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Abstract

We propose a multi-factor model and an estimation method based on particle MCMC
to identify risk factors in electricity prices. Our model identifies long-run prices, short-
run deviations, and spikes as three main risk factors in electricity spot prices. Under
our model, different risk factors have distinct impacts on futures prices and can carry
different risk premia. We generalize the Fama-French regressions to analyze properties of
true risk premia. We show that model specification plays an important role in detecting
time varying risk premia. Using spot and futures prices in the Germany/Austria market,
we demonstrate that our proposed model surpasses alternative models that have less risk
factors in forecasting spot prices and in detecting time varying risk premia.
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1 Introduction

In recent decades, electricity markets have switched from being highly regulated to being more

competitive and open. The deregulation has increased efficiency and transparency, but it also

introduced a great amount of price uncertainty. Market players who determine the spot price

of electricity include not only wholesalers and producers, but also financial institutions such

as energy trading companies and banks. The spot market has therefore a mixture of different

types of market players, and likely faces different sources of uncertainties or risk factors which

have distinct dynamics.

While there is a large literature concerning spot price dynamics (see Weron (2014) for a

comprehensive summary), most models are silent about the individual risk factors and how the

market prices different types of risk. Models that do study multiple risk factors and analyze

risk premia (e.g. Benth (2011) and Veraart and Veraart (2014)) are typically challenged by

their estimation complexity, and hence often rely on multiple stage estimation and moment

matching. The lack of efficiently estimated risk factors, or the omission of multiple risk factors,

hinders the understanding of risk premia in this market and impedes risk management.

In this paper, we propose a multi-factor model accompanied by efficient likelihood-based

estimation procedure. Moreover, we provide a formal analysis of ex ante (model based) and ex

post (also called realized) risk premia in the futures market. We show that model specification

plays an important role in identifying risk premia. Our empirical application suggests that the

multi-factor model can better detect time varying risk premia than alternative models that

ignore some of the important risk factors.

Our model has—in addition to a deterministic seasonality component—three main sources

of price uncertainty: spikes, short-run variations, and long-run shocks. Spikes are large and

infrequent price movements that die out fast, short-run variations describe small and tempo-

rary deviations from equilibrium prices, and long-run shocks have permanent impact on prices.

We also allow stochastic volatility to modulate the magnitude of both short-run and long-run

shocks. The decomposition of shocks is not only necessary for capturing important features of
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the data, but also intuitive given the production structure of electricity. The short-run sup-

ply curve of electricity is highly inelastic (steeply sloped) above or below certain thresholds,

but relatively elastic (gently sloped) between the thresholds. The shape of the supply curve

provides intuition to the formation of spikes versus short-run shocks. Small price fluctuations

from shifts in demand occur in the gently increasing part of the supply curve. If the demand

change is large enough such that the market clears at the steeply sloped part of the supply

curve, prices tend to jump before reverting back to the normal marginal cost in the next day

or two. These short-lived price jumps are termed spikes. Long-run shocks, on the other hand,

stem from long-run supply shifts caused by for example changes in mode of production or fuel

prices.

While most spot price models acknowledge long-run prices and spikes as data feature, few

treat them as stochastic risk factors and model them specifically. Long-run prices are usually

filtered out together with seasonality prior to implementing models for short-run prices (see

e.g. Lisi and Nan (2014); Nowotarski, Tomczyk, and Weron (2013); Janczura, Trück, Weron,

and Wolff (2013)). Spikes are often treated as outliers (see Janczura, Trück, Weron, and

Wolff (2013) for a comparison of different filtering techniques), although there is also a sizable

literature devoted to modeling spike dynamics (see for example Bierbrauer, Menn, Rachev, and

Trück (2007); Christensen, Hurn, and Lindsay (2012); Benth, Kiesel, and Nazarova (2012)).

To our best knowledge, however, this paper is the first to model and estimate long-run, short-

run, and spike dynamics simultaneously. Our estimation procedure is based on particle Markov

chain Monte Carlo (PMCMC) developed in Andrieu, Doucet, and Holenstein (2010) and the

efficient filtering technique in Brix, Lunde, and Wei (2018). PMCMC is a likelihood-based

approach and it yields estimates of parameters and latent risk factors while accounting for

parameter uncertainty. We apply the proposed model to the Germany/Austria electricity

prices from European Energy Exchange (EEX) and show that our model is superior to models

that ignore the long-run factor in forecasting spot prices.

If a power plant or a wholesaler seeks to reduce its exposure from the volatile market, they

can utilize financial derivatives such as futures or forward contracts. The market risk premium,
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defined as the difference between the futures price and the predicted spot price, measures what

the market demands to be compensated for bearing risk. Risk premia in electricity markets

can be either positive or negative. Bessembinder and Lemmon (2002) and Benth, Álvaro

Cartea, and Kiesel (2008) link the sign of risk premia to the risk preferences of market players.

If producers are more risk averse than wholesalers and need to guarantee a stable sale price,

there will be higher supply of futures contracts, resulting in lower futures price and negative

risk premia. On the other hand, if the risk aversion of wholesalers dominates, demand for

futures will be high and positive risk premia occurs.

Risk premia is intrinsically unobservable, and literature differs on whether ex post premia

(e.g. Redl and Bunn (2013); Huisman and Kilic (2012)) or ex ante premia (e.g. Benth,

Biegler-König, and Kiesel (2013); Veraart and Veraart (2014)) serves as a better proxy. Ex

post premia is unbiased but not observable until the delivery period is passed; ex ante premia

varies depending on the model for spot price. We decompose ex post and ex ante premia into

true risk premia (the signal) and different noises, and propose the generalized Fama-French

(GFF) regressions that regresses ex post premia on any model-based ex ante risk premia. GFF

can compare the signal-to-noise ratio of ex post versus ex ante premia under the assumption

that the model misspecification error (the noise in ex ante premia) and true risk premia are

uncorrelated.

The original Fama-French (FF) regressions seek to answer whether true risk premia is

time varying and whether futures prices help forecast spot prices. Compared to FF, the

GFF regressions can better detect variations in true risk premia and the predictive power of

futures price through the use of model-based forecasts of spot prices. If a model suffers less

from misspecification error than its competitors, it produces better forecasts of spot prices,

which leads to better estimates of risk premia and a decrease in the forecast power of futures

prices. Using futures contracts in Germany/Austria electricity market, we demonstrate that

the ranking of spot price forecasting performance indeed carries over to futures market—

our proposed model surpasses models without a long-run factor in its ability to detect time

varying risk premia. Moreover, under the assumption that the model misspecification error is
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uncorrelated with true risk premia, the ex ante premia based on our proposed model is less

contaminated by noise than ex post premia.

The rest of the paper is organized as follows. Section 2 describes our proposed model

for spot prices and outlines the estimation method. In Section 3, we analyze ex post and

ex ante risk premia and describe the GFF regressions. Application using Germany/Austria

electricity spot prices in presented in Section 4, while Section 5 discusses the application in

Germany/Austria futures market. Section 6 concludes.

2 Models for the spot market

Most models on electricity spot prices consist of three components—long-run prices, short-run

prices, and spikes—but the interpretation and treatment of each component differ drastically.

Several classes of models have been proposed to incorporate spikes. Following Schwartz (1997),

who models the mean-reverting behavior in commodity prices using an Ornstein-Uhlenbeck

(OU) process, Cartea and Figueroa (2005) suggest a mean-reverting jump-diffusion driven by

both a Brownian motion and a compound Poisson process. Although jump-diffusion models

or their variations have become a benchmark for modeling equity prices, they are ill-suited

for electricity prices as they impose the same mean-reversion speed for the diffusion process

and the spikes. In electricity prices, a spike usually lasts a day or two, while the diffusion

exhibits autocorrelations at much higher lags. Regime-switching models offer a more flexible

way to deal with spikes. Spike regime and “base” regime can be driven by the same Gaussian

shocks but differ in parameters (Huisman and Mahieu, 2003; Mount, Ning, and Cai, 2006),

or they can have different shock distributions (Bierbrauer, Menn, Rachev, and Trück, 2007;

Weron, Bierbrauer, and Trück, 2004). Different persistence in the spike regime and base

regime are realized by specifying at least three regimes with restricted transition probabilities.

Alternatively, Benth, Kiesel, and Nazarova (2012) and Brix, Lunde, and Wei (2018) advocate

a factor structure, where base signal and spikes each follow an independent OU process with

different mean reversion, and the observed price is the summation of the two factors.
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In the electricity literature, long-run prices are usually filtered out prior to the estimation of

other components. In most models (see e.g. the review in Lisi and Nan (2014)), long-run prices

only consists of a linear trend and seasonal patterns that are based on monthly dummies or

trigonometric functions. Weron (2009) propose the use of wavelet smoothing to extract what

they term “long-term seasonal component”, which can be viewed as a combination of both

seasonality and non-linear trend. Nowotarski, Tomczyk, and Weron (2013) and Janczura,

Trück, Weron, and Wolff (2013) show that wavelet methods outperform monthly dummies

or trigonometric functions, and Nowotarski and Weron (2016) demonstrate the gain in using

long term component for forecasting. Alternative filtering methods include nonparametric

regression (Veraart and Veraart (2014)) and the Hodrick-Prescott filter (Weron and Zator

(2015)) among others.

One drawback of aforementioned literature is that the filtering of long-run component is

affected by spikes which are extreme valued observations, while the specification or removal of

spikes is in term affected by the treatment of long-run component. In addition, removing long-

run component using Hodrick-Prescott filter may induce spurious dynamics in the short-run

residuals (Hamilton (2017)). We propose modeling and separating seasonality, trend, short-

run price, and spikes simultaneously in an additive factor structure, which in discrete time

are often termed unobserved component models. Factor models have a rich history in time

series. For example, Schwartz and Smith (2000) decompose commodity prices into a Brownian

motion and a OU process while a simplified version of this structure—sum of a random walk

and white noise—is common for modeling macroeconomic variables such as inflation.

Factor models offer flexible structures and straightforward interpretation of each compo-

nent. Specifically, we consider four components: a deterministic seasonality component that

accounts for the differences in winter and summer prices, a stochastic long-run trend rep-

resenting changes in equilibrium prices, a short-run mean-reverting process that represents

temporary deviation from the equilibrium price, and a spike process that accounts for large

deviations that mean-reverts much faster than the short-run components. The three stochastic

factors—trend, short-run price, and spikes—summarizes the uncertainties in spot prices and
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we term them risk factors. In addition, we allow stochastic volatility in both short-run and

long-run dynamics. Stochastic volatility is an important feature in many energy markets (see

e.g. Chan and Grant (2016)) and the inclusion of stochastic volatility in unobserved com-

ponent models have been shown to help identify changes in the trend versus changes in the

short-run dynamics (see e.g. Stock and Watson (2007)).

Both spikes and stochastic volatility pose challenge to the estimation and separation of

risk factors. We adopt the particle Markov chain Monte Carlo (PMCMC) algorithm, which

estimates parameters and risk factors simultaneously without resorting to any ad hoc filterers

that may distort results. The PMCMC sampler is consist of a particle filter part and a

Metropolis-Hastings (MH) part. While the particle filter obtains an unbiased estimate of the

likelihood conditional on model parameters, the MH part obtains the posterior distribution

of parameters and risk factors. The MH algorithm is easy to implement and has been widely

used in Bayesian likelihood-based inference. The particle filter, on the hand, requires careful

implementation to achieve practical computing time (see Pitt, dos Santos Silva, Giordani,

and Kohn, 2012). We follow Brix, Lunde, and Wei (2018) and use a technique called Rao-

Blackwellization to devise an efficient particle filter.

We describe our continuous-time model in subsection 2.1. Subsection 2.2 outline the dis-

cretized model and its nested models while subsection 2.3 adds exogenous variables to the

model. Subsection 2.4 briefly describes the estimation methods and detailed algorithms can

be found in the appendix.

2.1 Model specification

We model the observed spot price by four components: seasonality Λ(t), the stochastic trend

µ(t), the short-run deviation X(t), and the spikes Y (t). The seasonality component consists

of a yearly cycle with 261 days (number of weekdays in a year), Λ(t) = a1 cos( 2πt261 + a2). The

long term price µ(t) is modeled by a Brownian motion,

dµ(t) = σµ(t)dBµ(t),
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where µ(1) = µ1 is treated as an unknown coefficient, and Bµ(t) is a standard Brownian

motion. Both X(t) and Y (t) are modeled by the class of OU processes:

dX(t) = −αxX(t)dt+ σx(t)dBx(t)

dY (t) = −αyY (t)dt+ dI(t).

The different mean reversion speed, αx and αy, give rises to flexible autocorrelation structure.

Short-run dynamics X(t) is driven by a standard Brownian Motions Bx(t), while the spike

process is driven by a compound Poisson process I(t) with jump intensity λJ , reflecting the

rarity of spikes. The jump sizes in I(t) follow an exponential distribution, Exp(µJ). This

specification leads to a Gamma OU process with marginal distribution Y (t) ∼ G(λJ/αy, µJ).

The observed price follows an additive structure, S(t) = Λ(t) + µ(t) + X(t) − Y (t). Our

focus on negative spikes inspires the negative sign in front of Y (t)1. Volatility clustering in

both short-run and long-run dynamics are described by the Heston stochastic volatility models.

That is,

dσ2µ(t) = κµ
(
σ̄2µ − σ2µ(t)

)
dt+ γµσµ(t)dBµ

σ (t)

dσ2x(t) = κx
(
σ̄2x − σ2x(t)

)
dt+ γxσx(t)dBx

σ(t),

with 2κµσ̄
2
µ > γ2µ and 2κxσ̄

2
x > γ2x to ensure the positiveness of both processes.

2.2 Discretization and forecasting

Spot price on day t has four components,

St = Λt + µt +Xt − Yt, (1)

1It is equivalent to modeling a spike process driven by only negative jumps. Alternatively, both positive
jumps and negative jumps can be considered as in Fanone, Gamba, and Prokopczuk (2013)
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where Λt is a deterministic function of t and

Λt = a1 cos(
2πt

261
+ a2). (2)

The discretization of long-run price µt leads to a random walk, while the discretization of both

X(t) and Y (t) lead to an AR(1) structure,

µt+1 = µt + σµ,tε
µ
t+1

Xt+1 = e−αxXt + σx,tε
x
t+1 (3)

Yt+1 = e−αyYt + ξt+1Jt+1,

where εµt+1
i.i.d.∼ N(0, 1), εxt+1

i.i.d.∼ N(0, 1), Jt+1 ∼ Bernoulli(λJ) and ξt+1 ∼ Exp(µJ). We

simplify the jump indicator Jt+1 to a Bernoulli distributed random variable as λJ is assumed

to be small. The volatility is discretized with the Euler scheme,

σ2µ,t+1 = κµσ̄
2
µ + (1− κµ)σ2µ,t + γµσµ,tε

l
t+1

σ2x,t+1 = κxσ̄
2
x + (1− κx)σ2x,t + γxσx,tε

s
t+1. (4)

Equations (2), (3), and (4) form our proposed model which we term 3FS-SV2 (three factor

with seasonality and stochastic volatility). Our model nests many of the existing models in

the literature. We consider three special cases to separate the effect of different risk factors.

First, by holding volatilities constant, i.e., σ2µ,t = σ̄2µ and σ2x,t = σ̄2x, we obtain model 3FS.

Second, we consider 2FS-SV (two factor with seasonality and SV), where the stochastic trend

in price is replaced by a constant, i.e. µt = µ1. Since two factor model has no time variation in

trend, volatility σµ,t is suppressed. Lastly, restricting volatility in Xt to be constant in 2FS-SV

yields model 2FS. Table 1 presents the models under consideration and the restrictions placed

to derive them from the full model 3FS-SV2.

Multi-step ahead forecasts of the spot price can be derived from the forecasts of each
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Table 1: Model Overview
Model Restrictions

2FS µt = µ1 and σ2x,t = σ̄2x
2FS-SV µt = µ1
3FS σ2µ,t = σ̄2µ and σ2x,t = σ̄2x

3FS-SV2 None
Note: 2FS (3FS) stands for two-factor (three-factor) with seasonality. 2FS-SV (3FS-SV2)
stands for two-factor (three factor) with seasonality and stochastic volatility (in two of the
factors).

component. Forecasting Xt and µt is straight forward from properties of OU processes and

Brownian motion, while stochastic volatility does not enter the forecasts directly given the

additive structure. The spike process is a special case of the non-Gaussian OU process, and

the derivation for conditional expectation can be found in Veraart and Veraart (2014). Let

Gt denote the historical filtration generated by St, we use EP
m(St+h|Gt) to denote the h-step

ahead forecast under model m. For model 3FS-SV2 and 3FS, we have

EP
m(St+h|Gt) = Λt+h + µt +Xte

−αxh − Yte−αyh − λJµJ
1− e−αyh

αy
, (5)

while model 2FS-SV and 2FS yields

EP
m(St+h|Gt) = Λt+h + µ1 +Xte

−αxh − Yte−αyh − λJµJ
1− e−αyh

αy
. (6)

2.3 Adding exogenous forecasts

Spot price may also be affected by forward-looking variables such as weather forecasts or

forecasted price of marginal fuels. These variables could be easily incorporated in our model

structure. We consider the case of weather forecasts. As spot price on day t is determined

on day t − 1, we assume that St depends on the day t − 1 forecast of the day t temperature

forecast denoted by Ẑt. Weather has distinctive yearly pattern. The smooth and deterministic

seasonal variation in temperature is reflected in price through Λt, hence only the departure of

temperature from its deterministic yearly pattern may have additional explanatory power over
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price. We take out the seasonality in Ẑt using Λzt = b1 cos( 2πt261+b2). The residual, Ẑ∗t = Ẑt−Λzt ,

represents the departure of temperature from its yearly pattern, or the abnormal part of

temperature. Including the abnormal temperature in our full model yields the following:

St = Λt + µt +Xt − Yt + βẐ∗t , (7)

where the first four components still follow the dynamics in equation (3) and (4). Multi-step

forecasts are given by

EP
m(St+h|Gt) = Λt+h + µt +Xt − Yt + βẐ∗t+h,t, (8)

where Ẑ∗t+h,t denotes the forecasted temperature departure of day t+h. The weather forecasts

are generated by exogenous information (e.g. climate models) and we assume that they are

available up to 10 business days ahead. In other words, β = 0 for h ≥ 10. The filtration Gt

in Equation (8) includes both the historical filtration σ(Su : u ≤ t) and set of information for

generating Ẑt+h,t.

2.4 Estimation

The discretized model has a state space representation where Equation (1) is the measurement

equation while Equations (3) and (4) describe the evolution of latent variables {µt+1, Xt+1, Yt+1, σµ,t, σx,t}Tt=1.

The dynamics of latent variables are non-linear and non-gaussian, hence we resort to parti-

cle filter (PF) which is a simulated-based algorithm apt to compute likelihood that involves

high-dimensional integrals.

LetKt denote the set of latent variables at time t, and pθ denote the distribution conditional

on parameters θ, the basic element of PF uses samples (or particles) from the filtering distri-

bution pθ(Kt|St) to obtain samples from the next period filtering distribution pθ(Kt+1|St+1)

as well as computing the likelihood pθ(St+1|St). If pθ(Kt+1|St+1) can be sampled from di-

rectly and the likelihood pθ(St+1|St) can be computed analytically, we have a fully adapted

11



PF, which is the case with linear and Gaussian state-space models. With non-linear and

non-Gaussian models, the filtering distribution is approximated by an importance density,

and an estimated likelihood is obtained from the sum of importance weights—defined as the

ratio of target density to importance density. This procedure yields an unbiased estimate of

the likelihood pθ(S1:T ), which ensure the validity of using Metropolis-Hastings (MH) sampler

for posterior distribution p(θ|S1:T ). The variance of the likelihood estimate, however, could

impede the convergence of MH sampler.

The key to obtain an efficient particle filter—one with small variance in the likelihood

estimate—lies in the choice of importance density. We follow Brix, Lunde, and Wei (2018)

and use two techniques to devise an efficient PF. First, we rewrite the model into an non-

markovian measurement equation,

(St+1 − Λt+1) = e−αx(St − Λt) + (1− e−αx)µt − (1− e−αx)Yt − Jt+1ξt+1 + σµ,tε
µ
t+1 + σx,tε

x
t+1,

(9)

with state variables {µt+1, Jt+1, ξt+1, σµ,t, σx,t}Tt=1. This representation eliminates Xt as a la-

tent variable and decreases the dimension of filtering distribution. Second, given exponentially

distributed ξt+1 and Bernoulli distributed Jt+1, the term −Jt+1ξt+1 + σµ,tε
µ
t+1 + σx,tε

x
t+1 con-

stitutes an exponentially modified normal distribution conditional on σµ,t and σx,t. In other

words, part of the latent variables can be sampled directly conditional on the other latent

variables and the data, and particle filter will be applied only to the latent variables that can

not be sampled directly. This procedure, termed Rao-Blackwellization, further reduces the

dimension of numerical integration in the likelihood evaluation and renders smaller variance

in the likelihood estimates.
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3 Futures and risk premia

Futures contracts are widely traded financial instruments for hedging risk. Let F (t, T ) denote

the futures price2 at time t for delivery at time T . From standard no-arbitrage theory, F (t, T )

equals the expectation of spot price at T under a suitable risk-neutral measureQ, i.e., F (t, T ) =

EQ[S(T )|Ft]. Furthermore, the difference between the expectation under physical measure P

and the risk-neutral measure Q is defined as the risk premium,

r(t, T ) = EQ[S(T )|Ft]− EP[S(T )|Ft]. (10)

The risk premium relates spot markets with futures markets and it reveals the risk prefer-

ence and market power of market players, see e.g. Benth, Álvaro Cartea, and Kiesel (2008).

Risk premium for electricity is particular interesting as this relatively new market undergoes

continuous change in the mode of production. For example, in the German market, renew-

ables such as wind generation are becoming increasingly important. Renewables tend to have

lower marginal cost compared to traditional sources such as coal or natural gas and hence

may decrease the long-run price of electricity. On the other hand, renewable productions are

intermittent and hence may increase the volatility in spot prices. Producers who are worried

about the volatility or the long-run impact of renewables will resort to futures market and

drive down the risk premium. In consequence, the risk profile of market players and the market

risk premium varies across time and time-to-maturity, and understanding how and why they

change is essential for understanding the energy market.

Albeit its importance, risk premia is not directly observable. Even if we assume that

market futures price are observed without error, i.e., EQ[S(T )|Ft] is known, the expected spot

price in equation (10), EP[S(T )|Ft], still renders r(t, T ) latent. Two approaches are commonly

used to find a proxy for r(t, T ). The first approach replaces EP[S(T )|Ft] by the realized spot

price S(T ), resulting in the ex-post or realized risk premium (e.g. Redl and Bunn (2013)).

The second approach replace EP[S(T )|Ft] by a model implied estimate ÊP
t (S(T )), resulting

2We do not distinguish between futures contract which is mark-to-market with the forward prices.
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in an ex-ante model-based risk premium (e.g. Benth, Álvaro Cartea, and Kiesel (2008)). To

our best knowledge, few studies compare the two risk premia (exceptions include Veraart and

Veraart (2014)). In subsection 3.1, we formalize the definition of the two risk premia and

derive their properties.

Two central questions surrounding commodity markets are: 1) whether risk premia are

time-varying, and 2) whether futures prices help forecast spot prices. In their seminal work,

Fama and French (1987) propose a regression framework—which remains the workhorse in

commodity and energy markets—to answer the two questions simultaneously. We show in

subsection 3.2 that Fama-French (FF) regressions implicitly assume that spot prices follow a

martingale. Using the properties of ex-ante and ex-post risk premia, we propose the gener-

alized FF regressions for markets where spot prices can be modeled by processes other than

a martingale. This is particularly relevant for electricity markets where prices are subject

to short-run deviations and spikes. The generalized FF regressions focus on whether futures

prices have additional forecasting power for spot prices compared to any model-based fore-

casts. Moreover, we show that the generalized FF regressions are more powerful than the

original version for detecting time-varying risk premium.

In subsection 3.3, we transform risk premia into functions of market price of risk. Futures

prices and risk premia depend on both t and time-to-maturity T − t. While time-varying risk

premia refers to whether r(t, T ) varies with t while holding (T − t) fixed, it is also important

to characterize how r(t, T ) varies with (T − t). One approach is to model futures curve

directly. For example, Benth and Paraschiv (2017) model the dynamics of F (t, T ) using a

space temporal model such that the temporal (t) effect is disentangled from the spatial (T − t)

effect. We choose to construct futures prices and risk premia using a change of measure that

express risk premia as analytical functions of market price of risk. We then describe how to

estimate time-varying market price of risk.

Subsection (3.4) deals with a unique feature in electricity futures: delivery is done over a

period of time such as a month, a quarter, or a year. We modify the derivation accordingly

and present the formula we use for the empirical study in the next section.
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3.1 Ex ante and ex post risk premia

Let r(t, T ) denote the latent true risk premia defined in equation (10). This risk premium is

realized by holding a short position in the futures contract from time t until maturity. Let

r∗(t, T ) denote realized risk premia, then r∗(t, T ) = F (t, T )− S(T ). The spot price S(T ) can

be decomposed into a predictable part, EP[S(T )|Ft], and a prediction error, ε(t, T ). In other

words,

S(T ) = EP[S(T )|Ft] + ε(t, T ), (11)

where Ft denote the sigma-algebra generated by all available information at time t, and

EP[ε(t, T )|Ft] = 0. From equation 11, it is easy to see that the realized risk premia can be

decomposed into the true risk premia and forecast error, r∗(t, T ) = r(t, T )− ε(t, T ).

The main obstacle of using realized risk premia is that it is adapted to FT rather than Ft. In

other words, r∗(t, T ) can only be measured at time T even though r(t, T ) is Ft−measurable. If

the risk premia is time-varying, using realized risk premia impede timely update and inference

for r(t, T ).

Alternatively, a modeler may specify a dynamics for spot price S and compute the model-

based ex-ante risk premia. Let ÊP(S(T )|Gt) denote any model-based expectation conditional

on the information set Gt, with Gt ⊆ Ft, the model-based ex-ante risk premia is defined by

ra(t, T ) = F (t, T )− EP
m(S(T )|Gt).

This model-based risk premia can be estimated at t and hence is the only choice for inferring

up-to-date r(t, T ) and for predicting risk premia in next periods.

The Ft versus FT measurability is not the only difference between ra(t, T ) and r∗(t, T ).

Both ra(t, T ) and r∗(t, T ) are composed of r(t, T ) and some noise. While r∗(t, T ) is contami-

nated by forecast error, ra(t, T ) is contaminated by the model specification error. Define the

specification error u(t, T ) by u(t, T ) = EP(S(T )|Ft) − EP
m(S(T )|Gt)3, where EP

m denote the
3In practice, the model-based forecasts are also subject to estimation error. In the scope of this paper, we

only consider the population value of the forecasts.
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model specific expectation, then ra(t, T ) = r(t, T ) + u(t, T ). Misspecification could arise from

failing to choose appropriate transitional dynamics, i.e., if E 6= Em. For example, if the true

data generating process is 3FS, and a modeler choose 2FS instead, even though Gt = Ft in this

case, the modeler’s forecast, EP
m(S(T )|Gt), is integrated over misspecified transitional density

of S(T ) and hence EP(S(T )|Gt) 6= EP
m(S(T )|Gt). Misspecification error could also stem from

failing to include relevant information, i.e., if Gt ⊂ Ft. In non-storable commodities, forecasted

value of exogenous variables, for example the weather or planned capacity, could provide ad-

ditional information about spot price. In other words, (Ft) contains more information than

the natural filtration generated by the spot price process. Füss, Mahringer, and Prokopczuk

(2015) show the importance of forward-looking information such as forecasts of electricity de-

mand and available capacity. If a modeler fail to include these variables, their information set

Gt is a subset of Ft. Benth and Meyer-Brandis (2009) and Benth, Biegler-König, and Kiesel

(2013) term the difference between EP(S(T )|Gt) and EP(S(T )|Ft) the information premium4

and they find that information premium played an important role during the introduction of

emission certificates and the German “Atom Moratorium”. We include this type of difference

under the umbrella of misspecification error in the sense that a model that correctly includes

the forward-looking variables would also fare better at forecasting spot prices.

3.2 Generalized Fama-French regressions

The realized risk premium is often used to test whether risk premia is time-varying. Specifi-

cally, Fama and French (1987) propose the following regression,

S(T )− S(t) = a1 + b1 (F (t, T )− S(t)) + e1(t, T ), (12)

F (t, T )− S(T ) = a2 + b2 (F (t, T )− S(t)) + e2(t, T ), (13)

for fixed τ = T−t. By construction, the regression coefficients satisfy b̂1+ b̂2 = 1. A significant

b2 indicates time-varying risk premia, while a significant b1 indicates that futures prices have
4The latter paper focuses on the difference under Q instead of P.
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predictive power over spot prices. Fama and French (1987) attributes strong predictive power

in futures prices to the storage theory, which states the difference in futures and spot prices

can be explained by storage cost. Specifically, if storage cost is high relative to commodity

prices, market participants can not use stored commodity to smooth predictable shocks in

supply or demand, then futures prices can forecast spot prices. For example, suppose that

at time t farmers expect a good harvest at time T . If storage costs are high, the spot price

will drop at time T (S(T ) − S(t) < 0), and the current futures price F (t, T ) would be lower

than the current spot price (F (t, T )− S(t) < 0). In this case, we would observe that futures

prices have predictive power over spot, or b1 > 0. Although electricity is usually regarded as

non-storable, in some markets, for example the Nord Pool, the use of water reservoir provides

indirect storability. Evidence on storage theory is mixed in electricity markets. Botterud,

Kristiansen, and Ilic (2010) show support for storage theory, while Weron and Zator (2014)

show that storage theory has limit support after adjusting for seasonality. Huisman and Kilic

(2012) found strong forecast power in futures prices in both Dutch market and Nord pool and

evidence for time-varying risk premium only for the Dutch market.

We view a significant b1 in regression (12) as evidence against the martingale assumption

for spot price dynamics rather than (direct) evidence toward storage theory5. If the spot price

process is a martingale with filtration {Ft}, S(t) is the best forecast for S(T ) conditional on

all available information, i.e., EP[S(T )|Ft] = S(t). If the dynamics of St differs from this

assumption, S(t) becomes a misspecified forecast. In the example above, if farmers expect a

harvest, the information set Ft should incorporate this information, and the rational forecast,

EP[S(T )|Ft], is lower than the martingale forecast S(t). The futures price, on the other hand,

contains the rational expectation of the market and risk premium, F (t, T ) = EP[S(T )|Ft] +

r(t, T ). If the variation in r(t, T ) is small, F (t, T ) would provide better approximation to S(T )

than the misspecified forecast S(t), resulting in significant b1.

Spot price models have many alternatives to a martingale. For storable goods, a common
5One may view the violation of the martingale assumption for spot prices as indirect evidence for high

storage cost, but testing whether spot prices follow a martingale does not require futures prices or regression
(12).
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choice is a geometric Brownian motion with drift c denoting the cost of storage or convenience

yield per unit of time, resulting EP
m(S(T )|Gt) = Ste

c(T−t). If seasonality is an important factor,

the model should reflect it. In electricity market, spikes are important and factors models in

section 2 are popular. Exogenous variables may also enter a modeler’s spot price dynamics. If

the martingale model is already deemed inferior for spot price dynamics, regression (12) can

not offer further insight, and regression (13) may not produce significant b2 even when the risk

premia is time-varying.

We propose a generalized Fama-French (GFF) regression framework where S(t) is replaced

by any model-based forecast ÊP
m(S(T )|Gt):

S(T )− ÊP
m(S(T )|Gt) = a1 + b1

(
F (t, T )− ÊP

m(S(T )|Gt)
)

+ e1(t, T ), (14)

F (t, T )− S(T ) = a2 + b2

(
F (t, T )− ÊP

m(S(T )|Gt)
)

+ e2(t, T ), (15)

for fixed τ = T − t. The regression coefficients satisfy b1 + b2 = 1 by construction as in

(12) and (13). The GFF regressions build on the work of Huisman and Kilic (2012), who

suggest replacing S(t) by the price of marginal fuel, and Baumeister and Kilian (2014),

where futures prices are used to reveal market expectation. From the definition of ex-ante

and ex-post risk premia, we see that Equation (14) regresses the model-based forecast er-

ror, ε(t, T ) + u(t), on ra(t, T ), while equation (15) regresses the realized risk premia on

ra(t, T ). To interpret the regression coefficients, we make further assumptions. First, we as-

sume both u(t, T ) and r(t, T ) are weakly stationary for fixed τ and denote var(u(t, T )) = σ2u,

var(r(t, T )) = σ2r , and cov(u(t, T ), r(t, T )) = σur. Second, we assume that ε(t, T ) are weakly

stationary for fixed τ with var(ε(t, T )) = σ2ε . From Equation (11), ε(t, T ) is adapted to FT

and EP[ε(t, T )|Ft] = 0, hence EP[ε(t, T )|u(t, T )] = EP[ε(t, T )|r(t, T )] = 0 given both u(t, T )

and r(t, T ) are Ft−measurable. From these conditions, the variance of ex post and ex ante

18



risk premium can be expressed by

var(r∗) = σ2r + σ2ε , (16)

var(ra) = σ2r + σ2u + 2σur, (17)

and the coefficients of GFF are expressed as

b1 =
σ2u + σur

σ2u + 2σur + σ2r
, (18)

b2 =
σ2r + σur

σ2u + 2σur + σ2r
, (19)

D12 = b1 − b2 =
σ2u − σ2r

σ2u + 2σur + σ2r
. (20)

Equation (17) and (16) show that whether ex post and ex ante risk premium has higher signal-

to-noise ratio depends on the magnitude of model specification error. If the covariance σur

is negligible compared to σ2u, the premium with lower variance will contain more information

about the true premium. From Equation (19), b2 > 0 still indicates that the variance of

risk premium is nonzero—risk premium is time-varying. On the other hand, b1 > 0 indicates

the variance of specification error is nonzero, and futures prices contain more information of

S(T ) than the model-based forecast. Moreover, the difference between b1 and b2 indicates the

relative magnitude of u(t, T ) versus r(t, T ). Specifically, if D12 > 0 (b1 > b2), the variance

of specification error is larger than the variance of risk premium. If D12 < 0 (b2 > b1), the

variance of risk premium dominates. The correlation between u(t, T ) and r(t, T ) may not be

zero and a negative σur could result in negative b1 or b2. If negative b1 (b2) occurs, we can

deduce that the variance of risk premium (specification error) dominates and σur < 0.

The GFF regressions are useful in three ways. First, they cast light on whether futures

prices have additional forecast power for spot prices compared to any model based forecast.

The original FF regression is a special case of GFF when a martingale is believed to be the

best model to forecast spot prices. If a refined model, for instance model 3FS, could better

capture the spot price dynamics, GFF compare the forecast power of futures with that from
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the refined model. Moreover, Equation (14) resembles a forecast encompassing test. If both

b1 and b2 are positive, better forecasts of spot prices may be obtained by combining futures

prices and the refined model. Second, compared to (13), regression (15) provide alternatives

for testing time-varying risk premium. The magnitude of b2 is inversely related to the variance

of u(t, T ). If the martingale assumption deviates severely form the true model, the signal from

r(t, T ) could easily be lost in the noise of specification error, rendering b2 ≈ 0. A better spot

price model can detect the presence of time-varying risk premium more easily than the original

FF regressions. Lastly, GFF regressions highlight the effect of model misspecification on ex-

ante risk premium. Large b1 indicates severe model misspecification or the lack of variation

in risk premium or both. If b1 is much larger than b2, ex-ante risk premia is dominated by

misspecification error, and it may not offer much insight to the dynamics of true risk premium.

3.3 Fitting model-based risk premia

Commodity contracts are traded daily with different time-to-maturity. This subsection de-

scribe how we decompose the dynamics of F (t, T ) into the effect from t and the effect from

T − t. Specifically, we construct the model-based futures price, Fm(t, T ) ≡ EQ
m [S(T )|Gt], using

the spot dynamics specified in section (2). Assume that P and Q are equivalent probability

measures. We choose a Girsanov transform for the diffusion terms in the short-run process

X(t) and long-run price µ(t). Specifically, Bx(t) and Bµ(t) under P and Q are connected

through a shift in the drift term:

dW x(t) = dBx(t)− θx(t)

σx(t)
dt

dWµ(t) = dBµ(t)− θµ(t)

σµ(t)
dt, (21)

where W x(t) and Wµ are independent Brownian motions under Q, θx(t) denotes the market

price of short-run risk per unit of σx(t), and θµ(t) denotes the market price of long-run risk

per unit of σµ(t). This change of measure is common in the literature, see e.g. Schwartz and

Smith (2000). One may also choose a change of measure called Esscher transform for the jump

20



process Y (t) as in Benth, Álvaro Cartea, and Kiesel (2008). Furthermore, volatility σ2x(t) and

σ2µ(t) may carry important risk premium, see e.g. Prokopczuk, Symeonidis, and Simen (2017).

We focus only on the risk premia in X(t) and µ(t) mainly due to the difficulty in identification;

under the arithmetic model structure, volatility does not enter futures prices directly.

From (21) and the model 3FS-SV2, the model-based futures price takes the following form,

Fm(t, T ) = EQ
m [S(T )|Gt] = EP

m [S(T )|Gt] +Rm(τ, θx(t), θu(t)), (22)

where τ = T − t, and

EP
m [S(T )|Gt] = Λ(T ) +X(t)e−αxτ − Y (t)e−αyτ − λJµJ

1− e−αyτ

αy
+ µ(t), (23)

Rm(τ, θx(t), θu(t)) = θx(t)
1− e−αxτ

αx
+ θu(t)τ. (24)

Equation (24) reveals the dynamic structure of risk premia: Rm depends on t through time-

varying price of risk θx(t) and θµ(t), and the “term structure” of Rm has an analytical

form. To estimate θx(t) and θµ(t), note that the ex-ante risk premia ra(t, T ) is related to

Rm(τ, θx(t), θu(t)) through

ra(t, T ) = Rm(τ, θx(t), θu(t)) + EQ [S(T )|Ft]− EQ
m [S(T )|Gt]

= Rm(τ, θx(t), θu(t)) + v(t, T ).

If θx(t) and θu(t) are constant, we can minimize the distance between ra(t, T ) andRm(τ, θx(t), θu(t)).

Note that this is equivalent to minimize the distance between the observed Futures price with

the model-based futures in (22).

For time-varying price of risk, we use the local weighted square methods designed for

time-varying coefficient models in Cai (2007). Suppose that t ∈ [0, n], we define θ̃(t/n) =

(θx(t), θx(t))′ and assume that θ̃(·) is a smooth function of time. On day ti, where i = 1, . . . , n,
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a total of Li contracts are traded with maturity dates T li , l = 1, · · · , Li. The ex-ante risk pre-

mium from each contract is computed from the difference between the observed price, F (ti, T
l
i ),

and the model-based forecast in equation (23). Define Z(τ li ) =
(

(1− e−αxτ li )/αx, τ li
)′
with

τ li = T li − ti. Approximating θ̃(·) by a constant at t yields the following estimator for market

price of risk,

(θ̂x(t), θ̂u(t))′ = argminθ̃

n∑
i=1

Li∑
l=1

(
ra(ti, T

l
i )− Z(τ li )

′θ̃
)2
Kh(

ti
n
− t

n
), (25)

where Kh(u) = K(u/h)/h, K(·) is a kernel function, and h is the bandwidth satisfying h→ 0

and nh → ∞ as n → ∞. In practice, (θx(t), θx(t))′ can be easily computed from weighted

least squares.

3.4 Delivery over period of time

Electricity futures have the distinctive feature that delivery is usually made over a period of

time, such as a month or a quarter. Let F (t, T1, T2) denote the futures price at time t with

delivery period [T1, T2]. Suppose that the financial settlement of the contract takes place at

the end of the delivery period, we obtain the following relationship,

F (t, T1, T2) =
1

T2 − T1

∫ T2

T1

F (t, T )dT,

where F (t, T ) = EQ[S(T )|Ft] as before6. Let S̄(T1, T2) = 1
T2−T1+1

∑T2
T=T1

S(T ) denote the

average spot price over the delivery period and Ŝm(t, T1, T2) = 1
T2−T1+1

∑T2
T=T1

Em [S(T )|Gt]

denote the averaged forecast at t, the risk premia are defined as follows:

• true risk premium, r(t, T1, T2) = F (t, T1, T2)− EP [S̄(T1, T2)|Ft
]
;

• realized risk premium, r∗(t, T1, T2) = F (t, T1, T2)− S̄(T1, T2);

• ex-ante risk premium, ra(t, T1, T2) = F (t, T1, T2)− Ŝm(t, T1, T2).

6If the financial settlement takes place during the delivery period, the integration over F (t, T ) needs to be
weighted by the riskfree rate.
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The generalized FF regression in (14) and (15) becomes

S̄(T1, T2)− Ŝm(t, T1, T2) = a1 + b1

(
F (t, T1, T2)− Ŝm(t, T1, T2)

)
+ e1(t, T1, T2) (26)

F (t, T1, T2)− S̄(T1, T2) = a2 + b2

(
F (t, T1, T2)− Ŝm(t, T1, T2)

)
+ e2(t, T1, T2). (27)

The interpretation for b1 and b2 stays the same.

The model-based futures price takes the following form,

Fm(t, T1, T2) = Ŝm(t, T1, T2) +Rm(τ1, τ2, θx(t), θu(t)), (28)

where Ŝm(t, T1, T2) is the average forecast obtained from equation (23), τ1 = T1−t, τ2 = T2−t,

and the model-based risk premium still has an analytical form:

Rm(τ1, τ2, θx(t), θu(t)) =
θx(t)

αx

(
1− e−αxτ1 − e−αx(τ2+1)

(1− e−αx) (τ2 − τ1 + 1)

)
+
τ1 + τ2

2
θu(t). (29)

The estimation of θx(t) and θu(t) follows naturally from (25).

4 Spot market analysis

4.1 The EEX market

We analyze the electricity prices for the Germany/Austria market, also called the Phelix index,

from the European Energy Exchange (EEX). In the spot market, market players place their

bids for electricity with delivery in the following day in a 24 hour interval. For each hour of

the next day, an equilibrium price is determined from an aggregated supply and demand curve

based on the submitted bids. The base-load index is then computed as the average of the 24

hourly prices.

In the Germany/Austria market, major producers of electricity include nuclear, lignite,

hard coal and natural gas plants. Renewables including solar and wind are becoming increas-
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ingly important. The different marginal costs of production technology and the power plants’

inflexibility to change operation capacity renders a “hockey-stick” shaped supply curve. In

result, downward spikes are one of the most interesting and important characteristics in spot

prices.

The spot data we use for estimation is the Phelix base-load prices from 1 Jan 2009 to 14

Sep 2015. Weekend prices are excluded from the series, leaving 1748 observations. Additional

prices from 15 Sep 2015 to 18 Apr 2017 are used for out-of-sample forecasting. Figure 1

displays the spot prices, S(t), in the full sample. Since 2008, the EEX allows negative spot

price. If the demand is too low, producers may pay consumers to avoid shutting down a

power generation unit. Downward spikes are prominent and negative prices are occasionally

observed.
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Figure 1: Spot prices for Germany/Austria market. Vertical line indicates the end of estima-
tion period.

The main innovation in this paper is model 3FS-SV2. We estimate this model and its nested

alternatives using Phelix data and devote most of our discussion to them. Nonetheless, in

section 2.3, we discuss model 3FSX-SV2 which improves upon model 3FS-SV2 by incorporating
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weather forecasts. Due to lack of data on weather forecasts, however, we do not formally

estimate model 3FS-SV2. Instead, for illustrative purposes, we use actual temperature to

replace weather forecasts. In other words, we assume temperature forecasts in the next 10

business days is fairly accurate. Our measure of the temperature is the average of daily mean

temperature from 434 weather stations in Germany.7

4.2 Estimation results

We apply the PMMH estimation algorithm from section 2.4 to the models in Table 1. The

prior distributions are included in the appendix. Table 2 reports the posterior mean and

posterior standard deviations of model parameters. To assess model fit, we compute marginal

likelihood p(S|M) using the formula in Kass and Raftery (1995):

p̂(S|M) =
δpG/(1− δp) +

∑G
g=1 p(S|θg,M)/ (δp̂(S|M) + (1− δp) p(S|θg,M))

δpG/ ((1− δp)p̂(S|M)) +
∑G

g=1 (δp̂(S|M) + (1− δp) p(S|θg,M))−1
, (30)

where δp is the fraction of parameter draws we assume to be from the priors. While δp = 0

corresponds to the harmonic mean of the log-likelihood, choosing δp 6= 0 stabilizes the marginal

likelihood estimate, and we set δp = 0.01. Marginal likelihood is directly related to Bayes

factors: if all models are equally probable a priori, the logarithmic Bayes Factor between

model M1 and M0 can be computed from LBF(M1,M0) = −2 (ln p(S|M1)− ln p(S|M0)).

Bayes Factors compare fit between non-nested models while taking parameter uncertainty

into consideration. Kass and Raftery (1995) suggest the following interpretation for the scale:

if LBF(M1,M0) is between 2 to 6, it is viewed as positive evidence favoring M0; between 6

to 10, it indicates strong evidence; and a value greater than 10 is interpreted as very strong

evidence. Negative values are interpreted on the same scale favoring M1.

From Table 2, model 3FS-SV2 estimates the mean-reversion rate in short-run variation to

be 0.39, which corresponds to a half-life of 1.8 days. Spikes occur 34 times a year on average
7We use the historical daily station observations dataset from DWD Climate Data Center (2018):

ftp://opendata.dwd.de/climate_environment/CDC/ and retain stations that have full record from 2009 to
2017.
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with a mean shock size of e 6.7 and a half life of 0.25 day. The variance in long-run prices

is about 0.4, whereas the variance in short-run variations is about 23. Model 3FS has similar

parameter estimates for spikes and short-term variations. Model 2FS-SV and 2FS have higher

estimates for jump probability; spikes occur around 86 days in a year. The mean-reversion

rates of Xt from the two-factor models are closer to zero than those of three-factor models since

two-factor models use Xt to explain both long-run and short-run variations. The seasonality

parameters, a1 and a2, differ slightly across models. In general, winter prices are higher than

summer prices, and the highest price occurs around early December, and it is about e 6 8

(2a1) higher than the minimum that occurs in the beginning of June. Stochastic volatility

is an important source of uncertainty. Model 3FS-SV2 has the highest marginal likelihood

followed by 2FS-SV. The logarithmic Bayes Factor between 2FS-SV and 3FS is about 103.6,

strongly favoring 2FS-SV which does not have the long-run factor but allows volatility to

change over time. Temperatures do have explanatory power over electricity prices, as the

logarithmic Bayes Factor is larger than 10 between 3FS and 3FSX or between 3FS-SV2 and

3FSX-SV2.

4.3 Out-of-sample forecasting

This section conducts model comparison using an out-of-sample forecasting exercise. The out-

of-sample period is from 15 Sep 2015 to 18 Apr 2017, which has 424 observations excluding

weekends. We fix parameter estimates at the posterior mean in Table 3, but update state

variables—Xt, Yt, and µt—using particle filter whenever a new price becomes available. The

updated state variables then serve as inputs to equation (5), (6), and (8) to yield multi-step

forecasts. Model 3FSX and 3FSX-SV2 use actual temperature up to 10 business days ahead

and only serve illustrative purposes. In addition to the six models in Table 2, we also include

a naive model, which takes the current price St as its forecasts for St+h for any h.

Figure 2 presents the RMSE of seven models across different forecast horizons. The impor-

tance of long-run factor µt is evident from the graph—all four of the three-factor models fare

better than the naive model or two-factor models in all forecast horizons. Table 3 reports the
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Table 2: Parameter Estimates

2FS 2FS-SV 3FS 3FS-SV2 3FSX 3FSX-SV2

αx 0.10 0.08 0.27 0.39 0.30 0.40
(0.01) (0.01) (0.03) (0.05) (0.04) (0.04)

αy 2.14 3.07 2.22 2.78 2.24 3.94
(0.32) (0.88) (0.44) (0.64) (0.40) (1.94)

µ1 45.58 45.16 50.74 47.41 51.26 46.58
(1.09) (1.21) (3.17) (3.78) (3.22) (3.58)

σ̄2µ 0.28 0.42 0.32 0.50
(0.11) (0.16) (0.13) (0.21)

σ̄2x 18.69 20.44 26.65 23.10 26.12 23.33
(1.92) (3.30) (2.30) (3.72) (2.61) (3.89)

κµ 0.16 0.13
(0.13) (0.10)

κx 0.04 0.04 0.04
(0.01) (0.01) (0.01)

γµ 0.005 0.005
(0.004) (0.004)

γx 1.01 1.08 1.16
(0.18) (0.15) (0.16)

µJ 5.75 4.93 7.37 6.69 7.12 6.76
(0.52) (0.57) (1.00) (1.15) (1.03) (1.07)

λJ 0.33 0.33 0.15 0.13 0.17 0.13
(0.07) (0.09) (0.04) (0.04) (0.05) (0.04)

a1 3.57 4.32 3.41 3.09 3.51 3.69
(1.42) (1.71) (0.99) (1.08) (1.00) (0.95)

a2 0.49 0.43 0.49 0.53 0.50 0.61
(0.17) (0.17) (0.16) (0.17) (0.17) (0.16)

β -0.38 -0.27
(0.06) (0.05)

MarginalLL 0.0 78.2 26.4 133.2 44.3 144.1

The table reports the posterior mean and posterior standard deviation of model parameters.
The marginalLL is computed using equation (30). All three log-likelihood are reported in
excess of model 2FS.
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MSE and model confidence set (MCS) p-value for h = 1, 5, 10, 15, 20, 30. Three-factor models

with temperature as an explanatory variable dominates short-run forecasts up to h = 10. For

the longer horizons, all of the three-factor models are included in the 75% MCS. Two-factor

models and the naive model are excluded from the 75% MCS for any h.
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Figure 2: Out-of-sample forecasts for spot prices.

5 Futures market analysis

5.1 Phelix futures

EEX has an active futures market for the Phelix index. Market participates can enter a

long term contract with weekly, monthly, quarterly or yearly delivery. The maturities of the

contracts ranges from current week to the next 6 years, but not all futures are liquid. Table 4

reports the average daily delivery volume for each contract and the proportion of days when
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Table 3: Multi-step ahead forecasts error

h S 2FS 2FS-SV 3FS 3FS-SV2 3FSX 3FSX-SV2

1 55.23 58.48 54.68 48.76 47.53 45.96 45.04
(0.03) (0.03) (0.01) (0.03) (0.14) (0.56) (1.00)

5 111.99 104.15 97.83 77.86 80.09 70.36 73.03
(0.08) (0.08) (0.08) (0.11) (0.11) (1.00) (0.61)

10 145.56 148.45 134.48 91.79 91.04 85.07 83.01
(0.03) (0.01) (0.03) (0.03) (0.06) (0.70) (1.00)

15 179.97 182.55 166.80 99.81 97.62 105.71 96.24
(0.03) (0.02) (0.02) (0.47) (0.47) (0.25) (1.00)

20 201.71 204.84 190.00 104.38 102.35 110.88 100.42
(0.03) (0.01) (0.01) (0.44) (0.44) (0.25) (1.00)

30 183.00 226.40 214.04 111.29 109.89 116.99 107.34
(0.11) (0.01) (0.01) (0.53) (0.53) (0.31) (1.00)

The table reports the MSE of h-step ahead forecasts and MCS p-value (in parenthesis) of each
model. Models that are included in the 75% MCS are indicated in bold.

at least one trade is recorded. The sample period is from 1 Jan 2009 to 14 Sep 2015. From

Table 4, we retain only the first three monthly contract, the first three quarterly contract,

and the first two yearly contract for further analysis. Figure 3 displays the price series of the

selected contracts.

To compute model-based futures price, we need model-based expectation of the average

spot price over the delivery period, Ŝm(t, T1, T2). Specifically, equation (5) and the arithmetic

average described in section (3.4) delivers Ŝm(t, T1, T2) for model 3FS-SV2 and 3FS. Formulas

Table 4: Descriptive statistics of futures contracts

Monthly Quarterly Yearly
Daily pct. of Daily pct. of Daily pct. of
volume trading days volume trading days volume trading days

1st 314 99 % 157 99 % 226 100 %
2nd 146 95 % 87 98 % 66 99 %
3nd 51 80 % 46 92 % 26 94 %
4th 30 53 % 26 84 % 11 44 %
5th 27 28 % 21 57 % 6 10 %

The table reports the trading volume and percentages of days with at least one trade for the
front to fifth monthly/quarterly/yearly futures contracts.
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for the two-factor models is derived from equation (6). Figure 4 presents Ŝm(t, T1, T2) for model

3FS-SV2 and 2FS-SV. Stochastic volatility does not enter the computation of Ŝm(t, T1, T2)

directly and hence the models without SV yield similar results and are omitted in the graph.

The expected average spot price from model 2FS-SV, presented as the blue lines in Figure

4, shows strong seasonality patterns. The mean-reversion rate of Xt in this model corresponds

to a half-life of 8.7 days while spikes have a half-life of only 0.23 day. In consequence, current

spot prices only affect the short-dated contracts, and seasonality effects dominate long-dated

contracts. For yearly contracts, Ŝm(t, T1, T2) averages over the intra-year pattern, and hence

the predicted spot from model 2FS-SV is simply a constant. The inadequacy of 2FS-SV

demonstrates the importance of the long-run factor µt. The predicted spot price from model

3FS-SV, displayed as the red dashed lines, traces much closer to the market futures prices in

Figure 3.

5.2 Generalized Fama-French regressions

This section applies the generalized Fama-French regressions to the first three monthly con-

tracts and the first three quarterly contracts. Using the spot price from 1 Jan 2009 to 14 Sep

2015, we construct the realized average spot price, S̄(T1, T2), for the months Feb 2009 to Aug

2015, and the quarters Q2 2009 to Q2 2015. The realized risk premia are computed using the

difference between S̄(T1, T2) and the market futures price F (t, T1, T2), where t is set to the

contracts’ last trading day. For example, for the front month contract with Feb 2009 delivery,

futures price on the last weekday of Jan 2009 is used, and for the third quarter contract with

Q2 2015 delivery, the futures price on the last weekday in Q3 2014 is used. This ensures that

T1 − τ is constant for each type of contract. The 80 months of data renders 79 observations

for the front month contracts, and 25 observations for the front quarter contracts. Yearly

contracts have less than 5 observations and hence not included.

The model-based risk premia are the difference between the market futures prices F (t, T1, T2)

and the model-based forecasts Ŝm(t, T1, T2). In addition to the four models in Table 1, we

also include the naive model implied by the original Fama-French Regression which uses S(t)
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as its forecast. Then risk premia on each contract’s last trading day are used in regression

equations (26) and (27) to produce table 5.

Table 5 offers several interesting observations. First, the variation in b1 across different

models clearly shows the impact of model specification on the predictive power of futures.

For example, for the front month contracts M1, b1 decreases from 0.99 in the naive model to

0.81 in model 3FS-SV2. Adding temperature further decreases b1 to 0.75 in model 3FS-SV2.

The more sophisticated models can better predict spot prices, and hence the perceived predict

power of futures—the value of b1— decreases.

Second, the value of b1 is significantly different from zero for most models and contracts,

suggesting that futures prices hold information about spot prices that is not captured by any of

the model we considered. This result is likely due to the lack of forward-looking variables such

as forecasted demand and capacity. These information is important for short-dated forecasts

as shown in Füss, Mahringer, and Prokopczuk (2015). For contracts with longer time-to-

delivery such as the second quarter contracts, model 3FS and 3FS-SV2 produces insignificant

b1, suggesting that our proposed model is more adequate for long-dated forecasts. We also

look as the sign of D12 = b1− b2 which compares the variance of the model specification error

to that of risk premia. For model 3FS and 3FS-SV2, D12 is negative for the third month

and second quarter contracts, suggesting that the variance of risk premium is larger than

the variance of model specification error. Model 2FS, 2FS-SV and the naive model does not

produce negative D12 for any of the contract.

Third, we look at b2, which is as an indicator for time-varying risk premia. From the

naive model, none of the contracts produce significant b2 at the five percent significance level.

On the other hand, model 2FS and 2FS-SV find evidence for time-varying risk premia in all

contracts, and model 3FS and 3FS-SV find evidence for time-varying risk premia in half of

the contracts. This result emphasis the effect of model specification on testing time-varying

risk premia. If the model misspecification error is large, as in the case with the naive model,

signal from time-varying risk premia is dominated by the error and the original FF regression

produces small and insignificant b2.
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Table 5: Generalized Fama-French regressions

obs. Model b1 b2 t(b1) t(b2) D12 Bias Var Var(r∗) Var(ra)

M1

79 St 0.99 0.01 17.38 0.21 0.98 0.3 65 13 53
79 2FS 0.82 0.18 11.98 2.61 0.64 -1.1 35 13 34
79 2FS-SV 0.83 0.17 11.44 2.27 0.67 -1.0 34 13 30
79 3FS 0.84 0.16 6.97 1.32 0.68 -1.0 21 13 12
79 3FS-SV2 0.81 0.19 6.62 1.56 0.62 -0.8 20 13 11
79 3FSX 0.79 0.21 6.30 1.70 0.57 -1.0 19 13 11
79 3FSX-SV2 0.75 0.25 6.15 2.02 0.51 -0.8 19 13 11

M2

78 St 0.97 0.03 13.47 0.41 0.94 -0.1 92 27 69
78 2FS 0.70 0.30 10.48 4.46 0.40 -1.3 53 27 63
78 2FS-SV 0.70 0.30 10.03 4.21 0.41 -1.2 51 27 59
78 3FS 0.52 0.48 3.86 3.62 0.03 -1.2 28 27 17
78 3FS-SV2 0.53 0.47 3.98 3.57 0.06 -1.0 28 27 18
78 3FSX 0.54 0.46 3.93 3.36 0.08 -1.3 29 27 17
78 3FSX-SV2 0.54 0.46 4.09 3.50 0.08 -1.1 29 27 18

M3

77 St 0.92 0.08 11.30 0.93 0.85 -0.5 91 34 67
77 2FS 0.66 0.34 9.00 4.60 0.32 -1.2 55 34 66
77 2FS-SV 0.67 0.33 8.84 4.35 0.34 -1.1 56 34 63
77 3FS 0.37 0.63 2.57 4.31 -0.25 -1.4 30 34 17
77 3FS-SV2 0.36 0.64 2.60 4.69 -0.29 -1.1 29 34 19
77 3FSX 0.42 0.58 2.79 3.89 -0.16 -1.4 31 34 17
77 3FSX-SV2 0.38 0.62 2.77 4.46 -0.23 -1.2 30 34 19

Q1

25 St 0.90 0.10 8.64 0.92 0.81 1.4 61 15 57
25 2FS 0.75 0.25 7.72 2.55 0.50 -1.0 42 15 54
25 2FS-SV 0.75 0.25 7.24 2.40 0.50 -0.9 39 15 48
25 3FS 0.59 0.41 2.71 1.90 0.18 -1.4 17 15 12
25 3FS-SV2 0.59 0.41 2.53 1.78 0.17 -1.0 17 15 11
25 3FSX 0.62 0.38 3.04 1.87 0.24 -1.1 18 15 14
25 3FSX-SV2 0.61 0.39 2.88 1.88 0.21 -0.9 18 15 13

Q2

24 St 0.79 0.21 6.05 1.60 0.58 1.3 66 28 66
24 2FS 0.65 0.35 5.76 3.06 0.31 -0.9 49 28 68
24 2FS-SV 0.66 0.34 5.69 2.87 0.33 -0.8 50 28 67
24 3FS 0.37 0.63 1.55 2.68 -0.27 -1.2 23 28 17
24 3FS-SV2 0.40 0.60 1.62 2.42 -0.20 -0.9 24 28 16
24 3FSX 0.40 0.60 1.57 2.36 -0.20 -1.2 24 28 15
24 3FSX-SV2 0.50 0.50 1.96 1.96 -0.00 -0.9 28 28 16

Q3

23 St 0.79 0.21 6.69 1.74 0.59 1.2 104 38 112
23 2FS 0.60 0.40 4.20 2.84 0.19 -0.7 50 38 65
23 2FS-SV 0.61 0.39 4.19 2.71 0.21 -0.7 52 38 64
23 3FS 0.59 0.41 2.12 1.49 0.18 -1.6 42 38 21
23 3FS-SV2 0.59 0.41 2.32 1.63 0.18 -1.2 42 38 25
23 3FSX 0.61 0.39 2.12 1.37 0.22 -1.6 42 38 20
23 3FSX-SV2 0.62 0.38 2.27 1.41 0.24 -1.2 43 38 22

The table reports the regression coefficients from equation (26)(27). D12 is defined as the
D12 = b1 − b2. Bias and variance are the mean and variance of S̄(T1, T2) − Ŝm(t, T1, T2);
var(r∗) and var(ra) report the variance of ex post premia F (t, T1, T2)− S̄(T1, T2) and ex ante
premia F (t, T1, T2)− S̄(T1, T2), respectively.
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Last, we look that magnitude of specification error across difference models. The dependent

variable in regression (26), S̄(t1, T2) − Sm(t, T1, T2), is the difference between model based

forecasts and its realized value. This difference is a common measure of “pseudo” forecasting

performance; “pseudo” in the sense that the parameters are estimated using the full sample.

We report both bias and the variance for each forecast. The bias in all models is small

compared to the variance. The importance of long-run factor is evident—three-factor models

produce smaller variance than two-factor models or the naive model for all contracts. Notably,

although 2FS-SV produces higher marginal likelihood than 3FS, the latter produces lower

forecast variance for all the different forecast horizon. This is consistent with the results

in Brix, Lunde, and Wei (2018) who find that SV improves marginal likelihood while not

necessarily improves long-run forecasts.

The magnitude of specification error directly impacts whether ex post or ex ante premium

contains more information about true premium as shown in Equation (16) and (17). Ex ante

premium from three factor models have lower variance and hence higher information content

than ex post risk premium for all contract. The gain is particularly evident in long-dated

contracts. In contrast, ex ante premium from two factor or naive models would offer less

information than ex post premium. In summary, our proposed model surpasses alternatives

at forecasting spot prices, which translates to producing superior ex ante premium that has a

large information content about the true risk premium.

5.3 Market price of risk

To compute market price of risk, we first obtain the ex-ante risk premia of the the first three

monthly, first three quarterly, and first two yearly contracts using the predicted spot price

from model 3FS-SV2. Analysis from other models are omitted given that 3FS-SV2 performs

the best in terms of both marginal likelihood and forecasting performance. The ex-ante risk

premia in the period from 1 Jan 2009 to 14 Sep 2015 are plotted in figure 6. To account for

the time-varying nature in risk premia, we use the kernel regression in equation (25) which

minimizes locally weighted squared error. We use the Epanechnikov kernel and choose the
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bandwidth such that nh = 44. In this setting, only observations in the adjacent 4 months (2

month prior and 2 month after) will be used for computing (θx(t), θµ(t)). The estimated price

of risks and their pointwise 95% confidence bands are plotted in Figure 5.

From figure 5, the market price of both short-run and long-run risk are time-varying. To

illustrate the effect of (θx(t), θµ(t)) on futures price, we select two sample periods and plot the

market futures price F (t, T1, T2), the expected spot price from model 3FS-SV2, Ŝm(t, T1, T2),

and the model-based futures price, Fm(t, T1, T2) = Ŝm(t, T1, T2) + Rm(θx(t), θµ(t)). The two

periods we selected are highlighted in figure 5. Results from the first period, Mar 2009, which

has θx(t) < 0 and θµ(t) > 0 is presented in Figure 7, and the results from the second period,

Feb 2015, which has θx(t) < 0 and θµ(t) ≈ 0 is presented in Figure 8.

The sign of θx determines the sign of risk premia for short-dated contracts. In Mar 2009,

θx(t) < 0, and the futures price is lower than the predicted spot price for Front month, 2nd

Month, 3rd Month, Front quarter and the second quarter contracts, or in other words, the

risk premia is negative. The sign of θµ(t) is related to the term structure, or how prices differ

between long-dated and short-dated contracts. In Mar 2009, θµ(t) > 0, futures prices increases

with time-to-delivery, and prices from yearly contracts surpass the predicted spot rendering

positive risk premia. Recall from equation (28), the long-run risk premia θu(t)(τ1 + τ2)/2 is a

linear function of the average time-to-delivery. If θµ ≈ 0.02, a contract with average time-to-

delivery of 1 year would be priced e 2.4 higher than a contract with average time-to-delivery

of 1 month. For Feb 2015, θx(t) < 0 and θµ(t) ≈ 0, and hence futures price always lie below

the predicted spot price, and the risk premia are negative and do not change much across

contracts.

The time varying market price of risk shows interesting evolution in the German/Austria

electricity market. Prior to 2013, short-run risk premia changes signs while long-run price of

risk is mostly positive. If we interpret the sign of risk premia as the indication for risk aversion

of market participants, this period show that producers are slightly more risk averse in the

short-run but consumers are more risk averse about the long-run price. Since 2013, short-run

risk premia is most negative and long-short price of risk is close to zero, suggesting that both
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short-dated and long-dated futures are lower than the predicted spot, or that producers are

becoming more risk averse.

6 Conclusions

We develop a arithmetic multi-factor model that identifies three main sources of uncertainty

in electricity prices. Specifically, electricity prices are subject to large spike shocks which die

out fast, short-run shocks which account for more persistent variations, and long-run shocks

which have permanent effect on prices. We also allow stochastic volatility in both shock-run

and long-run shocks. Empirical application using the EEX phelix index suggests that the

inclusion of both long-run component and stochastic volatility is essential for explaining price

variations, but long-run component is more important for forecasting than stochastic volatility.

We propose a generalized Fama-French regression framework that uses both ex ante and

ex post risk premia to test whether risk premia is time varying and whether futures market

contains additional information about spot prices. Using EEX phelix futures market, we show

that risk premia in this market is time varying, and our proposed model yields ex ante premia

that contains more information about true premia than ex post premia or ex ante premia from

other models.

Our empirical results also suggest that futures market still contain information that our

model do not capture. This could due to the lack of forward looking information, see for

exampleFüss, Mahringer, and Prokopczuk (2015), or the lack of dynamics in the probability

of spikes, see for example Hurn, Silvennoinen, and Teräsvirta (2016). Another limitation in our

study is the restriction on the determinants of risk premia. While we focus on risk premia from

long-run and short-run shocks, literature suggests that volatility (e.g. Prokopczuk, Symeonidis,

and Simen (2017)) and seasonality (e.g. Shao, Bhar, and Colwell (2015)) could carry premia

too. We leave these topics for future research.
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Appendix A: PMCMC Algorithm

We outline the sequential Monte Carlo step in a PMMH Algorithm for the 3FS-SV2 model.

For any t, suppose that the particles
{
µ
(i)
t , Y

(i)
t , σ

(i)
µ,t−1, σ

(i)
x,t−1

}G
i=1

represent the filtering dis-

tribution p(µt, Yt, σµ,t−1, σx,t−1|S1:t). Given the non-Markovian representation of the model

as in Equation (9), the predictive likelihood is given by

p(St+1|S1:t) =

∫
p
(
St+1|S1:t, µt, Yt, σ2x,t, σ2µ,t

)
p
(
σ2x,t|σ2x,t−1

)
p
(
σ2µ,t|σ2µ,t−1

)
p
(
µt, Yt, σ

2
x,t−1, σx,t−1|S1:t

)
dµtdYtdσ

2
x,t−1dσ

2
µ,t−1. (31)

Let ez = St+1 − Λt+1 − e−αx(St − Λt)− (1− e−αx)µt + (1− e−αx)Yt, then

p(St+1|St, µt, Yt, σ2x,t, σ2µ,t) = (1− λJ)φ(ez; 0, σ2x,t + σ2µ,t) + λJEMG(ez;σ
2
x,t, σ

2
z,t, µJ), (32)

where φ is the pdf of a normal distribution and EMG denote the pdf of exponentially modified

Gaussian distribution given by

EMG(z;σ2x, σ
2
z , µJ) =

1

2µJ
e

1
µJ

(
σ2x+σ

2
z

2µJ
+z

)
erfc


√
σ2x + σ2µ
√

2

(
1

µJ
+

z

σ2x + σ2µ

) . (33)

Form Equation (31), we just need to simulate {σ(i)µ,t,, σ
(i)
x,t}Gi=1 using the transition equations

(4), and compute

ω
(i)
t+1 = p

(
St+1|St, µ(i)t , Y

(i)
t , σ

2(i)
x,t , σ

2(i)
µ,t

)
using Equation (32)and (33), then

p̂(St+1|S1:t) =
1

G

∑
i

ω
(i)
t+1

is an unbiased estimate of p(St+1|S1:t). Next we need to update the state variables. We first

resample
{
µ
(i)
t , Y

(i)
t , σ

(i)
µ,t, σ

(i)
x,t

}G
i=1

using the normalized weights ω̃(i)
t+1 = ω

(i)
t+1/

∑
i ω

(i)
t+1 such that
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the resampled particles,
{
µ
(j)
t , Y

(j)
t , σ

(j)
µ,t, σ

(j)
x,t

}G
j=1

, represent p(µt, Yt, σµ,t, σx,t|S1:t+1). From

the relation ez = −Jt+1ξt+1 + σµ,tε
µ
t+1 + σx,tε

x
t+1, we have

p
(
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2
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2
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2
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2
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,

Let e(j)z = St+1−Λt+1− e−αx(St−Λt)− (1− e−αx)µ
(j)
t + (1− e−αx)Y

(j)
t denote the resampled

ez, J
(j)
t+1 is generated from Bern(λ∗J), where λ∗J is computed from the odds ratio,

λ∗J
1− λ∗J

=
λJEMG(e

(j)
z ;σ

2(j)
x,t , σ

2(j)
z,t , µJ)

(1− λJ)φ(ez; 0, σ
2(j)
x,t + σ

2(j)
z,t )

.

If J (j)
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(j)
z , σ

2(j)
x,t , σ

2(j)
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)
∼ TN(µ∗J , σ

2(j)
x,t + σ

2(j)
µ,t ),

where TN denotes truncated normal, and µ∗J = −e(j)z −
(
σ
2(j)
x,t + σ

2(j)
µ,t

)
/µJ . Let eµ,t+1 =

σµ,tε
µ
t+1, e

(j)
µ,t+1 is generated from N(a∗µ, σ

2∗
µ ) with

a∗µ =
e
(j)
z − ξ(j)t+1J

(j)
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σ
2(j)
x,t

σ2∗µ,t

σ2∗µ =

(
1
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2(j)
µ,t

+
1
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.

Obtains µ(j)t+1, Y
(j)
t+1 from µ

(j)
t+1 = µ

(j)
t + e

(j)
µ,t+1 and Y

(j)
t+1 = e−αY Y

(j)
t + J

(j)
t+1ξ

(j)
t+1, then{

µ
(j)
t+1, Y

(j)
t+1, σ

(j)
µ,t, σ

(j)
x,t

}G
i=1

represent the filtering distribution p(µt+1, Yt+1, σµ,t, σx,t|S1:t+1).

Repeat these steps for t = 1 : T , we can obtain an unbiased estimate of p(S1:T ), then

parameter posteriors are obtained using the PMMH algorithm as in Brix, Lunde, and Wei

(2018) and the priors in the follow Table.
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µ1 ∼ N(40, 10) κµ ∼ Γ(1, 0.2) σ̄2µ ∼ Γ(1, 1) γµ ∼ Γ(1, 0.01)

αx ∼ Γ(1, 0.5) κx ∼ Γ(1, 0.2) σ̄2x ∼ Γ(1, 10) γx ∼ Γ(1, 1)

αy ∼ Γ(1, 1) µJ ∼ Γ(1, 20) λJ ∼ Beta(1, 4)

a1 ∼ Γ(1, 5) a2 ∼ N(0.5, 0.2) β ∼ N(−0.5, 0.2)
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Figure 3: Futures prices for Germany/Austria market
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Figure 4: Model-based expectations under P. The dashed lines are the expectation from model
3FS-SV2, while the solid lines are the expectations from model 2FS-SV.

44



Figure 5: Estimated market price of risk and their 95% confidence band (in shades).
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Figure 6: Model-based ex ante risk premia and fitted risk premia
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Figure 7: Market futures price, predict spot price, and model-based futures price in Mar 2009.
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Figure 8: Market futures price, predict spot price, and model-based futures price in Feb 2015.
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