumption 3, we establish the invertibility of T =5 Zt ZQ{ tZ 1 Therefore, we can
write

-1 -1

1 T—h
N
<T—h ; Z&Vﬂfzd,t>

o)

2

o0
< v d”
e (e S 2oy 20
2
< 2o (B.19)
Q@
where « is defined in Assumption 3 already.
From (B.16), we obtain the following expression for B(p’ﬂ — Bo,w:
. | T=h . -1 | T=h o
- == Z. 7 — Z ——g . B.20
,3¢,ﬂ Bo,r (T — ; ot M,t) (T— h ; o tUth B gp{) ( )
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In light of (B.18), to establish both (B.16) and (B.18), it suffices to verify that

-1 | T=h 5
Z YRY/ ,,(z{t) <T—h > Zyguy, — 5 ggf)
=1

< min |8y |-
L€(d o]
o0

Using (B.19) together with the first bound in (B.8), we obtain

-1

< | T-h . | T-h y
—_— Z Zm,tzgf,t> ( Z Zyap — = gﬂ)
T—h = T—h = 2

T—h -1 T—h -
! Z.yiZ), ! Yz ¢
<[ =— N | p—— L m
= T—_h ; bt T—h 2 ,ef,tut,h 2 e [3X ol
Vg
< 1+2 . B.21
<5, +2 max $o¢ (B.21)
Therefore, (B.16) and (B.18) can be satisfied provided
: Vdagy
142
i |Bo,er,el > =5 +2 max, bart |
1+1/J o
which is stated in the body of this lemma by noting that v =< Mi\/flog(m.
We now turn to (B.17), and let d ; == ||S,/||*. Combining (B.17) and (B.20), it suffices to show that for
any /¢ € [d_/]
. | T=h . | T=h . -1 | T=h 5
5 Pae 2 (T—h ; Z,d_,t,ézd,t> (T—h ; Z%,tzﬂ,t> (T—h ; Zogaeh = 5 gﬂ)

1 T=h
T > L0, (B.22)
T—hi= ="
where Z 7, , is the 0t row of Zy, .
For the first term on the right-hand side of (B.22), by (B.21) and (B.8),
( ) < | T-h -1 | T-h 5
Z deiliy > ZyyZ ;m) (sz,tut,h_gd>
cels] T—h & T—h & 2
T—h
<dy max |=—— Y ZyZ]
teld ]| T —h &= AN N
| T=h -1 5
: (Th Z Zd,tzzf,t> T_1h Z Zygugp — 5&%
=1 9 t=1 00
dory 2oV
S 5 (HEBHmaX dgy, ’Y) L+ 2€§3§] Dar b
dey 7)
< -] 11+2 B.23
< ( 20 B lmax 7 ) | 142 max dore | (B.23)

where the first inequality follows from sequentially applying the submultiplicativity of operator norms

IIAB]|2 < ||Al|2]|B]|2 and the fact ||A]|2 < /nrows(A)||Al|c, Wwhere nrows(-) computes the number of rows for

1-1/J

a matrix. The third inequality holds by the condition dﬂdﬂ,uh v< 3.
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It follows from (B.8) that the second term on the right-hand side of (B.22) is bounded by 7. Com-
bining this bound with (B.23) yields the desired result in (B.22), provided that (1 + 2d“’ X8| pax) (1 +

2maxye(q,,] b p) < 2mingeq ) ¢, — 1. Therefore, (B.17) is established, which completes the proof. [

Proof of Theorem 3.

In what follows, we show that

IC(p) > IC(p)

for both cases p > p and p < p with probability approaching 1, so the proof is then completed.
Recall the notations defined in the proof of Theorem 2, such as Z; = X; ® Iy and B¢ = Vec(A).
Accordingly, we suppose that Bp is obtained via (2.12) with given p lags. Therefore, IC(p) can be expanded

as follows:
1 T—h
106) = 7 2 1K & T veelA = &)l + 7 Z ol
g 1=h R
+ﬁ Z u;—h X ®IN)V€C(A—ap) —|—p§

T 21112 2
h Z 1Z; (Bo—By)ll5 + m z; [unll2

2
T hzu;—hz ,30—5;;>+P 3

Case 1 — We consider the case with p > p. By the proof for (1) of Theorem 2, we know that

1 T=h . o
T—h Yo IX] @ In)vec(A - &)[l3 < 2] vec(Sy o (A — &)
t=1
and
1 = .
TR Z ugh(XtT@)IN)VeC(A—ap) —Hvec(A—ép)Hl,
t=1
141/J v

where v = ‘%7\/%%(]\[), the first inequality follows from (B.11), and the second inequality follows from

(B.8). Therefore, as long as

¢/ (7] vec(A — a,)|l1) — 00 and & — 0, (B.24)
we have IC(p) > IC(p) for p > p. In connection with Lemma 2, simple algebra shows that the condition
(B.24) is equivalent to requiring

2+2 /J d., log N
T¢

—0 and ¢ —0.

Case 2 — We now consider the case with p < p. Without loss of generality, suppose that p = p — 1.

Additionally, we still let BP have the same dimension as S, but let the elements corresponding to A, be 0.
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Accordingly, suppose that S, be a selection matrix such that S,B¢ yields a column vector including all the
non-zeros elements of A,

Firstly, we pay attention to the term T T Zt lh I1Z/ (Bo — ﬂp)HQ

T—h
e 3 12 (B0~ Byl = (Bo — By) "Zm (B0~ By)
t=1

> - [[SpBolls > ¢ > 0,

where the first step follows from the proof for (1) of Theorem 2, the second step follows from Assumption 3
and the facts that p = p—1 and the definition of Bp, and c is a non-negligible positive number. In connection

with the proof for (1) of Theorem 2, it is then easy to see IC(p) > IC(p) for p < p.

Based on the above development, the proof is now completed. ]

Proof of Theorme /4.
(1). Recall the notations defined in the proof of Theorem 1 and in the beginning of Appendix B. For
example, # s = o(ey,...,€5) for t > s; we also let U;j(t, h,m) = Eluy pxjt | Fisntth—m). Additionally, we
denote the projection operator Z(-) = E|- | %] — E[- | #_1], where .# = o(e,€1-1, . . .).

We then write

T—h
A 1 A
Qh = T Z (Xt &® IN)ut,hu,Ih(X; X IN)
[t—k|<h
1 T—h
= T_h Z Zyuy puy, hzk + Z Zt (Bo —ﬂ¢)(,30 —.B¢) Zkzg
[t— k|<h |t k|<h
7o h Z Z.Z] (Bo — By)ul Zf,
[t—k|<h
1 T—h R
+m Z Ztut,h(ﬂo—%)TZkZZ
[t—k|<h
=By + -+ By, (B.25)

where Z;, By and 'Bd> are defined in the beginning of Appendix B.

To study the order of the first term (i.e., B1), it is sufficient to consider & — w, where

- T—h
W= Z Tji Uiyt hWink,hTjok  and  w = Z Elxj 1w ¢ hWigk h T jok) -
—k [t—k|<h
Note that
Z Lj1tUist,hWisk hLjok
t—k|<h
T—h
= Zuilt,huigt,hwj1t$j2t+ Z Wiyt hWigk,hTj1t Lok T Z Wiyt hWigk,h L1t Lok
t=1 o<t—k<h 0<k—t<h

= W1 + &2 + ws3.
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Accordingly, we can define w1, wy, and w3 as the expectation counterparts. We now study the term &9 — wo.
The investigation about &1 — w; and &3 — ws are similar. We drop the indices (i1, 2, j1, j2) for simplicity
whenever possible if no misunderstanding arises.

Note that

T—h
Go =Y > Uiji(t,h)Usjy (K, h),

t=2 t,<k<t

where tp, == (t — h) V 0 and U;j(t, h) = uiypxje. Without loss of generality, we split {2,...,7 — h} into br
blocks (denoted as B,,’s) with sample size 2my that satisfies my = | 7], where 0 < # < 1. In other words,
UT B, ={2,...,T — h}. Denote

br
Qr=>_Qn and Qn:= > > Uj(t,h,mg)Usyj,(k,h,mr).

n=1 teEBy tp<k<t

Moreover, given mr > h, 1,3, ... are independent blocks, and Q2, @4, ... are also independent blocks.

For notational simplicity, we further define

Sijﬁ(t): Z Uij(k,h), Sijyh(t,m): Z Um’(k,h,m),

tp<k<t th<k<t
T—h

Q'? = Z Z Ui1j1 (tv h)U’inQ (/{3, h, mT)- (B,26)
t=2 t;<k<t

Then we write

PI‘(’(I)Q — CUQ’ > GNT)

<Pr (rwz s Qr + E[Qr]] > ’;T) +Pr (|QT ~ElQq)] > gT) , (B.27)

where ex7 = ce/MThlog N with constants ¢, > 0 and a sufficiently large M that satisfies that M > 4 and
NAT=M — 0. In what follows, we investigate these probabilities on the right hand side of (B.27) one by
one.

For the first term, it is clear to see that

|2 — w2 — Qr + E[Qr]ll 572 < |02 — w2 — Q7 + E[Q7] /2
+Qr — E[Q7] — Q7 + E[Q7 ]|l 5/2-

Since (w2 — Q%) is a MDS, for J > 4, by applying the Burkholder inequality and Minkowski inequality

sequentially as in (B.4), we obtain

T 2
&2 = w2 = Qp + BIRAIG = | X 2@ -0,
l=—00
T
<0(1) 3 122(@2 - @)% (B.28)
l=—00

From now on, we suppress the indices (i1, i, j1,j2) in Uy, j, (¢, h), Ui, j, (t, by m), Siyjy n(t) and Sy, j, 1 (t, mr)
for notational simplicity. Let Uj(¢, k), Uj(t, h,m), S, (t), and S} ,(t,m) be coupled versions of U(t, h),
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U(t,h,m), Sp(t), and Sp(t,m), respectively, by replacing &; with an independent copy of ;. For each [, by

Jensen inequality,

| 21(@2 — Q)2
T—h
= | X EIUEM(ShE) = Sultymr)) = Ui (¢, 1) (Sj4(8) = Siy(t.me))) | 7] |
t=2v(I—h)
T—h
S (UER)(Su(t) = Sult,mr) = U () (Si(t) = Sia(t,mn)) |
t=2v(l—h)
T—h
> UF(th)(Sk(t) = Sultmr) = Sii(t) + Sii(tmr)) |
t=2V(l—h) J/2
T—h
X W h =T h) Sk - Sultmr)|
t=2V(l—h) J/2

IN

J/2

IN

= A1+ Aie.

For the first term on the right-hand side, by Cauchy-Schwarz inequality and Lemma B7,

T—h—1 k+h—1
An< Y H R h)HJ : HU(k,h) — U(k, hymy) — Uf (k, h) + Uy (k, h,mz)||
k=1V(i—h) t=k+1
T—h—1
=0Wh) Y UGkR) = Uk, hymp)ls AUk, h) = Uf (k1)
k=1v(i—h)
T—h—1
=0Wh) Y dyiy(hymr) Acyy(hk+h—1).
k=1v(I—h)

J

Finally, it yields that

T T T—h—1 2
> AL =0(h) Y > g (hymr) A riggy(hy k4 b — 1)

l=—o0 l=—00 \k=1V(I—h)

T T—1-1 2
= O(h) Z ( Z dJ,i2j2(h7 mr) A CJiago (h, k))

I=—00 \k=0V(h—I+1)

= O(Th) TJ?z‘QjQ (h, m), (B.29)

where d;:(h,m) = 32320 djij(h,m) A cpij(h, k).

For A2, using similar arguments and Lemma B7, we obtain

T—h
Az < Y0 U@ R) = U [1S0(#) = Sult.mr)]),
t=2v(I—h)
T—h
= O(Wh)dyij(hymr) Y Crigjp(hit +h—1),
t=2v(I—h)

which immediately gives

T T T—h 2
S AR, <O (hemr) Yo | S cqin(hy t+h—1)

l=—00 I=—co \t=2V(I—h)
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O(Th)dJlm(h,mT). (B.30)
By (B.28), (B.29) and (B.30), we have
&2 — wa — QF + E[Q7]|l 12 < ONTh)dS 5, (hymr).
Using analogous arguments, we can obtain
1Qr — E[Qr] = Q7 + E[Q}1ll1o < OWVTh)d3, 5, (b, mr). (B.31)
Combining these results together with Assumption 4 gives

[Gg — wo — Qr + E[Q7]|lj2 < O(VTh)(d},, 5, (hymr) + d 4y, (R, mr))
= O (nM/Pr/2me0t) (B.32)

where ¢y = (%g;l)(

By Markov inequality and (B.32), we are then able to obtain that

cs\ep—1 )
cs/N\ep

Pr (‘d}z — Wy — QT + E[QT” > 61;7“)

( 5 ) J/2 ||LU2 — Wy — QT + E[QT]ng

" J/2
0] ( /2TJ/4hJ/4> ( Jyi1g1 (h mT) + dJ7i2j2 (h’ mT)) !
O (en

J/2hj/4T(1/2 coe)J/2> (B.33)

IN - IA

We now proceed to study the second probability on the right-hand side of (B.27). Without loss of

generality, we suppose that by is an even number, and by Lemma B2, we then write

Pr(|Qr — ElQr]| > )

br/2 br/2 br/2 br/2
r ( Z QQn—l - Z E[QQn—l] Z Ew/z) —|—PI‘ ( Z Q2n - Z E[Q2n] Z 61/2>
n=1 n=1 n=1 n=1
br
<> Pr(|Qn— E[@Qu]| > &)
j=1
o (ex/2) )
+2e
P (26‘]/2 bT/2 |Q2n-1 — E[Q2n-1]|3
fr/( Ey)
1 (B 1@ — i\
B(es/2)es J/2—1
—a’(ez/2)?
+2exp ( a )
26712572 | Qan — E[Qan)3
ex/(2ey)
(S 12— Qa7 .
Blex/2)e* ! (B

for J > 4, where 8 = J/(J +4), a =1~ f3, ¢, = XL and ¢, = 2’:3 with the constant c¢p; > 5. Without
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loss of generality, we only consider the first three terms on the right-hand side of this inequality.

Recall that

Qn = > Uij(t,h,mr)Uiy,(k, h,mr)

teBn, tp<k<t
= Z Ui1j1 (t? h, mT)SiQJ'Q,h(ta mT)7
t€Bn
where the second line follows from the definition of (B.26).
From here, we suppress the indices (i1, 72, j1, j2) again for notational simplicity. Without loss of gener-

ality, we consider the order of ||Q1 — E[Q1]]|;. As in (B.28), we know that

2mT

1Q:1 = El@iI5, =001) Y [2:@Q0)]5 (B.35)

I=1-mr

For each [, we can further write

2mrp
Hf@l(Q1)|‘J/2 = Z '@Z(U(taha mT)Sh(tamT))
J/2
2mT
= Z (E[U(ta h, mT)Sh(t7 mT) ’ yl} - E[U(t? h, mT)Sh(tv mT) | %—1])
t=2 J/2
2m7p
= || > ElU(t, hymr)Sp(t,mr) — U (t, h,mr) Sy (t, mr)) | Z]
J/2
2mo
< Z Ul*(tvha mT)(Sh(tamT) - S;;,l(t?mT))
=2 J/2
2mT
+ D (Ut hymr) — Uf(t, b, mr)) S (t, mr)
=2 J/2
= Az + Aa.
For A, 3, by Cauchy-Schwarz inequality and Lemma B7,
2mp—1 k—+h
Mg <Y Uk hymr) = Uf kb)), Y2 UF (¢ hmo)|
k=1 t=k+1
2mT—1
<OWh) Y Crip(hk+h—1),
k=1V(I—h)
which gives that
2mrp
> Afs < O(mrh) (Z Clinjs (By ) ) : (B.36)
I=1— mT
Analogously, we can obtain
2mr
> A7, < O(mgh) (Z i (hy k) ) : (B.37)
I=1-mr

52



By (B.35), (B.36), and (B.37), we obtain

Q1 — E[@1]ll7/2 < O(Vmrh) (i Crivj (hy k) + i Ciggs (M, k)) = O(v'mrh). (B.38)
k=0 k=0

Therefore, we have established that

br/2

ZHQin— [Q2n—1]|13 = O(Th),

bT/2 J/ J
2 4
§ 1Qan—1 = B[Qan-1][7)3 = O (brmy/'n7/4).

For the second term on the right-hand side of (B.34),

—a?(e;/2)? €
) ool
2e/ U Q2n-1 — E[Q2n-1]|I5
C
~=Cagq

1

where C,, j/2 = §a26*‘7 /2 and the last equality holds for some suitable choice of c..

For the third term on the right-hand side of (B.34), by setting c¢pr > M (J/4 —1)"! (1—0)"!, we obtain

S 1Qan1 — E[Qan- 1]”:% feal2r) J/4hJ/4 Bex/(2¢y)
=0
(6;5/2) J/2-1 em/2 J/2— 1>

J/ hJ/4
-0 T (J/4-1)(1— Q)CM(logN) J/4>

In summary of these results and applying Lemma B8.(2) to Pr(|Q, — E[Qy]| > €,) with T in the lemma

replaced by mr, we have

Pr(|Qr — E[Qr]| = €2)
br
<3 Pr(|Qn = B[Qu]| > ¢) + O (N AT)™M) + 0 ((NAT)™)

j=1
-0 (6 J/2TlogT (hJ/4 (1/2—co0)J/2—1 4+ pl=cod)J/2=1 1))

+0 ((N A T)*M) . (B.39)
By (B.27), (B.33), and (B.39),

Pr (|(f)2 — wg‘ > ENT)

23



=0 (GJ_VLII“/QT logT (hJ/4m§}/2—009)J/2—1 + h(l—CQG)J/Q—l + 1))

+O ((N A T)—M) . (B.40)

Using analogous arguments, we can show that Pr (|1 —wi| > enr) and Pr (|3 — ws| > enr) are also

bounded by the same order. Therefore, we can set § = 1/cg and utilize Assumption 4 to show that

P( max |&—w|> 3enT)
i1,i2,51,52€[N]
N
< Y. P(lo—w|>3ent)

11,82,J1,j2=1

= O (eni*N'1og T (Th//4m /202y ppli=at)l2=1 1)) 4 O (NY(N AT)™M)
= O (N1~ (log N) =/ 1og T (m/2- 00270 pa/2=eol)I[221 4 p=J/4Y)
+0 (NY (N AT)~M)

= o(1), (B.41)
which immediately yields the following result:

max |0 —w|=0p(y/ThlogN).

11,12,71,J2€[N]

Therefore, we have

B1.4i| = Op(y/hlog N/T),
mig[?@gp]l L,ij p(y/hlog N/T)

where By ;; is the (¢, j)-th element of By in (B.25). Define By ;j, B3 ;; and By ;; analogously.

For By ;;, we can use Cauchy-Schwarz inequality and Theorem 2 to obtain

e |Ba,ij| < O(h) Hﬂo - B¢Hj

= 0p (2" T hd?, log N)
— 0p(y/hlog N/T),

under the condition ,ui+2/‘]di{\/hlog N/ﬁ — 0.
Analogously, we can show max; je(n2p) |Bs,ij| and max; je(n2p) |Ba,ij| are also bounded in probability in

the desired order. It completes the proof of Theorem 4.(1).

(2). For Q, we write
1, () — EQlll2 < |9 (E[Q]) — B2 + |19 (@4) — % (E[Q])]2- (B.42)

For the first term,

1%, (ES]) — El]]l2 < 1%,(E[m]) — ElS] ]l
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N2

< Dax Z!Qm\f (1951 <)

<n 1= max Q|
- ze[N2p]Z| i

1—c
=7 “CN,

(B.43)

where the first inequality follows from the facts that [|[Alls < /[A1[A]lw and %,(E[Q]) — E[Qs)] is

symmetric, Q;; is the (i, j)* element of E[Q)], and ey = maX;e N2y E;ij 25| is the same as that defined

n (2.16).

We now study the second term on the right-hand side of (B.42). Let Qij be the (i, j)-th element of f)h.

We write

1,(0) — Gy (B[] |12 < 11, (flh) ~ Gy (E)) |

< Q IS5 > n, Q4] >
< e Z! i3 = (1051 > m, |51 > )
N2
+ g[lﬁg( Z|QZ]‘I |QZ]| >77’|sz‘ <77)
N2
+ max Q11051 < Q%5 > ),
Z'E[NQP];’ ZJ‘ (‘ Z]| ’r]’ ’Lj‘ _77)

where the first inequality follows from the facts that ||Al2 < v/[|A]l1||A|lcc and gn(ﬂh) -

symmetric.

For the first term, since I(|Q”| > 1, Q5] > n) < |Qyj|Cn~C,

N2p N2
'?[11%{} Z 145 — Qi [ T(1Q245] > 0, [Q45] > n) < maX |Qz] — Q] Z |Q45|%n~
i D] “

Jj=1 7=1

- OP( = CaCN)7

where the equality holds by Theorem 4.1.
For the second term in (B.44),

N2
zén]\z}g( Z |Ql]|[ ‘QU| 21, |Q’L]’ < 77)
sz
S Zé?]%g(] Z |Q’L] Q’L]‘I(|Qz]’ > n, ‘QZ]‘ < Tl) nlfcacN
j:I

zén]\z}%(p] Z |QZ] Q”u |QU| 21, ‘Qzﬂ < Cn’r])

+ max Z ’QZJ Qi1 ( |Qw’ > n, e < Q45| <) + +n' ey,
where 0 < ¢;; < 1 is a constant.
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Additionally, we can further write

N2
O — Q1] > 1, 11| <
Zén]%g( Z| ij i [1(1245] = m, [Q45] < eqm)
N2
< Qi — O I(1Q — Qi > (1 —
_szg[?V}%pH (%] 'L-7| mj@t%(]] f (| ij Z]’ ( 077)7])

which implies that this term is asymptotically negligible.
For the second term in (B.46), similarly to (B.45),

max Z ]QU Qi 11( |Q,]] > 1, cpn < Q5] <)

1€[N2p]
N2
< max ‘QU _ Q”| Z |QU|Ca —Ca nCa — OP(,',/I—C(LCN)‘
i,JE[N2p] =

Therefore, we can establish the following result for the second term in (B.44)

N2

2y 2 Ml 2 951 <o) = Op '™ ex) (B.4T)

We now proceed to study the third term in (B.44) and write

N2

nax Z |5 11(1Q45] < n, 19251 > n)

< max me Qi [ 1(|€5] < 7,25 > n)

Z€N2p]
N2
+ max Qii | 1(1€0:] < , 19245 >
205, 2 Il 0] <0191 2 )
< Qz_Qz + Q;i]en=C
_(m,rg[‘;lvgp]l 5= gl +n) nﬁgg]Z! i1
= Op(n*Ccy). (B.48)

Combining the results in (B.45), (B.47), and (B.48), we have
1%,(Q@0) = %y (EQu]) 2 = Op (1"~ *"en) .

Together with (B.43), it leads to the desired result in Theorem 4.(2). O

Proof of Theorem 5

Let Q, = 2131 ® Iny. We first show that

VT p) vec(ane — A) 2= N(0, o Q.01,2.pa). (B.49)
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We can observe that the debiased estimator admits the following expansion
. o 1o oy e 1
Pa vec(ape — A) = p, (I — ﬂﬂz tz::l 7,7, )vec(a —A)+ T h Q tzjl Ziuyp,

=91 + Go.
For G, we first investigate HT 5 Z ZtZ;rQ“ el|| , where e; is the i-th column of the identity
matrix and in =7 Czﬂ- is the 7-th column of Q
Using simple algebra, we can show that
T—h A 1 T—h -
D ZjZiQ. = =2 t; Z;i(Z, —ZL;,by),

for j € [N?p].
For notational simplicity, let #;; = Z;; — b, Z_; ;. For j = i, we write
T—h
" AT

Zf« A ithi iy

1 T—h
T Zl Zis(Z), - 2L, ,b;)
=

Noteworthily, b; is a solution of (2.19) if and only if there exits a subgradient

gble{zeRNp L |z]—sgn(b”) for sgn(b; ) # 0, and

|2j| < 1 elsewhere, for j € [N?p — 1]}
such that
0="%8b,; — Z Z—ztrzt
By (B.50) and (B.51), we obtain
1 & 1
> Zig(Z{, — Z1;,b;) = Z 1861 + %l Bill1 =
T— ht .

T—h =
which immediately yields that 7= ZtT 1" Z; tZTQz i = 1. For j # i, using (B.51),

1 T=h o 1 T—h - i
S 2,200 = | S 7] <
o X B | Y el <
In summary of (B.52) and (B.53), we have
| T=h . el Tog(N)
max ZZ[Q.;—e| =O0p|t :
i —h tz:; re - r < VT

Together with Theorem 2, it gives

1 T—h
I- 79 Z 7,7, )Vec(a - A)‘

911 = |pa (T 7=
t=1

o7

(B.50)

(B.51)

(B.52)

(B.53)



Z ZtZTsz — €

< [lpallx Hvec(fi - A)Hl max

T h
_0 (,ui””d logN)
g P T .
We now study Go. We can further write
1 T—h
Go = PZQ Z Ziuyp + 7Pa (Q -Q, Z Ziuy
—h t=1 h t=1

=: G214+ G20

For Gs 1, it is sufficient to investigate ﬁ Zz:lh w;t 25t to formulate its leading-order term. Recall that
we have defined Ujj(t,h) = uypxj and (1) = E[- | #] — E[- | #—1], where % = o(e;,€/-1,...). For

notational simplicity, we suppress the indices in Uy;(t, h) and write

1 T—h 1 T—h m
— Y U(t,h) = U > Prna(U(L,h)
=1 =1 1=0
1 T— [e%s)
Jrﬁ Z Prn-1(U(t, h)), (B.54)
TV =1 I=matl

where m satisfies that m — oo and m/T — 0.

For the second term on the right-hand side of (B.54),

Prin-1(U(t,h)) = E[U(t,h) | Frpn] — E[U(R) | Fipn—i-1]
= E[U(t,h) = Uiyp_i(t, h) | Frinil,

where Uj(t, h) is a coupled versions of U(t, h) by replacing &; with an independent copy of €} .
By Jensen inequality, Burkholder inequality and Lemma B7,

Z > Prna(U(t,h))

t=1 l=m+1 9
1 ) T—h
< > W h) - Uttt )
l=m+1 Il t=1 2
) o 1/2
<o(;) % (Z Ut h) = Uit h>||2>
l=m+1
=0 (T_l/Q) Z CQ’ij(h,l)
I=m+1
=0 (T*W) . (B.55)

For the first term on the right-hand side of (B.54), it admits the following decomposition:
T—h m
> Prna(U(t, b))
11=0

t=

o8



1 m T—h

m 0
:722@t+h((](t+lh Z Z yt—}—h t+l7h))
T—h
lOt 1-1

=0 t=
T—h

1 m
—mz Z Prn(Ut+1,h))
1=0 t=T—h—1+1

0t=
T—h
S Prn(Ut+1,h)) + op(T7H?), (B.56)
t=1

TR

where the second equality holds by directly applying Lemma B7 and Burkholder inequality to the second
and third terms on the right-hand side:

’ﬂ
D‘
NE

N
Il
=)

0
Z yt-‘rh t+l7h))
=1-

t l

m 0 : 1/2
<0 )Z Yo llU+in) - Utih(tﬂ,h)llz)
1=0 \t=1—1
( 1/2)26213 (h,1)
1=0
:O(T_1/2>,

and similarly,

h >0 Zt T ht11 Pen(UE+ 1, h))H2 =0 (T_1m1/2> =0 (T_1/2)-

For Gg 2, using basic matrix algebra, we can write Q, = (.1, -- 7QZJ\,zp)T, where Q, ; = TfQCZJ- with
CL- being constructed by inserting 1 in the i-th position and filling the remaining entries with the elements
of —b; in their order, and

2=y, -t s, b= e

7 2,052 2,0, — 1y —,—1 2, L z,—1,—1<%,
Here 3, ;; is the i-th diagonal element of ¥ ® I, ¥, _; _; is the submatrix constructed by removing the
i-th row and column of ¥g ® Iy. ¥.; _; and ¥, _;; denote the i-th row and i-th column, respectively, in

which the i-th element is removed. Using arguments that are analogous to those in the proof of Theorem

R 1410
2.(1), we can show that ||b; — b;||; = Op(%), which implies that

1+1/J /7
=0Op ( log Z pzsdz) . (B.57)

_ T
zz zz

1

Together with (B.8), it leads to the following result:

N2?p R 1 T—h
1G2,2] < Z pi( Q. — Q)" T Z Ziugp,
i=1 L =1 oo
= OP(T_l/z).
Together with (B.54), (B.55) and (B.56), it gives
m T—h
S = hpln SN Pen(Ut+1,h) +op(T7H2).
1=0 t=1

29



Since {310 P n(U(t +1,h)) - is a martingale difference sequence adapted to %4, the standard CLT
can be applied to this term, and it ylelds the desired result in (B.49).

By Theorem 4.(2) and (B.57), we have pZQZ%?(Qh)QZpa = pa Q. Q,Q.p. + op(1), which completes the
proof of Theorem 5. O

B.2 Proofs of the Preliminary Lemmas

Lemma B1. Let z1,. .., 2r be mean zero independent random variables satisfying that maxycr) ||zl ;s < o0

for some J > 2. Then,

—2¢~/ 2) 2,2
(maXZZst> < <1+ ) Zt 1HZt||J+2eXp< e T(J+ )2 T )
< ! v’ =1 llzell3

Corollary 1.8 in Nagaev (1979) shows that the above inequality holds for S>7_; z,, while Borovkov (1973)

proves that the above inequality also holds for max;czy S 2

Lemma B2. Let 21, ..., 2 be mean zero independent random variables, and let x > y andy > (41— ||2¢]|9)/9.

Suppose maxer) ||2t| s < oo for some ¢ > 2, B=J/(J +2) and a =1— 3. Then,

4 T 2,.2 T I\ Bx/y
—ax "z
Pr(E ZtZiC) < E Pr(ztzy)+exp< - 2) <Zt1 L|It1||J> '
t=1 t=1

2¢7 S0 11l Bay

Lemma B2 is Corollary 1.7 of Nagaev (1979).

Lemma B3. Let {z1,...,2,} be independent zero-mean random variables. Suppose that for some positive
real L and every integer k > 2, E|[|2F|] < $E[z2]LF2k!. Then for 0 < e < 5=,/>>" | E[22],
n .
Pr (lelzz > 26) < exp(—€?).
i1 B[]

This lemma is from Corollary 2.1 of Jing et al. (2003).

The Beveridge and Nelson (BN) decomposition under the HD setting is as follows:

B(L)=B - (1-L)B(L), (B.58)

where B(L) := S22 B¢L* with B, := 332, Bg. The expression of (B.58) is the so-called BN decompo-
sition from Phillips and Solo (1992).
Lemma BA4.

Under Assumptions 1 and Al,
1. 3t x,=BY_ e, — B(L)e; + B(L)eg, where |B(1)||2 < 0o and |B(L)et||2 = Op(V/N) for vt > 1.

2. HZtT=IEtH2 = Op(VNT).

1 1 _J
Lemma B5. Suppose that max ey 2720 £> 270 ||Bejlls < oo (i.e., Assumption 2.2). Then the follow-

ing results hold:
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1
1. max;e[n) 22 0( 1||ﬁ&]‘||2j)"+1 < 00,
2. manE[N] Zz.i[) EHﬂf,]”% < 0.

Lemma B6. Under Assumptions 1-2, suppose that % — 0. The following results hold:

1|75 S 2 Beer—ie] B — Y020 BB/ H =Op <d2\/\/1?>f
2. ||k TR0 X2 e Beer ), ]BH]enH ax:op(d/?“;?);

3. th 1 XtXt e OBEBe *OP(O%\/\/I?);

b | S el — S0 BesBY | = 0p(BUEY) for v € o,

Recall that we have defined the following notations:

Uij(t, h) = uit njt,
Uij(t» ham) = E[Uit Lt | c%tjth t+h—m]7

Sin(t,m) == Y Usj(k, h,m).

tp<k<t

Welet U (¢, h), Ui (t, h,m), S5 ,(t), and S, (¢, m) be coupled versions of Ujj(t, h), Uij(t, h, m), Sijn(t),

and S;;,(t,m), respectively, by replacing €; with an independent copy of 7.

Lemma B7. Under Assumptions 1-/, the following results hold for ¥h > 1

1 ||Uij (¢, h) = Uy (8 R0 S ea,ij(hs 1), where

1
6.5i(h,1) ( 20 beji 2>2 forl=1,...,h—1

CJ,ij(h7 l) — N %
(Zi:1 |bi—h,ji 2) forl>h

1

2. HUij(tv h) - Uij(tv ha m)”J 5 dJ,ji(ha m); where dJ,ij(h7 m) = (Zloim—&-l CQJ,ij(hv l)) E’

3. | S Ut ) = Ui (t, hym)|| 5 S T 2ayji(hom) and || 05" Uij (¢, B) |5 S T2, where ayji(h,m) =
1 Caig(hy D).

Define
Ph (Ta m, 6)

T—h
= sup Pr (‘ Z Z ujl t h m)UiQJ'Q(Svha m) - E[Uiljl (t7 h,m)UinQ(S,h, m)])’ = 6)'
1<s<

|as t‘<1

Lemma B8. Under Assumptions 1-/, the following results hold.

1. Suppose that max,y |as:| = O(1), m = |T%], T'* ¢ Jen7 — 0, lrg = [—loglogT/log®], and J > 4,
where 0 < 8 < 1 and ¢, > 0, we have

Py(T,m,ent) = O (GNTT( (1=co6)J/2=1 4. l%ﬁ» .
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2. Suppose that J > 4 and there exist constants 0 < 0 < 1, cc > 0 and c; > 0 such that T*" /h — 0 and

TGCh(H'CE)/eNT — 0, we have

T—h
Pr | Z (Ui (6 h) Sio n(8) = ElUs i (8, h) Sz n(8)])| > enr)

-0 (6N¥2 log T (T(l/QfCOG)J/ZhJ/Al + Th(A—c08)J/2-1 + T)) '

Proof of Lemma B/.

(1). Using (B.58), we write

sz = Z[B — (1 - L)B(L)Jes
:BZES—iB( zt:f’) Es—-1

By Assumption Al,

Z IBell2 < Z Z IBkll2 = ZﬁllBeHz < oo.

(=0 k=041
Thus,
IB(L)edll2 = Op(VN)
(2). Write
T N T N T
E Zet Z Z 511&513 = ZZE[E?A = NT,
t=1 =1t,s=1 i=11t=1
where the last line follows from Assumption 1. O
Proof of Lemma B5.
(1). It is easy to see that
oo
max > (03718 |) 7 = ZEQ o3 7T < Zﬁ_%’“) 1Besl3 7
JEINT 5

(2). For the second results, we write

1)

_ {Zp J+1)||ﬁ€]H2J+1} < 0.

> Begl3 < {3 (2BeylI3)
=0 =0

The proof is now completed. O
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Proof of Lemma B6.

Before proceeding, we define a few notations. Recall that e, is a selection vector, and decompose e;bxtxtT e,

as follows:

o0 [c o Ne o]
T T T T RpT T T T
e, XiX;, e, = Z e, Bi_g,_B;e, + Z Z e, B, ;B en

=0 1=0j=1
o0 o0
T T T
+> > emBejer el jBjen
£=1 =0

[(ey Br) ® (e,,By)]vec(es—e/_y)

I
hE

~
Il

0

o0 o0
+ > ey Bryy) @ (e,,Be)]vec(er e/ ))
=0 j=1

o0 o0
+3 Y [(enBj) @ (e),Beyj)]vec(er—j—e/ ;)
=1 j=0

[e.e] [e.e]
= U(L)& + Y _Uj.(L)ér; + > U(L)E.,
j=1 (=1
where the definitions of the variables on the right hand side are obvious, and the indices m and n have been
suppressed for notational simplicity.

In what follows, we often use the following result:

(Z ||B€||go> <> Bl = dg, (B.59)
=0

=0

where the inequality follows from the norm monotonicity, and dg is defined in Assumption 2 already. We

are now ready to start the proof.

(1). Similar to (B.58), we have

U(L)=U - (1-L)U(L)

where U = 322, Uy, and U(L) = 302, U,L* with U, == 322, Ug. Thus,

Firstly, we study U(L)ér_j, and U(L)&o, and note that for vt

1
ax

7n Tih
1
T —h
1 — — T 2
T—hmn%xz Z ‘.Bk,mstfé‘

=0 k=(+1

(o]
max 3" |83

=0

=

[O(L)E|

o0 oo
Y D lemBreriel (Bjle
=0 k=0+1

3

IA
3B
S

IN

N
N
—_

>
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where the second inequality follows from Cauchy-Schwarz inequality, and the last line follows from Lemma

B5. Therefore,

1 - N - ~ 1
max ——— |O(L)er—n - U(L)&| = Op(1) 7 (B.60)
We now focus on
1 T—-h _ [e%e) R
Y Ua = Y 888
=1 =0
where 3 = {6ij} = 71 ST ee] . Note that
Zﬂ@m ﬂén < HE_INHmaXZHﬁZm” H:BZn”l
< 1B = Inlmax Z IBell%
=0
S Hi) - INHmaxd%7 (B61)

where the second inequality follows from Cauchy-Schwarz inequality, and the third inequality follows from

(B.59). We study [|£ — In|[max in what follows.

For notational simplicity, we let 1;; := I(i = j) and & s = €is€js — 1ij, and then write for Vi, j
(t s, 2 Zﬁws >
2 J —2e~7(J +2)7252
S(l-i-) gbflg, 7 496 p< MOkl
J i1 1ijsll3

T *0252
< 0167 + 2exp T ,

where the first inequality follows from Lemma B1, and we require J of Assumption 1 to satisfy that J > 4
and 2g = J. Therefore,

N*T —cp0?
Pr(max(T — h)|6;; — 1ij] > 0) < 1 57t 2N? exp < c; ) . (B.62)

2y

Consequently, it yields that
N2T 5 —96°
e + 2N“exp < T
N? n N? 0
= —
T7-1log N¢ = exp (log N¢c2) '

Pr((T — )£~ Inflmax > 6) < &1

where the first equality follows by letting § = (T log N C)1/ 2 and the last step follows as long as ccy > 2.

In connection with (B.60) and (B.61), we now can conclude that

0 dz/log N
=S B0 B — 0p (VN
Z:OIBZ’WB& P< VT )

The proof of the first result is completed.
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(2). Next, we study

T—h © o0

Z Z Z e;Bﬁft—zsz—_g_jBL_jen

t=1 j=1¢=0

oo o0
<> 1Bl D 1Bemlh
j=1 =0

— o0
Z Z L)ét.;
=1 j=1

T—h

.
D EitEi g
t=1

max

First, note that for Vj, the elements of 8t6tT_ ; are martingale difference sequence adapt to the filtration
Fi = {€t,€t—1,...}. Therefore, in view of the proof of the first result and the discussion under Eq. (1.8) of

Rio (2017), we know that, for V¢ > 0,Vj > 1,

1 T—h
T
T 2 St
T—h —

log N
=0 .
max g ( \/T )

Thus, we can write further

T—h oo ' . < \/W 0 2 B d‘% logN
IPIHUENERL RN Dol I AR
t=1 j=1 T =0 T

The proof of the second result is now completed.

(3). By the first two results of Lemma B6, we obtain that

O (d%\/logN>
pl—— |-

max

(4). Similar to the third result,

1 T—h - o] -
‘ 7 2 X% = > BuyBy
t=1

=0

0 d%\/log N
max - " \/T

for j=1,...,p— 1. The proof is now complete. O

Proof of Lemma B7.

(1). For notational simplicity, we suppress the indices (i, j) in Us;(t, h) and U, (¢, h).

Case 1. We replace &;14; with €}, ; for [ =0,...,h — 1. It is straightforward to obtain
[Ut, h) = Uyt R)l 5

o
< ||gi(Etahs s Etahi - Et+1) = Gi(Etshy - -1 Efppts - 75t+1)”JH Z,BZjEt—ZHJ

< a0 8L

= d14(h,1) HZZW” f (B.63)

i=1¢=0

For J > 2, by applying Burkholder inequality and Minkowski inequality sequentially,
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N oo
1) lbejicii—ell

J i=1¢=0
2

I35 b <00

i=14=0

N oo

z;z_: 4,51 zt 0
N oo

DY > el (B.64)

i=1¢=0

Thus, by (B.64),

Mz

1
[e’s) 2
Z bz,jz‘|2> .

1¢=0

|35 trgeised] < 0

=1 ¢=0 i

Together with (B.63), it gives

1

[U(t, k) = Ut h)lly < O(1)d5:(h, 1) <ZZ|beﬁ| ) ;

=1 ¢=0

for I € [h].
Case 2. We replace €44y, with g7, _; for [ = h,h 4 1,... Using arguments that are analogous to (B.64),

we obtain
1U(t,h) = Uit )5 = [1gi(€tsns - - - E041)Bn i€ — €)1 s

N N 3
DY bi—njigie—e| <O(1) (Z \bZh,ji\2> :
i=1 7 i=1

(2). For U(t,h) — U(t,h,m), it admits the following MDS decomposition:

which completes the proof of Lemma B7.(1).

U(tv h) - U(tv h7m) = Z (U(ta ha l) - U(tv hal - 1)) = Z Dt,h,la
l=m+1 l=m+1

where Dy p,; is a MDS adapted to %, +n—1 for each given t.
For J > 2, by Burkholder inequality, Minkowski inequality and Jensen inequality,

[e.9]

> Din

l=m+1

lU(t,h) = U(t, h,m)|5 < O(1)

J
2

o0

<O Y 1Denill3
l=m+1
oo

=0(1) > Ut h1) = Ut b D5
l=m-+1

=0(1) Y lUth) = Ut W5 (B.65)
l=m+1

In connection with Lemma B7.(1), it suffices to establish Lemma B7.(2).

(3). Notably, Dy, is also a (reverse) MDS adapted to o(ey,...,€x) for each given [. Thus, similarly

o (B.65), we can obtain
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2

T—h T—h
Y Dinil| <OQ) YU R) = Ulyp(t, )13
t=1 J t=1
which yields
T—h 9] T—h
Ut,h) —Uthm)| < S I3 Ding
t=1 g l=m+1llt=1 J

0o T—h 2
<o(1) Y ( IIU(tah)—Utihz(tyh)H3>
I=m+1 \t=1

=O0(MTY? Y Ut ) = Ufpp(t W) (B.66)
l=m+1
This completes the proof of the first result in Lemma B7.(3).
For the second result in Lemma B7.(3), observe that U(¢, h) admits the expansion U(t, h) — U(t, h,0) =
Y21 Dy, where U(t, h,0) = Eluitpzjt | Fipni+n] is a MDS. Following similar steps as in (B.66) and
applying Burkholder inequality, Minkowski inequality, and Lemma B7.(1) yields

TZ_:h(U(t, h) = Ut h,0))|| =0 (T"?) i 1Ot h) = Uyt )]s = O (TV2). (B.67)
t=1 J =1

For U(t, h,0), standard arguments for MDS imply that || Zz;h U(t, h,0)|; = O(T"?), which in connection
with (B.67) establishes the second claim in Lemma B7.(3). O

Proof of Lemma BS.

(1). Recall Uj(t, h,m) = Eluynvji | Frintrn—m)- Let Vij(t,h,m) =321 <4 Uij(k, h,m). We consider the

following decomposition for V;;(t, h, m):

Vij(t,hom) = > apaUsj(k,hym)+ Y- agaUsj(k, hym)

tm <k<t 1<k<tm—1

= V:L'j,l(ta h, m) + ‘/:L'j72(t, h, m),

where t,, =t — 3m.

We further define

v

h
Qi1i2j1j2 (T’ hvm) = Ui1j1 (tv ha m)‘/igjz (tv h’am)v

<~..
[|
o

Usj(t, hym) = Uij(t, h, [ m?]).

By replacing Vi, j, (t, h, m) in Qiyinj, o (T, by m) with Vi, j, 1(t, b, m) and Vi, j, o(t, b, m), we define Q;, iy, jo,1 (T, b, m)
and Qi iqj jo,2(T, h,m), respectively. Additionally, we define

‘/;](tv h’a m)v ‘/ij,l(tvha m)a ‘/;j,Z(tahym)a

éilléjljz (T7 h, m)a ©i1i2j1j271(T7 h, m)a ©i1i2j1j2,2(T7 h, m)
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by replacing Uy;(t, h, m) with Uy;(t, h,m) in

‘/l](t7 h7m)7 ‘/’ij,l(taha m)7 ‘/;j,2<t7h7m)7

Qi1i2j1j2 (T7 h, m)v Qi1i2j1j2,1(T’ h, ’ITL), Qi1i2j1j272(T> hv m)v

respectively. For notational simplicity, we suppress the indices i1, 19, j1 and jo whenever possible.

Using these notations, we write

Py(T, m,ent)
= Pr (|Q(T, h,m) — E[Q(T, h,m)]| > ent)
< Pr(|Qu(T, h,m) = Qu(T, h,m) = E[Q1(T, h,m)] + E[Q1(T, h,m)]| > e,)
+Pr (|Qa(T, hym) — Qo(T, hym) — E[Qa(T, h,m)] + E[Qa(T, h,m)]| > &)
+P(T, [m°|, ent — 2€5), (B.68)

where €, = enr/(2l7) with I7p = [—loglogT/logf]. We study the first two probabilities on the right
hand side of (B.68) one by one.

For the term with Q(7T,h, m) and Ql(T, h,m), partition [T] into consecutive blocks Bj,..., By, of

T

length 4m. For each block set

Qun(T,hym) := > (Ut h,m)Vi(t,h,m) — U(t, h,m)Vi(t, h,m)).
teBy,

By construction, blocks that are not adjacent involve disjoint time windows for the underlying innovations,
hence Q1,, and Q1+ are independent whenever |n —n*| > 1.

Using similar arguments to those in the proof of (B.32), we have

|Qua(T, hom) = E[Q1a(T. hym)] |2 = O(m' =),

205—1

where ¢y = (T)(M)

cs/\Cyp

. Together with Lemma B2 and the Markov inequality, it yields that there
exists a constant M > 1 such that

PI“(|Q1(T h m) - Ql(Tv h, m) - E[Ql(T’ h, m)] + E[Ql(Ta h, m)” 2 633)

gZT (1QualThm) — EIQuu(Tuhom)]| = ) + O (N AT)~)

< ZT: e " 1Qun(T, h,m) — E[Q1,(T, h, m)]||j§§ ((N/\T)—M)
n=1

= 0 (e PTim1=721) L0 (N AT) ™M) (B.69)

where €, = 56“ =, with B=J/(J+4),a=1— [, and a constant cps > f.

We then turn to the investigation of the second probability on the right-hand side of (B.68). We partition
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[T] into b3, blocks Bj, ..., B} of length m. For each block, we define
T

Qan(T,hym) == > (U(t,h,m)Va(t, h,m) — U(t,h,m)Va(t, h,m)).
t€By,
Let [, = max B} and the sigma field .#} := .%#; . We can then easily check that for every t € B} the
corresponding Va(t, h,m) and %(t, h,m) are .Z_,-measurable, and moreover, U (t, h,m) and (7(75, h,m) are

_o -conditionally mean zero:
E[an(T’ h,m) | 37:72] =0.

Therefore, {Q2.n (T, h,m)}n 0da is @ MDS adapted to {Z, '}, oda and similarly for the even subsequence.
Additionally, we can observe that U(t, h, m) and ﬁ(t, h,m) are independent with V5 (¢, h, m) and %(t, h,m)
by definition. Then, we apply Lemma 1 of Haeusler (1984) to the odd and even subsequences to show that
for any M > 1, there exists a constant C}, such that

b

Pr (’ Z Q2,n(Ta h’ m)‘ > 61)
n=1
b*

< aPr (|3 BlQ3 (T hm) | 5] > &/(logT)")
n=1

b7
+ > Pr(|Qon(T, h,m)| > e/logT) + Cire; ™. (B.70)

n=1

For the first term on the right-hand side of (B.70), simple algebra gives

b
Z E[Q%,n(T7 hv m) ‘ y;fZ]

n=1

by
< 22 Z as E[U(t, h,m)U(s, h,m)|Va(t, h,m)Va(s, h,m)
n=1t,s€By

b
+2% Y ag E[U(th,m)U(s, h,m)]Va(t, h,m)Va(s, h,m)
n=1t,s€B,,

= D1 + Ds.

Let bsy = E[U(t, h,m)U(s, h,m)] by reorganizing the summations, we have

b7
Dy :22 Z as,tbs ¢ Va(t, h,m)Va(s, h,m)
n=1t,seBy
by
=23 Y awbee Y. Ulknhom) Y Ulka.hom)
n=1t,s€By 1<ki<tm—1 1<kg<sm—1
T—h T—h
= Z Z azl,lﬁU(kl’h7m)U(k27h’m)7
k1=2ko=2

b .
where aj, o =230 3 ic B (n k1) 2oseB* (n ko) Gstbst With B*(n, k) = {t € B, : t > k+3m+1}. By Lemma
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B7, we have | SI " U(t, h,m)|l2 < O (T1/2>, which implies that [a, ;.| < C,T, for some positive constant

C,. Similarly, we have

b T—h T—h
Dy = 22 ST asibsiValt, hm)Va(s,hym) = >N g, Uky, hym)U (kg, h,m),
n= ltSGBn k1=2ko=2

where Est = E[ﬁ(t, h,m)U (s, h, m)] the coefficients also satisfy |af, ;,| < CoT'. Since E[D1]e;2(log T)? and
E[Ds]e, 2(log T)? are negligible for a sufficiently large T', in connection with the definition of Py, (T, m, €),
b7
4Pr (| 32 E[Q3,.(T hym) | Fi_o)| > €/(log T)*?)
n=1
< 4Pr (D1 — B[D1]| > €/(log T)?) + 4Pr (| Dy — E[D,]| > € /(log T)?)

< O()(Py(T, m, €T 1og T)™2) + P (T, |m|%, T (log T)~2)). (B.71)

For the second term on the right-hand side of (B.70), by Markov inequality and applying arguments

similar to those in the proof of (B.32), we obtain

by
ST Pr(|Qan(T hym)| > ey/logT) < Ze (log )7 (|Q2.n (T, h,m) |7

n=1

-0 ( (log T)JTJ/Q-H (1/2—009)J—1> ' (B.72)
Together with (B.71), it gives

b*
Pr(| S Qon(T )| > <)
n=1

< O()(P(T,m, T~ (log T) %) + Pu(T, |m)?, T 1 (log T)2))
+O( (logT)JTJ/2+1 (1/2—co8)J— 1) +O( M). (B.73)

By (B.68), (B.69), and (B.73)

Po(T,m,ent) < Po(T, |m? ], ent — 2€2) + O(1) Py (T, m, 2T~ (log T) ~2)
+O(1)Py(T, [m)®, 2T (log T) ™ )+O( —J/2yy, (1=c00)J/2~ 1)

+O ((NAT) M) +0 (). (B.74)
Since 2T (logT) 2 > en7T/? for a sufficiently large T, for the term
Ph(T> m, 6920T_1 (log T)_2)7

by repeating the expansion in (B.74) for a sufficiently large number of times, we can show that it is bounded

by the rest of terms. Therefore,

Py(T,m, ent) < O()PA(T, [m?], ent — 2,) + O (e 7 (log T) 712+ (1/2=e00)7 1)
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+O ((NAT) M) 0 (™). (B.75)
Starting from a sufficiently small m (e.g., m = 1,2), we can apply similar arguments and obtain
Py(T,m, 2¢,) = O (I3 ez 7T) + O (N AT)™M) + 0 (1) . (B.76)
Since T0™ < e, iterating (B.75) for lpg — 1 times from P, (T, m,ent) to P, (T, LTGZT’GJ , 2633), we obtain

Py(T,m,en1) = O (ng/QT (m(lfcoe)‘]/zfl + l#;))
+O (N AT)™M) +0 (W™ . (B.77)
Substituting (B.77) back to (B.71), we can update the result in (B.74) as follows:

Ph(T,m, GNT) < Ph( L QJ ENT — 2€x) +0 (GNT ( (1=c0)J/2-1 + l%yg)) s

and iterating it for l7g — 1 times, we can finally establish desired result in Lemma B8.(1).
(2). We now use Lemma B8.(1) to establish Lemma B8.(2). Define m; = [T |, for [ =1,..., lr9, where
Irp = [—loglogT/logf]. Let i1, be the smallest [ such that m; < h/4. Define

T—h

QnTo = Y Uiyjy (8, 8)Sinjp (1),
=2
and
T—h
Qnty =Y, Uiy (t, hymy) Sigjy n(t, my),
=2
for | = L.,y
We write

T—h

Pr (| Y2 (Uigs (6:1)Siago n(t) = ElUsss, (8, 1) Sijon ()| = enr)
t
l;’e—l

< ) Pr (‘QNT,Z — Qnri+1 — E[(Qnry — QNT,lJrl)]‘ > ent/(lrg + 1))
1=0

[|
2o

> enr/(lro +1)).

+Pr (‘QNT,Z*M [QNTJT 0]

Using similar arguments to (B.33), we have

Pr (’QNTO - Qnt1 — El(QNT0 — QNT,I)]‘ > ent/(lrg + 1))
= O (g e *T/2me00 T2 /0 (B.78)

For 1 <1 < l%, — 1, partition [T] into b} consecutive blocks Bi, ..., Bll)l of length m; + h. We further
’ T
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write

Q’n,l - Z Ui1j1 (t) ha ml)Si2j2,h(t7 ml)) Q:,,l - Z Ui1j1 (t) hv ml-‘rl)Sing,h(tv ml-‘rl)'
teBl, teBl

Similarly to (B.33), for ey, < en7/(I70 + 1), we can obtain
Pr (|Qni = Qi — El@Qui = Qull 2 &) = O (g end *mi " n/ g m0?12) - (B.79)

By (B.79), Lemma B2 and using arguments that are analogous to (B.34), we can show that there exists a

constant M > 1 such that

Pr (|QNT,l —Qnri+1 — El(Qnry — QnTit1)]| = ent/(lrp + 1))

bl
< 3 Pr(|Qui— Qi = Bl@Qui = Qr)ll 2 &) + O (N AT)™)
n=1

O (g eny > Th!tm 012200 7271) 1 O (N A T) ™M)
0

(l%{026&¥2TJ/4h(17609)J/2*1) +0 ((N A T)*M) . (B.80)

Finally, we only need to study @ NT ) — ElQ NT.2, 6]. We re-partition [T into br blocks Bl, ..., By, of
length 2h, and define @n,l = Zte§ Ui j, (t, b, ml;g)Sl-2j27h(t, ml;g). By Lemma B2 and Lemma B8.(1),

Pr (|QNT — E[QNT,2

1*
»T,0 *T,0

| = enr/(irs +1)

br
<> Pr (|@n,z — E[Qni)| > ey) +0 ((N A T)—M)
n=1

= O (gentT (RO=oD727 1] )Y+ O (N AT)M). (B.81)

By (B.78), (B.80), and (B.81), we can readily establish the result in Lemma B8.(2). O
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