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SUMMARY

Approximate Bayesian computation (ABC) is becoming an accepted tool for statistical analysis in
models with intractable likelihoods. With the initial focus being primarily on the practical import of ABC,
exploration of its formal statistical properties has begun to attract more attention. In this paper we consider
the asymptotic behaviour of the posterior obtained from ABC and the ensuing posterior mean. We give
general results on: (i) the rate of concentration of the ABC posterior on sets containing the true parameter
(vector); (ii) the limiting shape of the posterior; and (iii) the asymptotic distribution of the ABC posterior
mean. These results hold under given rates for the tolerance used within ABC, mild regularity condi-
tions on the summary statistics, and a condition linked to identification of the true parameters. Important
implications of the theoretical results for practitioners of ABC are highlighted.

Some key words: asymptotic properties, Bayesian inference, Bernstein-von Mises theorem, consistency, likelihood-
free methods
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1. INTRODUCTION

The use of approximate Bayesian computation (ABC) methods in models with intractable likelihoods
has gained increased momentum over recent years, extending beyond the original applications in the
biological sciences. (See Marin et al., 2011, Sisson and Fan, 2011 and Robert, 2015, for recent reviews.)
Whilst ABC evolved initially as a practical tool, attention has begun to shift to the investigation of its
formal statistical properties, including as they relate to the choice of summary statistics on which the
technique typically relies; see, for example, Fearnhead and Prangle (2012), the 2013 technical report of
Gleim and Pigorsch (University of Bonn), Marin et al. (2014), Creel and Kristensen (2015), Drovandi et
al. (2015), the 2015 preprint of Creel et al. (arxiv:1512.07385) and the 2016 preprints of Li and Fearnhead
(arxiv:1506.03481) and Martin et al. (arxiv:1604.07949). Hereafter we will denote these preprints by
Gleim and Pigorsch (2014), Creel et al. (2015), Li and Fearnhead (2016) and Martin et al. (2016).

In this paper we study the large sample properties of both posterior distributions and posterior means
obtained from approximate Bayesian computation algorithms. Under mild regularity conditions on the
summary statistics used in such algorithms, we characterize the rate of posterior concentration and show
that the limiting shape of the posterior crucially depends on the interplay between the rate at which the



2 D.T. FRAZIER, G.M. MARTIN, C.P. ROBERT, AND J. ROUSSEAU

summaries converge (in distribution) and the rate at which the tolerance used to accept parameter draws
shrinks to zero. Critically, concentration around the truth and, hence, Bayesian consistency, places a less
stringent condition on the speed with which the tolerance declines to zero than does asymptotic normality
of the resulting posterior. Further, and in contrast to the textbook Bernstein-von Mises result, we show
that asymptotic normality of the posterior mean does not necessarily require asymptotic normality of the
posterior itself, with the former result being attainable under weaker conditions on the tolerance than
required for the latter. Validity of all of these results requires that the simulated summaries converge
toward some limiting counterpart at some known rate, and that this limit counterpart, viewed as a mapping
from parameters to simulated summaries, be injective. These conditions have a close correspondence with
those required for theoretical validity of indirect inference and related (frequentist) estimators (Gourieroux
et al., 1993; Gallant and Tauchen, 1996; Heggland and Frigessi, 2004).

Our focus on three aspects of asymptotic behaviour, posterior consistency, limiting posterior shape,
and the asymptotic distribution of the posterior mean, is much broader than that of existing studies on
the large sample properties of approximate Bayesian computation algorithms, in which the asymptotic
properties of point estimators derived from these algorithms have been the primary focus; see Creel et
al. (2015), Jarsa (2015) and Li and Fearnhead (2016). Our approach allows for weaker conditions than
those given in the aforementioned papers, permits a complete characterization of the limiting shape of
the posterior, and distinguishes between the conditions (on both the summary statistics and the tolerance)
required for concentration and the conditions required for specific distributional results. Throughout the
paper the posterior distribution that is referred to is the posterior distribution resulting from an approximate
Bayesian computation algorithm.

2. CONVERGENCE OF THE APPROXIMATE BAYESIAN COMPUTATION POSTERIOR

2·1. Preliminaries and Background

We observe data y = (y1, y2, ..., yT )′, T ≥ 1, drawn from the model {Pθ : θ ∈ Θ}, where θ 7→ Pθ
admits the corresponding conditional density p(·|θ), and θ ∈ Θ ⊂ Rdθ . Given a prior p(θ), the aim of
the algorithms under study is to produce draws from an approximation to the posterior distribution

p(θ|y) ∝ p(y|θ)p(θ),

in the case where both the parameters and pseudo-data (θ, z) can be easily simulated from p(θ)p(z|θ),
but where p(z|θ) is intractable. The simplest (accept/reject) form of the algorithm (Tavaré et al., 1997;
Pritchard et al., 1999) is detailed in Algorithm 1.

Algorithm 1 Approximate Bayesian Computation algorithm
Simulate θi, i = 1, 2, ..., N , from p(θ),
Simulate zi = (zi1, z

i
2, ..., z

i
T )′, i = 1, 2, ..., N , from the likelihood, p(·|θi)

Select θi such that:

d{η(y),η(zi)} ≤ ε,

where η(·) is a (vector) statistic, d{·, ·} is a distance function (or metric), and the tolerance level ε is
chosen to be small.

Algorithm 1 thus samples θ and z from the joint posterior:

pε{θ, z|η(y)} =
p(θ)p(z|θ)1lε[z]∫

Θ

∫
z
p(θ)p(z|θ)1lε[z]dzdθ

,

where 1lε[z] = 1l[d{η(y),η(z)} ≤ ε] is one if d {η(y),η(z)} ≤ ε and zero else. Clearly, when η(·) is
sufficient and ε arbitrarily small,

pε{θ|η(y)} =
∫
z
pε{θ, z|η(y)}dz (1)
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approximates the exact posterior, p(θ|y), and draws of θ from pε{θ, z|η(y)} can be used to estimate
features of the true posterior. In practice however, the complexity of the models to which Algorithm 1 is
applied implies, almost by definition, that sufficiency is unattainable. Hence, in the limit, as ε→ 0, the
draws can be used only to approximate features of p{θ|η(y)}. For a given total number of draws, N ,
reducing ε comes at a cost of reducing the probability of a draw being accepted and, hence, increasing
the error associated with estimating p{θ|η(y)} using the accepted draws. The problem is exacerbated the
larger is the dimension of η(y); see Blum (2010), Blum et al. (2013), Nott et al. (2014) and Biau et al.
(2015). In practice ε tends to be chosen such that a certain (small) proportion of draws (from the total N )
are selected, with attempts made to reduce the (kernel-based) estimation error via various post-sampling
corrections (Beaumont et al., 2002; Blum, 2010; Blum and François, 2010). Other work gives emphasis
to producing draws of θ in such a way that p{θ|η(y)} is a better match to p(θ|y) (Marjoram et al.,
2003; Sisson et al., 2007; Beaumont et al., 2009; Toni et al., 2009; Wegmann et al., 2009); or to selecting
a vector η(·) that is informative in some well-defined sense (Joyce and Marjoram, 2008; Blum, 2010;
Drovandi et al., 2011; Fearnhead and Prangle, 2012; Gleim and Pigorsch, 2013; Creel and Kristensen,
2015; Creel et al., 2015; Drovandi et al., 2015; Martin et al., 2016.)

The focus of this paper is on the asymptotic behaviour of pε{θ|η(y)} and related quantities, with
results in this and all subsequent sections being founded on simultaneous asymptotic arguments related to
T and ε.

2·2. Main Result

First, let us set some notation used throughout the remainder of the paper. Define Z as the space of
simulated data; B = {η(z) : z ∈ Z} the range of the simulated summaries - i.e. η(z) : Z → B; d1{·, ·}
a metric on Θ; d2{·, ·} a metric on B; C > 0 a generic constant; P0 the measure generating y; and Pθ the
measure generating z(θ). We have Pθ = P0 for θ = θ0, and denote θ0 ∈ Int(Θ) as the true parameter
value. Let Π(θ) denote the prior measure with density p(θ).

For sequences {aT } and {bT }, real valued, aT . bT denotes aT ≤ CbT , aT � bT denotes equivalent
order of magnitude, aT�bT indicates a larger order of magnitude and the symbols oP (aT ), OP (bT ) have
their usual meaning. We use ‖ · ‖ to denote the Euclidean norm, ‖ · ‖∗ a matrix norm and | · | the absolute
value.

Unlike the standard notion of posterior concentration, analysing convergence of posteriors derived from
Algorithm 1 requires the use of simultaneous asymptotics since pε{·|η(y)} in (1) depends both on T ,
through η(y), and ε, via the selection criterion d {·, ·} ≤ ε. In this way, for A ⊂ Θ, the posterior proba-
bility of A is most appropriately expressed as

Π (A|d2{η(y),η(z)} ≤ ε) = Π(A|{θ : d2{η(y),η(z)} ≤ ε}) ≡
∫
A

pε{θ|η(y)}dθ.

With this notation, we say that the algorithm is Bayesian consistent (or posterior consistent) at θ0 if for
any δ > 0,

Π (d1{θ,θ0} > δ|d2{η(y),η(z)} ≤ ε)→ 0 (2)

(in P0-probability) as T → +∞, ε→ 0. Bayesian consistency implies that sets containing θ0 have
posterior probability tending to one as T → +∞, with an implication of this result being the exis-
tence of a specific rate at which posterior probability concentrates on sets containing θ0. We say that
Π (·|d2{η(y),η(z)} ≤ ε) concentrates at rate λT → 0 if

lim sup
ε→0

lim sup
T→+∞

Π (d1{θ,θ0} > λTM |d2{η(y),η(z)} ≤ ε)→ 0 (3)

in P0-probability when M goes to infinity.
In general terms, the posterior rate of concentration is related to the rate at which information about the

true parameter vector accumulates in the sample. In such algorithms, information about θ0 is not obtained
from the likelihood, assumed intractable, but through η(y) and, in particular, through draws from p(θ)
and z ∼ Pθ that satisfy d2{η(y),η(z)} ≤ ε. In particular, when working with a fixed dimension for
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the summary statistic (vector) η(y), the posterior distribution learns (and concentrates) about θ0 only if
η(z) concentrates around some fixed value b(θ) depending on θ. Therefore, the amount of information
Algorithm 1 obtains about θ0 depends on two factors: (a) the rate at which the observed (resp. simulated)
summaries converge to a well-defined limit counterpart b(θ0) (resp., b(θ)); (b) the rate at which ε goes
to 0. The map b : Θ→ B is non-random. To link both factors we consider ε as a T -dependent sequence
εT → 0 as T → +∞. Hence, by connecting the tolerance εT = ε and T , we can now state the technical
assumptions necessary for establishing the first main result of the paper.

[A1] The map b : Θ→ B satisfies, for y ∼ P0, d2{η(y), b(θ0)} = oP(1).

[A2] There exists ρT (u)→ 0 as T → +∞ for all u, and ρT (u) monotone non-increasing in u (for any
given T ), such that

Pθ (d2{η(z), b(θ)} > u) ≤ c(θ)ρT (u),

∫
Θ

c(θ)dΠ(θ) < +∞

where z ∼ Pθ, and we assume either of the following assumptions on c(·):

(i) There exist c0 < +∞ and δ > 0 such that for all θ satisfying d2{b(θ0), b(θ)} ≤ δ then c(θ) ≤ c0.
(ii) There exists a > 0 such that ∫

Θ

c(θ)1+adΠ(θ) < +∞.

[A3] There exists some D > 0 such that, for all ε > 0 small enough, the prior probability satisfies

Π [{θ ∈ Θ : d2{b(θ), b(θ0)} ≤ ε}] & εD.

[A4] (i) The map b : Θ→ B is continuous. (ii) The map b : Θ→ B is injective and satisfies

‖θ − θ0‖ ≤ L‖b(θ)− b(θ0)‖α

on some open neighbourhood of θ0 with L > 0 and α > 0.

THEOREM 1. Assume that [A1] and [A3] are satisfied. We then have the following result:

If [A2](i) holds, or if [A2](ii) holds with a such that ρT (εT ) = o(ε
D/(1+a)
T ), then, for M large enough,

Π
(
d2{b(θ), b(θ0)} > 4εT /3 + ρ−1

T (εDT /M)|d2{η(y),η(z)} ≤ εT
)
. 1/M. (4)

Moreover, if [A4] holds then

Π
(
d1{θ,θ0} > L{4εT /3 + ρ−1

T (εDT /M)}α|d2{η(y),η(z)} ≤ εT
)
. 1/M. (5)

All statements apply for T → +∞ and εT = o(1).

Not only does Theorem 1 imply posterior consistency but it also leads to a posterior concentration rate,
denoted generically by λT , that depends on the deviation control ρT (u) of d2{η(z), b(θ)}. From (4) we
see that the posterior concentration rate for b(θ) is bounded from below by O(εT ). To understand the
dependence on ρT (·), consider the following two standard situations for [A2].

(a) Polynomial deviations: There exist vT → +∞ and u0, κ > 0 such that

ρT (u) = 1
/
vκTu

κ, u ≤ u0. (6)

From (6) we have ρ−1
T (εDT /M) = M1/κ/(vT ε

D/κ
T ), so that εT �M1/(κ+D)v

−κ/(κ+D)
T . This implies

that ρT (εT ) � εDT /M , which implies, in turn, that the posterior distribution of b(θ) concentrates at a
rate that is bounded above by

λT � v−κ/(κ+D)
T (7)

to b(θ0). In the case of Assumption [A2](ii), the same rate can be achieved for all a > 0.
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(b) Exponential deviations: there exists hθ(·) > 0 such that

Pθ (d2{b(θ),η(z)} > u) ≤ c(θ)e−hθ(uvT ),

and there exist c, C > 0 such that∫
Θ

c(θ)e−hθ(vTu)dΠ(θ) ≤ Ce−c(uvT )τ , u ≤ u0.

Hence if c(θ) is bounded from above and hθ(u) is bounded from below by cuτ for θ in a neighbour-
hood of the set {θ; b(θ) = b(θ0)}, then ρT (u) � e−c0(uvT )τ and ρ−1

T (εDT /M) � {log(1/εT )}1/τ/vT .
This implies in particular that if εT � log(MvT )1/τ/vT , one obtains posterior concentration at a rate
that is bounded above by

λT � (log vT )1/τ/vT . (8)

For instance, if η(z) = T−1
∑T
i=1 h(zi) and if {h(zi)}i≤T are weakly dependent, say independent

and identically distributed for simplicity and with finite k-th moment for θ in the interior of Θ, then
b(θ) = Eθ{h(Z)}. Furthermore, the Markov inequality implies that

Pθ (‖η(z)− b(θ)‖ > u) ≤ CkEθ
(
|h(Z)|k

)/
(T 1/2u)k,

and, with reference to (6), vT = T 1/2 and κ = k. On the other hand if |h(Z)| allows for an exponential
moment : Eθ

(
h2(Z)eaθ|h(Z)|) ≤ Aθ < +∞, then for aθT 1/2 ≥ s > 0

Pθ (‖η(z)− b(θ)‖ > u) ≤ e−suT
1/2

[
1 +

s2

2T
Eθ

{
h2(Z)es|h(Z)|/T 1/2

}]T
≤ e−suT

1/2+s2Aθ/2 ≤ e−u
2T/(2Aθ),

choosing s = uT 1/2/Aθ ≤ aθT 1/2 provided u ≤ aθAθ. Thus, with reference to the case of exponential
deviations, vT = T 1/2 and hθ(uvT ) = u2v2

T /(2Aθ). In both cases if the maps θ 7→ Eθ
(
|h(Z)|k

)
, θ 7→

aθ and θ 7→ Aθ are continuous at θ0 and positive, then [A2](i) and [A2](ii) are satisfied.

Remark 1: The role of Assumption [A3] in posterior concentration can be illustrated by analysing the
role played by the constant D, which controls the degree of prior mass in a neighbourhood of b(θ0). For
εT small, the larger D is, the smaller is the amount of prior mass in the region of the truth and, with
reference to case (a), the slower is the rate of posterior concentration in (7), for any κ > 0. Furthermore,
if exponential deviations are assumed (in reference to case (b) above), the rate of posterior convergence in
(8) is unaffected by the value of D.

Remark 2: Assumption [A4] is critical to the establishment of posterior concentration around θ0, with
satisfaction of the condition that b(θ) be injective depending on both the true structural model and the
particular choice of η(y). Further characterization of this condition, including the development of diag-
nostic methods for establishing its satisfaction, is the subject of on-going work by the authors.

3. SHAPE OF THE ASYMPTOTIC POSTERIOR DISTRIBUTION

In this section we analyse the limiting shape of the posterior measure. We again take εT to be sample-
size dependent and we consider the shape of Π (·|d2{η(y),η(z)} ≤ εT ) for various relationships between
εT and the rate at which summary statistics satisfy a central limit theorem. For notation’s sake, in this and
the following sections, we denote Π (·|d2{η(y),η(z)} ≤ εT ) as Πε(·|η0), where η0 = η(y).

We assume that there exists a sequence of (k, k) positive definite matrices ΣT (θ) such that for all θ in
a neighbourhood of θ0 ∈ Int(Θ),

c1‖DT ‖∗ ≤ ‖ΣT (θ)‖∗ ≤ c2‖DT ‖∗, DT = diag(dT (1), · · · , dT (k)),
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with 0 < c1, c2 < +∞, dT (j)→ +∞ for all j and the dT (j) possibly all distinct. Thus, we do not restrict
ourselves to identical convergence rates for the components of the statistic η(z). For simplicity’s sake we
order the components so that

dT (1) ≤ · · · ≤ dT (k). (9)

For all j, we assume lim infT dT (j)εT = lim supT dT (j)εT . For any square matrix A of dimen-
sion k, if k1 ≤ k, A[k1] denotes the k1 × k1 square upper sub-matrix of A. Also, let k1 = max{j :
limT dT (j)εT = 0} and if, for all j, lim infT dT (j)εT > 0 then k1 = 0.

While Assumption [A4] requires the map θ 7→ b(θ) be injective (but not necessarily bijective) this
section operates under the assumption that b(·) is continuously differentiable at θ0, and that the Jacobian
b′(θ0) has full rank dθ. We also consider a local version of Assumption [A2] :

[A2′] There exist κ > 1 and δ > 0 such that for all ‖θ − θ0‖ ≤ δ,

Pθ (‖ΣT (θ0){η(z)− b(θ)}‖ > u) ≤ c0
uκ
, for all 0 < u ≤ δdT (k)

In addition to the above assumptions and Assumptions [A1]-[A4] in Section 2 (with posterior concen-
tration of ‖b− b0‖ at rate λT � 1/dT (1) required), the following conditions are needed to establish the
limiting shape of Πε(·|η0).

[A5] There exists δ > 0 such that for all ‖θ − θ0‖ ≤ δ,

ΣT (θ){η(z)− b(θ)} ⇒ N (0, Ik),

where Ik is the k × k identity matrix.

[A6] The sequence of functions θ 7→ ΣT (θ)D−1
T is equicontinuous at θ0.

The following condition will only be used in cases where at least one of the coordinates satisfies
dT (j)εT = o(1).

[A7] For some positive δ and all ‖θ − θ0‖ ≤ δ, and for all ellipsoids

BT =
{

(t1, · · · , tk1) :

k1∑
j=1

t2j/hT (j)2 ≤ 1
}
,

with hT (j)→ 0 for all j ≤ k1 and all u ∈ Rk1 fixed,

lim
T

Pθ
(
[ΣT (θ)][k1]{η(z)− b(θ)} − u ∈ BT

)∏k1
j=1 hT (j)

= ϕk1(u),

Pθ
(
[ΣT (θ)][k1]{η(z)− b(θ)} − u ∈ BT

)∏k1
j=1 hT (j)

≤ H(u),

∫
H(u)du < +∞,

(10)

for ϕk1(·) the density of a k1-dimensional normal random variate.

THEOREM 2. Assume that [A1]-[A6] and [A2′], with κ > dθ, are satisfied, where for η1, η2 ∈ B,
d2{η1, η2} = ‖η1 − η2‖. The following results hold:

(i) limT dT (1)εT = +∞: With probability approaching one, the posterior distribution of ε−1
T (θ − θ0)

converges to the uniform distribution over the ellipse {xtB0x ≤ 1} with B0 = b′(θ)tb′(θ). In other
words, for all f continuous and bounded, with probability approaching one∫

f{ε−1
T (θ − θ0)}dΠε(θ|η0)→

∫
utB0u≤1

f(u)du∫
utB0u≤1

du
. (11)

(ii) There exists k0 < k such that limT dT (1)εT = limT dT (k0)εT = c, 0 < c < +∞, and limT dT (k0 +
1)εT = +∞: Assume that ΣT (θ)D−1

T → A(θ) withA(θ0) positive definite and that
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Leb

(∑k0
j=1

[
{b′(θ0)(θ − θ0)}[j]

]2
≤ cε2

T

)
= +∞, then

Πε

(
ΣT (θ0){b(θ)− b(θ0)} − Z0

T ∈ B|η0

)
→ 0, (12)

for all bounded measurable sets B.

(iii) There exists k1 < k such that limT dT (k1)εT = 0 and limT dT (k1 + 1)εT = +∞: Assume that
ΣT (θ)D−1

T → A(θ) with A(θ0) positive definite, and that Assumption [A7] is satisfied, then (11) is
satisfied.

(iv) limT dT (j)εT = c > 0 for all j ≤ k or Leb
(∑k0

j=1

[
{b′(θ0)(θ − θ0)}[j]

]2
≤ cε2

T

)
< +∞ in case

(ii): There exists a non-Gaussian probability distribution on Rk, Qc which depends on c and is such that

Πε

(
ΣT (θ0){b(θ)− b(θ0)} − Z0

T ∈ B|η0

)
→ Qc(B). (13)

More precisely,

Qc(B) =

∫
x∈B PZ∼Nk(0,Ik)

{
(Z − x)′A(θ0)′A(θ0)(Z − x) ≤ c2

}
dx∫

x∈Rk PZ∼Nk(0,Ik) {(Z − x)′A(θ0)′A(θ0)(Z − x) ≤ c2} dx
.

(v) limT dT (k)εT = 0: Assume that ΣT (θ)D−1
T → A(θ) withA(θ0) positive definite and that Assump-

tion [A7], i.e., (10), holds for k1 = k, then

lim
T

Πε

(
ΣT (θ0){b(θ)− b(θ0)} − Z0

T ∈ B|η0

)
= Φk(B). (14)

Remark 3: Theorem 2 asserts that the crucial feature for determining the limiting shape of the posterior is
the behaviour of dT (j)εT , for j = 1, ..., k. If εT → 0 too slowly so that some (or all) of the components
satisfy limT dT (j)εT > 0, as in cases (i)-(iv) above, then the posterior distribution is not asymptotically
Gaussian. In particular, case (i), which corresponds to a tolerance εT that is much too large, may seem sur-
prising since the posterior converges towards a uniform distribution over an ellipse, which is nonstandard
asymptotic behaviour. However, the proof of Theorem 1 shows that this behaviour results from the fast
rate of convergence of η(z) towards b(θ) under Pθ, relative to the size of the tolerance εT . A heuristic
argument to demonstrate this fact follows: under the assumptions of Theorem 2, ‖η(z)− η(y)‖ ≤ εT
is equivalent to the deterministic constraint ‖b(θ)− b(θ0)‖ ≤ εT [1 + o(1)]. Therefore, the probability
Pθ (‖η(z)− η(y)‖ ≤ εT ) is itself equivalent to ‖b(θ)− b(θ0)‖ ≤ εT [1 + oP (1)], which is also equiva-
lent to ‖b′(θ0)(θ − θ0)‖ ≤ εT [1 + oP (1)] by the regularity condition on b. Hence, the posterior behaves
like the prior distribution truncated over the above ellipsoid and prior continuity implies that this is equiv-
alent to the uniform distribution over this ellipsoid.

If limT dT (j)εT = c > 0 for all j ≤ k, such that εT = O(1/dT ), the limiting form of the posterior
is a perturbation of a Gaussian distribution. It is only when limT dT (k)εT = 0, as in case (v), that a
Bernstein-von Mises result is available.

Taking the case where dT (1) = · · · = dT (k) = dT for the sake of simplicity, an important consequence
of Theorem 2 is that resulting credible regions are only frequentist confidence regions if εT = o(1/dT ).
If εT = O(1/dT ) then credible regions have radius with the correct order of magnitude but do not nec-
essarily have the correct coverage asymptotically. Finally, even if εT is much larger in order than d−1

T

then the posterior leads to reasonable point estimators, for instance as seen in Theorem 3, part (i), but the
associated measures of uncertainty are meaningless.

Remark 4: Condition [A7] only applies to random variables η(z) that are absolutely continuous with
respect to Lebesgue measure (or, in the case of sums of i.i.d random variables, to sums that are non-
lattice; see Bhattacharya and Rao, 1986). The case of discrete η(z) requires an adaptation of condition
[A7] that leads to the same conclusions in Theorem 2. For simplicity’s sake we write this adaptation in
the case where dT (1) = · · · = dT (k) = dT and under the restriction that dT εT = o(1), so that we only
need study case (v) in Theorem 2. Then [A7] can be replaced by:
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[A7′] There exist δ > 0 and a countable set ET such that for all ‖θ − θ0‖ < δ,

Pθ (η(z) ∈ ET ) = 1; for all t ∈ ET , Pθ (η(z) = t) > 0.

and there exists a continuous and positive map θ 7→ A(θ) at θ0 such that

sup
‖θ−θ0‖≤δ

∑
t∈ET

∣∣p(ΣT (θ){t− b(θ)}|θ)− d−kT A(θ)ϕ[ΣT (θ){t− b(θ)}]
∣∣ = o(1).

Under this alternative condition, the conclusion of case (v) of Theorem 2 still holds.
Condition [A7′] is satisfied, for instance, in the case when η(z) is a sum of i.i.d. lattice random vari-

ables, as in the population genetic experiment detailed in Section 3.3 of Marin et al. (2014). Furthermore,
this population genetic example is such that Assumptions [A1] - [A6] and [A7′] also hold, which means
that the conclusions of both Theorems 1 and 2 apply to this model.

4. ASYMPTOTIC DISTRIBUTION OF THE POSTERIOR MEAN

4·1. Main Result

As noted above, the current literature on the asymptotics of approximate Bayesian computation has
focused primarily on conditions guaranteeing asymptotic normality of the posterior mean (or functions
thereof). To this end, it is important to stress that the posterior normality result in Theorem 2 is not a
weaker, or stronger, result than that of asymptotic normality of an approximate point estimator; both re-
sults simply focus on different objects. That said, existing proofs of the asymptotic normality of the poste-
rior mean all require asymptotic normality of the posterior. In this section, we demonstrate that asymptotic
normality of the posterior is not a necessary condition for asymptotic normality of the posterior mean. To
present the ideas in as transparent a manner as possible, we focus on the simple case of an unknown scalar
parameter θ and known scalar summary η(y). This result can be extended to the multivariate case at the
cost of more involved notations, which we omit since the arguments required strongly mirror those of the
univariate result. In addition to Assumptions [A1] to [A7], we maintain the following assumptions on the
prior.

[A8] The prior density p(·) satisfies the following: (i) For θ0 ∈ Int(Θ), p(θ0) > 0. (ii) The density function
θ → p(θ) is β- Hölder in a neighbourhood of θ0: There exist δ, L > 0 such that for all |θ − θ0| ≤ δ,∣∣∣∣∣∣p(θ)−

bβ/2c∑
j=0

(θ − θ0)j
p(j)(θ0)

j!

∣∣∣∣∣∣ ≤ L|θ − θ0|β .

(iii) For Θ ⊂ R, we have
∫

Θ
|θ|βp(θ)dθ <∞.

THEOREM 3. Assume that [A1] - [A6] and [A2′], with κ > β + 1, together with [A8], are satisfied.
Assume also that θ → b(θ) is β-Hölder in a neighbourhood of θ0 and that b′(θ0) 6= 0. Denoting EΠε [θ]
and EΠε [b] as the posterior means of θ and b(θ), respectively, we then have the following results:

If (i) : lim infT dT εT = +∞ then

EΠε [b− b0] =
Z0
T

dT
+

k∑
j=1

p(2j−1)(b0)

(2j − 1)!(2j + 1)
ε2j
T +O(ε1+β

T ) + oP (1/dT ),

where k = bβ/2c and, for b0 = b(θ0), and (b−1)(j)(b0) the j-th derivative of the inverse of the map
θ 7→ b(θ),

EΠε [θ − θ0] =
Z0
T

dT b′(θ0)
+

bβc∑
j=1

(b−1)(j)(b0)

j!

b(j+k)/2c∑
l=dj/2e

ε2l
T p

(2l−j)(b0)

p(b0)(2l − j)!
+O(ε1+β

T ) + oP (1/dT ) (15)
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Hence, if ε2∧(1+β)
T = o(1/dT ) and lim infT dT εT = +∞

EΠε [θ − θ0] =
Z0
T

dT b′(θ0)
+ oP (1/dT ), EΠε [dT (θ − θ0)]⇒ N (0, V (θ0)/{b′(θ0)}2), (16)

where V (θ0) = limT V ar[dT (η{y)− b(θ0)}].

If (ii): limT dT εT = c ≥ 0 and [A7] holds then (16) also holds.

Remark 5: Equation (15) highlights a potential deviation from the expected asymptotic behaviour of the
posterior mean EΠε(θ), i.e., the behaviour corresponding to εT = 0. Indeed, the posterior mean is asymp-
totically normal for all values of εT , but is asymptotically unbiased only if the leading term in equation
(15) is Z0

T /(dT b
′{θ0)}, i.e., if and only if dT ε2

T = o(1) (assuming β ≥ 1). When dT ε2
T → +∞, this is

not satisfied and the posterior mean has a bias that is equal to

ε2
T

(
p′(b0)

3p(b0)b′(θ0)
− b(2)(θ0)

2{b′(θ0)}2

)
+O(ε4

T ) + oP (1/dT ),

provided β ≥ 3. In particular, the “optimal” choice of summary statistics proposed by Fearnhead and
Prangle (2010), namely, choosing η(y) to be the true posterior mean θ̂ = E[θ|y], in which case b(θ) = θ,
does not lead to asymptotic normality of the posterior mean around θ0 when dT ε2

T → +∞ if p′(θ0) 6= 0.
However, we note that it is possible to de-bias the posterior mean when dT ε2

T → +∞ and dT ε4
T = o(1)

by choosing a prior that satisfies

p(θ) ∝ |b′(θ)5/2|, for all θ ∈ Θ,

provided it is a proper prior distribution.

Remark 6: Part (i) of Theorem 3 demonstrates that asymptotic normality of the posterior mean does not
require asymptotic normality of the posterior. However, part (ii) of Theorem 3 states that asymptotic
normality of both the posterior and the posterior mean can be simultaneously achieved provided εT =
o(1/dT ).

Remark 7: The results of Theorem 3 entirely rest on the injectivity of the map θ 7→ b(θ). In particular, for
η0 = η(y), Theorem 3 relies on the fact that if the posterior distribution of θ is

Πε(θ ∈ B|η0) =

∫
B
Pθ (d{η(z), η(y)} ≤ εT ) dΠ(θ)∫

Θ
Pθ (d{η(z), η(y)} ≤ εT ) dΠ(θ)

,

by the injectivity of θ 7→ b(θ), the posterior distribution of b(θ) = b follows as

Πε(b ∈ A|η0) =

∫
A
Pb (d{η(z), η(y)} ≤ εT ) dΠ̃(b)∫

b(Θ)
Pb (d{η(z), η(y)} ≤ εT ) dΠ̃(b)

,

where Π̃ is the transformed measure of the prior Π by b. Hence, the results of Theorem 3 can be obtained
by analysing the posterior mean

EΠε [dT (b− b0)] =

∫
b(Θ)

dT (b− b0)Pb (d{η(z), η(y)} ≤ εT ) dΠ̃(b)∫
b(Θ)

Pb (d{η(z), η(y)} ≤ εT ) dΠ̃(b)
. (17)

From (17), the result for EΠε [dT (θ − θ0)] follows from the delta theorem.

Remark 8: All results derived in this and the previous sections, as well as all relevant remarks made,
can be shown to remain applicable in the case where η(·) is taken as a vector of estimating equations
derived from an auxiliary model (see, e.g., Drovandi et al., 2015; Martin et al., 2016), provided conditions
corresponding to those in [A1] to [A8] are satisfied. Details are omitted for the sake of brevity.
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4·2. Comparison with Existing Results

Li and Fearnhead (2016) have, in parallel, analyzed the asymptotic properties of the posterior mean,
or some function thereof. (See also Creel et al., 2015.) Under a central limit theorem assumption for the
summary statistics, and further regularity assumptions on the convergence of the density of the summary
statistics to this normal limit, including the existence of an Edgeworth expansion with exponential controls
on the tails, Li and Fearnhead (2016) demonstrate asymptotic normality of the posterior mean if εT =

o(d
−3/5
T ). Heuristically, the authors derive this result using an approximation of the posterior density

pε{θ|η(y)}, based on the Gaussian approximation of the density of η(z) given θ, and using properties
of the maximum likelihood estimator conditional on η(y). By using an arbitrary kernel (as in Fearnhead
and Prangle, 2012) Kε(‖η(y)− η(z)‖), rather than the uniform version herein, the results of Li and
Fearnhead (2016) are more general than those presented in our Theorem 3. However, their conditions on
the summary statistics η(y) are significantly stronger than ours.

In particular, when limT dT εT = +∞, our results on asymptotic normality for the posterior mean only
require weak convergence of dT {η(z)− b(θ)} under Pθ, with polynomial deviations that need not be
uniform in θ. These weaker assumptions also allow for the explicit treatment of models where the pa-
rameter space Θ is not compact. In the case where dT εT = O(1), asymptotic normality of the posterior
mean requires Assumption [A7], which essentially boils down to local (in θ) convergence of the density
of dT {η(z)− b(θ)}, but without any requirement on the rate of this convergence; with this assumption
still being weaker than the uniform convergence required in Li and Fearnhead (2016). Our results also
allow for an explicit representation of the bias that exists in the posterior mean if the tolerance does not
satisfy εT = o(d

−1/2
T ).

Moreover, and in contrast to Li and Fearnhead (2016), our results in Theorem 2 completely charac-
terize the asymptotic distribution of the posterior for all εT = o(1) that admit posterior concentration. In
part, this general characterization allows us to demonstrate, via Theorem 3 (i), that asymptotic normality
and efficiency (in the sense discussed in Li and Fearnhead, 2016) of the posterior mean remains achiev-
able even if limT dT εT = +∞, provided the tolerance satisfies εT = o(d

−1/2
T ). Furthermore, this general

treatment allows us to conclude that asymptotic normality of the posterior mean is achievable for essen-
tially all εT = o(1) but with a bias term if dT ε2

T 6= o(1). However, provided one is willing to consider the
use of bias reduction methods outlined in Remark 5, asymptotic normality of the posterior mean can still
be achieved under the weaker requirement that ε4

T = o(1/dT ).
The primary reason for the difference in assumptions and results between the approach used herein

and Li and Fearnhead (2016) is that our approach is not restricted to treating the posterior density (or
distribution) in the same fashion as the likelihood of η(z). Instead, we make assumptions directly on the
probability distribution itself through assumptions on Pθ (‖η(z)− η(y)‖ ≤ εT ).

5. PRACTICAL IMPLICATIONS OF THE RESULTS

5·1. General Implications

It is common practice in approximate Bayesian computation algorithms to define the tolerance εT
implicitly by considering an empirical quantile over the prior simulated distances d2{η(z),η(y)}. The
implications of Theorems 1 and 2 for the choice of εT can be extended straightforwardly to this sce-
nario and, as we will show, several relevant practical insights into the application of this algorithm ensue.
With reference to the rates in equation (9), consider, for simplicity’s sake, the case where dT (1) = · · · =
dT (k) = dT and the distances are Euclidean, with k ≥ dθ. Then, let us consider two cases regarding the
tolerance εT : one where εT = o(1/dT ), as required for the Bernstein-von Mises result in Theorem 2;
and a second one where εT & d−1

T , as required for Theorem 1. In the first case, using the same types of
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computations as in the proof of Theorem 2 in the Appendix, we have, for ZT = ΣT (θ0){η{z)− b(θ)},

Pr (‖η(z)− η(y)‖ ≤ εT ) =

∫
Θ

Pθ
(
‖ZT − Z0

T − dT {b(θ)− b(θ0)}‖ ≤ εT dT
)
p(θ)dθ

� (εT dT )k
∫

Θ

ϕ{Z0
T + dT b

′(θ0)(θ − θ0)}dθ � εkT d
k−dθ
T ;

while, in the second case (εT & d−1
T ) we have

Pr [‖η(z)− η(y)‖ ≤ εT ] �
∫

Θ

ϕ{Z0
T + dT b

′(θ0)(θ − θ0)}dθ � εdθT .

In particular, choosing a tolerance, εT = o(1), is equivalent to choosing an αT = o(1) quantile of
‖η(z)− η(y)‖. With regard to both cases above, choosing αT = o(d−dθT ) induces a tolerance εT �
(αT d

dθ
T )1/kd−1

T , while taking o(1) = αT & d
−dθ
T induces the tolerance εT � α1/dθ

T .
There are several consequences of this result. First, by linking the order of εT with the quantile of

the distances ‖η(z)− η(y)‖, we theoretically rationalize the oft-used practice of only selecting draws of
θ that yield distances in the left tail of {θ ∈ Θ : ‖η(z)− η(y)‖}. See, for example, Biau et al. (2015).
Secondly, this construction allows us to explicitly express the impact of dθ = dim (Θ) on the choice of tol-
erance: everything else unchanged, the larger dθ is, the smaller is the tolerance εT (and associated quantile
level, αT ) required to achieve a given level of accuracy for the selected draws in Algorithm 1. This result
thus gives theoretical evidence of the so-called curse-of-dimensionality encountered in these algorithms
as the dimension of the parameters of interest increases, this issue being distinct from that concerning the
dimension of the summary statistics. While the former of these problems has been acknowledged heuris-
tically elsewhere, to our knowledge this is the first piece of work to pinpoint the underlying cause. In
addition, this finding gives theoretical justification for the commonly used dimension reduction methods
that treat parameter dimensions individually and independent of the other remaining dimensions; see, for
example, the regression adjustment approaches of Beaumont et al. (2002) and Blum (2010), and the inte-
grated (auxiliary) likelihood approach of Martin et al. (2016), all of which treat parameters one-at-a-time
in the hope of obtaining more accurate marginal posterior inference.

A third implication of the above result is that, by linking εT and αT as shown, one has a means of
choosing the αT quantile of the simulations (or equivalently the tolerance εT ) in such a way that a par-
ticular type of posterior behaviour is expected to be evident, at least for large T . That is, if εT & d−1

T

the posterior can be expected to concentrate, but if one is willing to impose the more stringent condition
εT = o(1/dT ) the posterior will both concentrate and be approximately Gaussian in large samples. Such
results are important as they give to practitioners an understanding of what to expect from the procedure,
and a means of detecting potential issues if this expected posterior behaviour is not in evidence when
choosing a certain αT quantile (or tolerance εT ).

Furthermore, whilst the general consensus is that, everything else unchanged, choosing εT smaller
yields more accurate results for larger computing budgets, these theoretical results demonstrate that what
really matters for accurate inference based on these algorithms is to choose εT small enough to enable
the (limiting) shape of the posterior to be determined by the (asymptotic behaviour of the) summaries
η(y), rather than being influenced by the choice of εT itself. To this end, we can interpret the results of
Theorem 2 as follows: if εT = o(1/dT ), choosing a smaller tolerance ε̃T�εT and re-running Algorithm
1 will not significantly alter the shape of the posterior (for N sufficiently large so that Monte Carlo error
is minimal, and for large enough T ), with the result holding equivalently for choosing some quantile
level such that α̃T�αT . Stated another way, once εT has reached the o(1/dT ) threshold, decreasing the
tolerance further, at the cost of more expensive numerical computations, will not necessarily yield a more
accurate posterior estimate where, by ‘accurate’ we mean here a posterior that is in close accordance with
the asymptotic Gaussian distribution that obtains theoretically, under regularity.

This latter result thus contradicts some persistent opinion on such algorithms that the tolerance should
always be taken “as small as the computing budget allows.” Theorem 2 states that εT should indeed be
‘small’ but, simultaneously, it gives an upper bound on the gain in accuracy one can hope to achieve by



12 D.T. FRAZIER, G.M. MARTIN, C.P. ROBERT, AND J. ROUSSEAU

taking εT small. To demonstrate this idea, consider the following numerical illustration. The example
adopted is sufficiently regular to ensure that the central limit theorem that underpins the Bernstein-von
Mises result holds for a reasonably small sample size, and that the associated order condition on εT has
some practical content. That is, the illustration highlights the fact that, despite the asymptotic foundations
of the conclusions drawn above regarding the optimal choice of the tolerance εT , or equivalently the
quantile αT , those conclusions can be relevant even in the moderately sized samples often encountered in
practice.

5·2. Numerical Illustration of Quantile Choice

Consider the simple example where we observe a sample {yt}Tt=1 from yt ∼i.i.d. N(µ, σ) and T =
100, and our goal is posterior inference on θ = (µ, σ)′. We use as our summaries the sample mean and
variance, x̄ and s2

T . These summaries satisfy a central limit theorem at rate T 1/2, and so if we wish to
guarantee approximate posterior normality, we choose an αT quantile of the simulated distances according
to αT = o(1/T ), since we wish to conduct joint inference on µ and σ. For the purpose of this illustration,
we will compare inference based on Algorithm 1 using four different choices of αT , where we drop the
subscript T for notational simplicity: α1 = 1/T 1.1, α2 = 1/T 3/2, α3 = 1/T 2 and α4 = 1/T 5/2.

Draws for (µ, σ) are simulated on [0.5, 1.5]× [0.5, 1.5] according to independent uniforms U [0.5, 1.5].
The number of simulation drawsN is chosen so that we retain 250 accepted draws for each of the different
choices (α1, ..., α4). The exact (finite sample) marginal posteriors of µ and σ are produced by numerically
evaluating the likelihood function, normalizing over the support of the prior and marginalizing with re-
spect to each parameter. Given the sufficiency of x̄, s2

T , the exact marginal posteriors for µ and σ are
equal to those based directly on the summaries themselves.

We summarize the accuracy of the resulting posterior estimates, across these four quantile choices, by
computing the average, over 50 replications, of the root mean squared error of the estimates of the exact
posteriors for each parameter. For example, in the case of the parameter µ, we define the root mean squared
error between the marginal posterior obtained from Algorithm 1 using αj and denoted by p̂αj{µ|η(y)},
and the exact marginal posterior p(µ|y) as

RMSEµ(αj) =

(
1

G

G∑
g=1

[
p̂gαj{µ|η(y)} − pg(µ|y)

]2)1/2

, (18)

where p̂g is the ordinate of the density estimate from Algorithm 1 and pg the ordinate of the exact posterior
density, at the g-th grid point upon which the density is estimated. The root mean squared error for the σ
marginal is computed analogously. Across the 50 replications we fix T = 100 and generate observations
according to the parameter values µ0 = 1, σ0 = 1.

The results in Table 1 report average root mean squared errors, each as a ratio to the value associated
with α4 = 1/T 5/2. Values smaller than one thus indicate that the larger (and, hence, less computationally
burdensome) value of αj yields (on average) a more accurate posterior estimate than that yielded by α4.
In brief, we see that for σ, the estimates based on αj , j = 1, 2, 3 are all more accurate (on average) than
those based on α4, with there being no gain in accuracy (in fact, we observe a slight decline) beyond
α1 = 1/T 1.1. In the case of µ, estimates based on α2 and α3 are both more accurate that those based on
α4 and with there being minimal gain in pushing the quantile below α1 = 1/T 1.1.

These numerical results clearly have important computational implications. To wit, and as we have been
done in this study, the retention of 250 draws (and, hence, the maintenance of a given level of Monte Carlo
accuracy) requires taking: N = 210e03 for α1 = 1/T 1.1, N = 1.4e06 for α2 = 1/T 3/2, N = 13.5e06
for α3 = 1/T 2 and N = 41.0e06 for α4 = 1/T 5/2. That is, the computational burden associated with
decreasing the quantile in the manner indicated increases drastically: posteriors based on α4 (for example)
require a value of N that is three orders of magnitude greater than those based on α1, but this increase in
computational burden yields no, or minimal, gain in accuracy! The extension of such explorations to more
scenarios is beyond the scope of this paper; however, we speculate that, with due consideration given to
the properties of both the true data generating process and the chosen summary statistics and, hence, of the
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sample sizes for which Theorem 2 has practical content, the same sort of qualitative results will continue
to hold.

Table 1. Root mean square error of the estimated marginal posterior over 50 runs of the approx-
imate Bayesian computation algorithm and across four different quantile choices; recorded as a
ratio to the root mean square error for estimates based on the smallest quantile, α4 = 1/T 5/2.
Numbers above one signify worse performance, and numbers below one signify better perfor-
mance. For all replications the sample size is held fixed at T = 100 and each posterior estimate
is based on 250 retained draws.

α1 = 1/T 1.1 α2 = 1/T 1.5 α3 = 1/T 2

RMSEµ(αj) 1.1733 0.9883 0.9793
RMSEσ(αj) 0.8628 0.8663 0.9057
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A. SUPPLEMENTARY MATERIAL

A·1. Proof of Theorem 1

Proof of Theorem 1. Let εT > 0 and assume that y ∈ Ωε = {y; d2{η(y), b(θ0)} ≤ εT /3}. From
Assumption [A1] P0 (Ωε) = 1 + o(1). Consider the joint event Aε(δ′) = {(z,θ) : d2{η(z),η(y)} ≤
εT } ∩ d2{b(θ), b(θ0)} > δ′}. We have, that for all (z,θ) ∈ Aε(δ′)

d2{b(θ), b(θ0)} ≤ d2{η(z),η(y)}+ d2{b(θ),η(z)}+ d2{b(θ0),η(y)}
≤ 4εT /3 + d2{b(θ),η(z)}

so that (z,θ) ∈ Aε(δ′) implies that

d2{b(θ),η(z)} > δ′ − 4εT /3

and choosing δ′ ≥ 4εT /3 + tε leads to

P (Aε(δ
′)) ≤

∫
Θ

Pθ (d2{b(θ),η(z)} > tε) dΠ(θ),

and

Π (d2{b(θ), b(θ0)} > 4εT /3 + tε|d2{η(y),η(z)} ≤ εT ) := Πε (d2{b(θ), b(θ0)} > 4εT /3 + tε|η0)

≤
∫

Θ
Pθ (d2{b(θ),η(z)} > tε) dΠ(θ)∫

Θ
Pθ (d2{η(z),η(y)} ≤ εT ) dΠ(θ)

. (A1)

Moreover, since

d2{η(z),η(y)} ≤ d2{b(θ),η(z)}+ d2{b(θ0),η(y)}+ d2{b(θ), b(θ0)} ≤ εT /3 + εT /3 + d2{b(θ), b(θ0)}

provided d2{b(θ),η(z)} ≤ εT /3, then∫
Θ

Pθ (d2{η(z),η(y)} ≤ εT ) dΠ(θ) ≥
∫
d2{b(θ),b(θ0)}≤εT /3

Pθ (d2{η(z),η(y)} ≤ εT /3) dΠ(θ)

≥ Π (d2{b(θ), b(θ0)} ≤ εT /3)− ρT (εT /3)

∫
d2{b(θ),b(θ0)}≤εT /3

c(θ)dΠ(θ).
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If part (i) of Assumption [A2] holds,∫
d2{b(θ),b(θ0)}≤εT /3

c(θ)dΠ(θ) ≤ c0Π (d2{b(θ), b(θ0)} ≤ εT /3)

and for εT small enough,∫
Θ

Pθ (d2{η(z),η(y)} ≤ εT ) dΠ(θ) ≥ Π (d2{b(θ), b(θ0)} ≤ εT /3)

2
, (A2)

which, combined with (A1) and Assumption [A3], leads to

Πε (d2{b(θ), b(θ0)} > 4εT /3 + tε|η0) . ρT (tε)ε
−D
T .

1

M
(A3)

by choosing tε = ρ−1
T (εDT /M) with M large enough. If part (ii) of Assumption [A2] holds, a Hölder

inequality implies that∫
d2{b(θ),b(θ0)}≤εT /3

c(θ)dΠ(θ) . Π (d2{b(θ), b(θ0)} ≤ εT /3)
a/(1+a)

and if εT satisfies

ρT (εT ) = o(ε
D/(1+a)
T ) = O(Π (d2{b(θ), b(θ0)} ≤ εT /3)

1/(1+a)
)

then (A3) remains valid. �

A·2. Proof of Theorem 2
Proof of Theorem 2. We work with b instead of θ as the parameter, with injectivity of θ 7→ b(θ) re-

quired to re-state all results in terms of θ. Set ΣT (θ0)(η(y)− b0) = Z0
T , for b0 = b(θ0), and η0 = η(y).

We control the ABC posterior expectation of non-negative and bounded functions fT (θ − θ0):

EΠε [fT (θ − θ0)|η0] =

∫
fT (θ − θ0)dΠε (θ|η0)

=

∫
fT (θ − θ0)1l‖θ−θ0‖≤λT dΠε (θ|η0) + oP (1)

=

∫
‖θ−θ0‖≤λT p(θ)fT (θ − θ0)Pθ (‖η(z)− η(y)‖ ≤ εT ) dθ∫

‖θ−θ0‖≤λT p(θ)Pθ (‖η(z)− η(y)‖ ≤ εT ) dθ
+ oP (1)

where the second equality uses the posterior concentration of ‖θ − θ0‖ at the rate λT�εT ∨ 1/dT (1).
Now,

ΣT (θ0){η(z)− η(y)} = ΣT (θ0){η(z)− b(θ)}+ ΣT (θ0){b(θ)− b0} −ΣT (θ0){η(y)− b0}
= ΣT (θ0){η(z)− b(θ)}+ ΣT (θ0){b(θ)− b0} − Z0

T .

Set ZT = ΣT (θ0){η(z)− b(θ)} and Z0
T = ΣT (θ0){η(y)− b(θ0)}. For fixed θ,

‖Σ−1
T (θ0) [ΣT (θ0){η(z)− b(θ)} − x] ‖ � ‖D−1

T [ΣT (θ0){η(z)− b(θ)} − x] ‖

and that

ΣT (θ0){b(θ)− b0} − Z0
T = ΣT (θ0)b′(θ0)(θ − θ0)(1 + o(1))− Z0

T ∈ B

Case (i) : lim infT dT (1)εT = +∞. Consider x(θ) = ε−1
T (b(θ)− b0) and fT (θ − θ0) = f{ε−1

T (θ −
θ0)}, where f is a nonnegative, continuous and bounded function. On the event Ωn,0(M) = {‖ZT ‖0 ≤
M/2} which has probability smaller than ε by choosing M large enough, we have that

Pθ
(
‖ZT − Z0

T ‖ ≤M
)
≥ Pθ (‖ZT ‖ ≤M/2) ≥ 1− c(θ)

Mκ
≥ 1− c0

Mκ
≥ 1− ε
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for all ‖θ − θ0‖ ≤ λT . Since, η(z)− η(y) = Σ−1
T (θ0)(ZT − Z0

T ) + εTx, we have that on Ωn,0,

Pθ
(
‖Σ−1

T (θ0)(ZT − Z0
T ) + εTx‖ ≤ εT

)
≥ Pθ

(
‖Σ−1

T (θ0)(ZT − Z0
T )‖ ≤ εT (1− ‖x‖)

)
≥ Pθ

(
‖ZT − Z0

T ‖ ≤ dT (1)εT (1− ‖x‖)
)
≥ 1− ε

as soon as ‖x‖ ≤ 1−M/dT (1)εT with M as above. This, combined with the continuity of p(.) at θ0 and
condition A4, implies that∫

f{ε−1
T (θ − θ0)}dΠε (θ|η0)

=

∫
‖θ−θ0‖≤λT f{ε

−1
T (θ − θ0)}Pθ

(
‖Σ−1

T (θ0)(ZT − Z0
T ) + εTx‖ ≤ εT

)
dθ∫

‖θ−θ0‖≤λT Pθ
(
‖Σ−1

T (θ0)(ZT − Z0
T ) + εTx‖ ≤ εT

)
dθ

(1 + o(1)) + oP (1)

=

∫
‖x(θ)‖≤1−M/dT (1)εT

f{ε−1
T (θ − θ0)}dθ∫

‖x(θ)‖≤1−M/dT (1)εT
dθ

(1 + o(1))

+

∫
‖θ−θ0‖≤λT 1l‖x(θ)‖>1−M/(dT (1)εT )f{ε−1

T (θ − θ0)}Pθ
(
‖Σ−1

T (θ0)(ZT − Z0
T ) + εTx‖ ≤ εT

)
dθ∫

‖x(θ)‖≤1−M/dT (1)εT
dθ

+ op(1).

(A4)

The first term is approximately equal to

N1 =

∫
‖b(εTu+θ0)−b0‖≤1

f(u)du∫
‖b(εTu+θ0)−b0‖≤1

du

and the regularity of the function θ → b(θ) implies that∫
‖b(εTu+θ0)−b0‖≤εT

du =

∫
‖b′(θ0)u‖≤1

du+ o(1) =

∫
utB0u≤1

du+ o(1)

with B0 = b′(θ0)tb′(θ0). This leads to

N1 =

∫
utB0u≤1

f(u)du∫
utB0u≤1

du
.

We now show that the second term of the right hand side of (A4) converges to 0. We split it into an in-
tegral over 1 +M{dT (1)εT }−1 ≥ ‖x(θ)‖ ≥ 1−M{dT (1)εT }−1 and 1 +M{dT (1)εT }−1 ≤ ‖x(θ)‖.
This leads, for the first part to an upper bound

N2 ≤
‖f‖∞

∫
1+M/(dT (1)εT )≥‖x(θ)‖>1−M/(dT (1)εT )

dθ∫
‖x(θ)‖≤1−M/dT (1)εT

dθ
. {dT (1)εT }−1 = o(1)

Finally for the third integral, if ‖x(θ)‖ > 1 +M{dT (1)εT }−1 then

Pθ
(
‖Σ−1

T (θ0)(ZT − Z0
T ) + εTx‖ ≤ εT

)
≤ Pθ

(
‖Σ−1

T (θ0)(ZT − Z0
T )‖ ≥ εT ‖x‖ − εT

)
≤ Pθ

(
‖ZT − Z0

T ‖ ≥ dT (1)εT (‖x‖ − 1)
)
≤ c0

(dT (1)εT (‖x‖ − 1))κ
,
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which leads to

N3 =

∫
‖θ−θ0‖≤λT 1l‖x(θ)‖>1+M/(dT (1)εT )f{ε−1

T (θ − θ0)}Pθ
(
‖Σ−1

T (θ0)(ZT − Z0
T ) + εTx‖ ≤ εT

)
dθ∫

‖x(θ)‖≤1−M/dT (1)εT
dθ

.M−κε−dθT

∫
2≥‖x‖>1+M/dT (1)εT

dθ + 2κε−dθT

∫
2≤‖x(θ)‖

{dT (1)εT ‖x(θ)‖}−κdθ

.M−κ + ε−dθT

∫
c1εT≤‖θ−θ0‖

{dT (1)‖b′(θ0)(θ − θ0)‖}−κdθ .M−κ

as soon as κ > dθ. SinceM can be chosen arbitrarily large, putting togetherN1, N2 andN3, we obtain that
the ABC posterior distribution of ε−1

T (θ − θ0) is asymptotically uniform over the ellipse {xtB0x ≤ 1}
and (i) is proved.

Case (ii) : +∞ > limT dT (1)εT = c > 0 and limT dT (k)εT = +∞. We consider fT (θ − θ0) =
1l[ΣT (θ0){b(θ)− b0} − Z0

T ∈ B] and x(θ) = ΣT (θ0){b(θ)− b0} − Z0
T .

Set k0 such that for all j ≤ k0, limT dT (j)εT = c and for all j > k0, limT dT (j)εT = +∞. We write
ΣT (θ0) = AT (θ0)DT , so thatAT (θ0)→p A(θ0) as T goes to infinity, whereA(θ0) is symmetric.

Pθ
(
‖Σ−1

T (θ0) (ΣT (θ0)(η(z)− b(θ))− x) ‖ ≤ εT
)

= Pθ
(
‖D−1

T A−1
T (θ0) (ZT − x) ‖ ≤ εT

)
= Pθ

(
‖D−1

T (Z̃T − xT )‖ ≤ εT
)

where Z̃T = A−1
T (θ0)ZT ⇒ N (0,A(θ)IkA(θ)′) and xT = A−1

T (θ0)x = A−1(θ0)x+ o(1).
We then have for MT → +∞ such that MT dT (k0 + 1)−2ε2

T = o(1).

Pθ

(
‖D−1

T (Z̃T − xT )‖ ≤ εT
)
≤ Pθ

 k0∑
j=1

[Z̃T (j)− xT (j)]2 ≤ dT (1)2ε2
T


≥ Pθ

 k0∑
j=1

[Z̃T (j)− xT (j)]2 ≤ dT (1)2ε2
T [1−MT {dT (k0 + 1)ε−1

T }
−2]


− Pθ

 k∑
j=k0+1

[Z̃T (j)− xT (j)]2 > M−1
T [εT dT (k0 + 1)]2


≥ Pθ

 k0∑
j=1

(Z̃T (j)− xT (j))2 ≤ dT (1)2ε2
T [1−M−1

T {dT (k0 + 1)ε−1
T }

2]

− o(1)

(A5)

This implies that for all x and all ‖θ − θ0‖ ≤ λT

Pθ

(
‖D−1

T (Z̃T − xT )‖ ≤ εT
)

= Pθ

 k0∑
j=1

[{
A−1(θ0)ZT

}
(j)− {A−1(θ0)x}(j)

]2 ≤ c
+ o(1)

SinceA−1(θ0)x = DT b
′(θ0)(θ − θ0)−A−1(θ0)Z0

T , ifLeb
[∑k0

j=1

{
[b′(θ0)(θ − θ0)][j]

}2

≤ cε2
T

]
=

+∞, then as in the case (i) we can bound

Πε

(
ΣT (θ0)(b− b0)− Z0

T ∈ B|η0
)
≤

∫
A−1(θ0)x∈B Pθ

(∑k0
j=1

[{
A−1(θ0)ZT

}
(j)− z(j)

]2 ≤ c) dθ∫
|θ|≤M Pθ

(∑k0
j=1 [{A−1(θ0)ZT } (j)− z(j)]2 ≤ c

)
dθ

+ oP (1)

which goes to zero when M goes to infinity. Since M can be chosen arbitrarily large, (12) is proven.
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Case (iii) : limT dT (1)εT = 0 and limT dT (k)εT = +∞. Again we consider fT (θ − θ0) =
1l[ΣT (θ0){b(θ)− b0} − Z0

T ∈ B] and x(θ) = ΣT (θ0){b(θ)− b0} − Z0
T . As in the computations

leading to (A5), we have: setting eT = MT (dT (k0 + 1)ε−1
T )−2, under Assumption [A7],

Pθ

(
‖D−1

T (Z̃T − xT )‖ ≤ εT
)
≤ Pθ

 k1∑
j=1

dT (j)−2[Z̃T (j)− xT (j)]2 ≤ ε2
T


≥ Pθ

 k1∑
j=1

dT (j)−2[Z̃T (j)− xT (j)]2 ≤ ε2
T (1− eT )


= ϕk1(x[k1])(1 + o(1))

k1∏
j=1

(dT (j)εT ),

when ‖θ − θ0‖ < λT where ϕk1 is the centred Gaussian density of the k1 dimensional vector, with co-
variance (A(θ0)2)[k1] . This implies as in case (ii) that, with probability going to 1

lim sup
T

Πε

(
ΣT (θ0)(b− b0)− Z0

T ∈ B|η0

)
≤

∫
A(θ0)B

ϕk1(x[k1])dx∫
|x|≤M ϕk1(x[k1])dx

≤M−(k−k1)

and choosing M arbitrary large leads to (11).

Case (iv) : If limT dT (j)εT = c > 0 for all j ≤ k. To prove (13), we use the computation of case (ii) with
k0 = k, so that (A5) implies that

Pθ

(
‖D−1

T (Z̃T − xT )‖ ≤ εT
)

= Pθ

(
‖Z̃T − xT ‖2 ≤ dT (1)2ε2

T

)
= P

(
‖A−1(θ0)ZT −A−1(θ0)x‖2 ≤ c2

)
+ o(1)

and for all δ > 0, choosing M large enough, and when T is large enough

Πε

(
ΣT (θ0)(b− b0)− Z0

T ∈ B|η0
)
≤
∫
x∈B Pθ

(
‖A−1(θ0)ZT −A−1(θ0)x‖2 ≤ c2

)
dx∫

|x|≤M Pθ (‖A−1(θ0)ZT −A−1(θ0)x‖2 ≤ c2) dx

≥
∫
x∈B Pθ

(
‖A−1(θ0)ZT −A−1(θ0)x‖2 ≤ c2

)
dx∫

|x|≤M Pθ (‖A−1(θ0)ZT −A−1(θ0)x‖2 ≤ c2) dx+ δ
+ oP (1)

Since M can be chosen arbitrarily large and since when M goes to infinity,∫
|x|≤M

Pθ

(
‖Z̃T −A−1(θ0)x‖2 ≤ c2

)
dx→

∫
x∈Rk

Pθ

(
‖Z̃T −A−1(θ0)x‖2 ≤ c2

)
dx < +∞,

(13) is proved.

Case (v) : limT dT (k)εT = 0. Take ΣT (θ0) = AT (θ0)DT . For some δ > 0 and all ‖θ − θ0‖ ≤ δ,

Pθ
(∥∥D−1

T [A−1
T (θ0)ZT −A−1

T (θ0)x]
∥∥ ≤ εT ) = Pθ

(∥∥D−1
T [A−1(θ0)ZT −A−1(θ0)x]

∥∥ ≤ εT )+ o(1)

= Pθ

(∥∥A−1(θ0)ZT −A−1(θ0)x
∥∥2 ≤ d2

T (k)ε2
T

)
+ o(1)

= Pθ
({
A−1(θ0)ZT −A−1(θ0)x

}
∈ BT

)
+ o(1).

From both assertions of Assumption [A7] and the Dominated Convergence Theorem, the above implies
(for k1 = k)

1∏k
j=1 εT dT (k)

∫
x∈LT

Pθ
({
A−1(θ0)ZT −A−1(θ0)x

}
∈ BT

)
=

∫
x∈LT

ϕk(x)dx+ o(1)

= 1 + o(1)
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Likewise, similar arguments yield

1∏k
j=1 εT dT (k)

∫
x∈LT

1lx∈BPθ
({
A−1(θ0)ZT −A−1(θ0)x

}
∈ BT

)
=

∫
x∈LT

1lx∈Bϕk(x)dx+ o(1)

= Φ(B) + o(1).

Together, these two yield the desired result. �

A·3. Proof of Theorem 3
Proof of Theorem 3, Case (i) dT εT → +∞. Defining b = b(θ), b0 = b(θ0) and x = dT (b− b0)− Z0

T

with Z0
T = dT {η(y)− b(θ0)}, we will approximate the ratio

EΠε [dT (b− b0)]− Z0
T =

NT
DT

=

∫
xPx (|η(z)− η(y)| ≤ εT ) p[b0 + {x+ Z0

T }/dT ]dx∫
Px (|η(z)− η(y)| ≤ εT ) p[b0 + {x+ Z0

T }/dT ]dx

We first approximate the numerator NT : dT {η(z)− η(y)} = dT {η(z)− b}+ x and that b = b0 + (x+
Z0
T )/dT . Denote ZT = dT {η(z)− b}, then

NT =

∫
xPx (|η(z)− η(y)| ≤ εT ) p[b0 + {x+ Z0

T }/dT ]dx

=

∫
|x|≤dT εT−M

xPx (|ZT + x| ≤ dT εT ) p[b0 + {x+ Z0
T }/dT ]dx

+

∫
|x|≥dT εT−M

xPx (|ZT + x| ≤ dT εT ) p[b0 + {x+ Z0
T }/dT ]dx,

(A6)

where the condition limT dT εT = +∞ is used in the representation of the real line over which the integral
defining NT is specified.

We start by studying the first integral term in (A6). If 0 ≤ x ≤ dT εT −M then

1 ≥ Px (|ZT + x| ≤ dT εT ) = 1− Px (ZT > dT εT − x)− Px (ZT < −dT εT − x)

≥ 1− 2(dT εT − x)−κ.

Using a similar argument for x ≤ 0, we obtain, for all |x| ≤ dT εT −M ,

1− 2(dT εT − |x|)−κ ≤ Px (|ZT + x| ≤ dT εT ) ≤ 1

and choosing M large enough implies that if κ > 2,

N1 =

∫
|x|≤dT εT−M

xPx (|ZT + x| ≤ dT εT ) p[b0 + {x+ Z0
T }/dT ]dx

=

∫
|x|≤dT εT−M

xp[b0 + {x+ Z0
T }/dT ]dx+O(M−κ+2)

A Taylor expansion of p[b0 + {x+ Z0
T }/dT ] around γ0 = b0 + Z0

T /dT then leads to

N1 = 2

k∑
j=1

p(2j−1)(γ0)

(2j − 1)!(2j + 1)d2j−1
T

(εT dT )2j+1 +O(M−κ+2) + oP (1) +O(ε2+β
T d2

T )

= 2d2
T

k∑
j=1

p(2j−1)(γ0)

(2j − 1)!(2j + 1)
ε2j+1
T +O(M−κ+2) + oP (1) +O(ε2+β

T d2
T )
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We split the second integral of (A6) into dT εT −M ≤ |x| ≤ dT εT +M and |x| ≥ dT εT +M . We treat
the latter as before: with probability going to 1,

|N3| ≤
∫
|x|≥dT εT+M

|x|Px (|ZT + x| ≤ dT εT ) p[b0 + {x+ Z0
T }/dT ]dx

≤
∫
|x|≥dT εT+M

|x|c[b0 + {x+ Z0
T }/dT ]

(|x| − dT εT )κ
p[b0 + {x+ Z0

T }/dT ]dx

≤ c0‖p‖∞
∫
dT εT+M≤|x|≤δdT

|x|
(|x| − dT εT )κ

dx+
dT

(δdT )κ−1

∫
c(θ)dΠ(θ) .M−κ+2 +O(d−κ+2

T ) .

Finally, we study the second integral term for NT in (A6) over dT εT −M ≤ |x| ≤ dT εT +M . Using
the assumption that p(·) is Hölder we obtain that

|N2| =

∣∣∣∣∣
∫ dT εT+M

dT εT−M
xPx (|ZT + x| ≤ dT εT ) p[b0 + {x+ Z0

T }/dT ]dx

+

∫ −dT εT+M

−dT εT−M
xPx (|ZT + x| ≤ dT εT ) p[b0 + {x+ Z0

T }/dT ]dx

∣∣∣∣∣
≤ p(b0)

∣∣∣∣∣
∫ dT εT+M

dT εT−M
xPx (|ZT + x| ≤ dT εT ) dx+

∫ −dT εT+M

−dT εT−M
xPx (|ZT + x| ≤ dT εT ) dx

∣∣∣∣∣
+ LMε1+β∧1

T dβ∧1
T + oP (1)

.

∣∣∣∣∣dT εT
∫ M

−M
[Py (ZT ≤ −y)− Py (ZT ≥ −y)] dy

∣∣∣∣∣
+

∣∣∣∣∣dT εT
∫ M

−M
y [Py (ZT ≤ −y) + Py (ZT ≥ −y)] dy

∣∣∣∣∣+O(Mε1+β∧1
T dβ∧1

T ) + oP (1),

with M fixed but arbitrarily large. By the Dominated Convergence Theorem and the Gaussian limit of
ZT , for any arbitrarily large, but fixed M ,∫ M

−M
[Py (ZT ≤ −y)− Py (ZT ≥ −y)] dy = Mo(1)

and ∫ M

−M
y [Py (ZT ≤ −y) + Py (ZT ≥ −y)] dy =

∫ M

−M
y (1 + o(1)) dy = M2o(1).

This implies that

N2 .M
2o(dT εT ) +Mε1+β∧1

T dβ∧1
T + oP (1)

where the o(·) holds as T goes to infinity. Therefore, regrouping all terms, and since ε1+β∧1
T dβ∧1

T =
o(dT εT ) for all β > 0 and εT = o(1), we obtain the representation

NT = 2d2
T

k∑
j=1

p(2j−1)(γ0)

(2j − 1)!(2j + 1)
ε2j+1
T +M2o(dT εT ) +O(M−κ+2) +O(d−κ+2

T ) +O(ε2+β
T d2

T ) + oP (1) .
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We now study the denominator in a similar manner. This leads to

DT =

∫
Px (|η(z)− η(y)| ≤ εT ) p[b0 + {x+ Z0

T }/dT ]dx

=

∫
|x|≤dT εT−M

p[b0 + {x+ Z0
T }/dT ](1 + o(1))dx+O(1)

= 2p(b0)dT εT (1 + oP (1)).

Combining DT and NT we obtain, εT = o(1),

NT
DT

= dT

k∑
j=1

p(2j−1)(b0)

p(b0)(2j − 1)!(2j + 1)
ε2j
T + oP (1) +O(ε1+β

T dT ) (A7)

Using the definition of NT /DT , dividing (A7) by dT , and rearranging terms yields

EΠε [b− b0] =
Z0
T

dT
+

k∑
j=1

p(2j−1)(b0)

p(b0)(2j − 1)!(2j + 1)
ε2j
T +O(ε1+β

T ) + oP (1/dT ),

To obtain the posterior mean of θ, we write

θ = b−1[b(θ)] = θ0 +

bβc∑
j=1

{b(θ)− b0}j

j!
(b−1)(j)(b0) +R(θ)

where |R(θ)| ≤ L|b(θ)− b0|β provided |b(θ)− b0| ≤ δ. We compute the ABC mean of θ by splitting the
range of integration in |b(θ)− b0| ≤ δ and |b(θ)− b0| > δ. A Cauchy-Schwarz inequality leads to

EΠε

[
|θ − θ0|1l|b(θ)−b0|>δ

]
=

1

2εT dT p(b0)(1 + oP (1))

∫
|b(θ)−b0|>δ

|θ − θ0|Pθ (|η(z)− η(y)| ≤ εT ) p(θ)dθ

≤
2κ
(∫

Θ
(θ − θ0)2p(θ)dθ

)1/2 (∫
Θ
c(θ)2p(θ)dθ

)1/2
dκT δ

κ
(1 + oP (1))

= oP (1/dT )

provided κ > 1. To control the former term, we use computations similar to earlier ones so that

EΠε

[
{θ − θ0}1l|b(θ)−b0|≤δ

]
=

bβc∑
j=1

(b−1)(j)(b0)

j!
EΠε

[
{b(θ)− b0}j

]
+ oP (1/dT ),

where, for j ≥ 2 and κ > j + 1,

EΠε

[
{b(θ)− b0}j

]
=

1

djT

∫
|x|≤εT dT−M xjp[b0 + {x+ Z0

T }/dT ]dx

2εT dT p(b0)
+ oP (1/dT )

=

k∑
l=0

p(l)(b0)

2εT d
j+l+1
T p(b0)l!

∫
|x|≤εT dT−M

xj+ldx+ oP (1/dT ) +O(ε1+β
T )

=

b(j+k)/2c∑
l=dj/2e

ε2l
T p

(2l−j)(b0)

p(b0)(2l − j)!
+ oP (1/dT ) +O(ε1+β

T )

This implies, in particular, that

EΠε [θ − θ0] =
Z0
T (b−1)(1)(b0)

dT
+

bβc∑
j=1

(b−1)(j)(b0)

j!

b(j+k)/2c∑
l=dj/2e

ε2l
T p

(2l−j)(b0)

p(b0)(2l − j)!
+ oP (1/dT ) +O(ε1+β

T )
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Hence, if ε2
T = o(1/dT ) and β ≥ 1,

EΠε [θ − θ0] =
Z0
T

dT b′(θ0)
+ oP (1/dT )

and EΠε [dT {θ − θ0}]⇒ N (0, V0/(b
′(θ0))2), while if dT ε2

T → +∞

EΠε [θ − θ0] = ε2
T

[
p′(b0)

3p(b0)b′(θ0)
− b(2)(θ0)

2(b′(θ0))2

]
+O(ε4

T ) + oP (1/dT ),

assuming β ≥ 3. �

Proof of Theorem 3, Case (ii) dT εT → c, c ≥ 0. Recall that b = b(θ) and define

EΠε [b] =

∫
bPb (|η(y)− η(z))| ≤ εT ) p(b)db∫
Pb (|η(y)− η(z)| ≤ εT ) p(b)db

.

Considering the change of variables b 7→ x = dT (b− b0)− Z0
T and using the above equation we have

EΠε [b] =

∫
(b0 + (x+ Z0

T )/dT )Px (|η(y)− η(z)| ≤ εT ) p[b0 + {x+ Z0
T }/dT ]dx∫

Px (|η(y)− η(z)| ≤ εT ) p[b0 + {x+ Z0
T }/dT ]dx

,

which can be rewritten as

EΠε [dT {b− b0}]− Z0
T =

∫
xPx (|η(y)− η(z)| ≤ εT ) p[b0 + {x+ Z0

T }/dT ]dx∫
Px (|η(y)− η(z)| ≤ εT ) p[b0 + {x+ Z0

T }/dT ]dx

Recalling that dT (η(z)− η(y)) = dT (η(z)− b) + dT (b− b0)− Z0
T = ZT + x we have

EΠε [dT {b− b0}]− Z0
T =

∫
xPx (|ZT + x| ≤ dT εT ) p[b0 + {x+ Z0

T }/dT ]dx∫
Px (|ZT + x| ≤ dT εT ) p[b0 + {x+ Z0

T }/dT ]dx
=
NT
DT

.

By injectivity of the map θ 7→ b(θ) (Assumptions [A4]) and [A5]), the result follows when
EΠε [dT {b− b0}]− Z0

T = oP (1).
Consider first the denominator. Defining hT = dT εT and using arguments that mirror those in the proof

of Theorem 2 part (v), by Assumptions [A7] and the DCT

DT

p(b0)hT
= h−1

T

∫
Px(|ZT + x| ≤ hT )dx+ oP (1) =

∫
ϕ[x/A(θ0)]dx+ oP (1) = 1 + oP (1),

where the second equality follows from Assumption [A7] and the DCT. The result now follows if
NT /hT = oP (1). To this end, define P ∗x (|ZT + x| ≤ hT ) = Px(|ZT + x| ≤ hT )/hT and, if hT = o(1)
by [A7(i)] and [A8],

NT
hT

=

∫
xP ∗x (|ZT + x| ≤ hT )p[b0 + {x+ Z0

T }/dT ]dx

= p(b0)

∫
xϕ[x/A(θ0)]dx+

∫
x
{
P ∗x (|ZT + x| ≤ hT )− ϕ[x/A(θ0)]

}
p[b0 + {x+ Z0

T }/dT ]dx+ oP (1).

If hT → c > 0 then

NT
hT

= p(b0)

∫
xP{|N (0, 1) + x/A(θ0)| ≤ c/A(θ0)}dx

+

∫
x
[
P ∗x (|ZT + x| ≤ hT )− P{|N (0, 1) + x/A(θ0)| ≤ c/A(θ0)}

]
p[b0{x+ Z0

T }/dT ]dx+ oP (1).

(A8)
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The result now follows if
∫
x
{
P ∗x (|ZT + x| ≤ hT )− ϕ[x/A(θ0)]

}
p[b0 + {x+ Z0

T }/dT ]dx = oP (1)
(resp. P ∗x (|ZT + x| ≤ hT )− P{|N (0, 1) + x/A(θ0)| ≤ c/A(θ0)} = o(1) ) for which a sufficient condi-
tion is that ∫

|x|
∣∣P ∗x (|ZT + x| ≤ hT )− ϕ[x/A(θ0)]

∣∣ p[b0 + {x+ Z0
T }/dT ]dx = oP (1), (A9)

or the equivalent in the case hT → c > 0.
To show that the integral in (A9) is oP (1) we break the region of integration into three areas: (i) |x| ≤

M ; (ii) M ≤ |x| ≤ δdT ; (iii) |x| ≥ δdT .

Area (i): Over |x| ≤M , the following equivalences are satisfied:

sup
x:|x|≤M

|p[b0 + {x+ Z0
T }/dT ]− p(b0)| = oP (1)

sup
x:|x|≤M

|P ∗(|ZT + x| ≤ hT )− ϕ[x/A(θ0)]| = oP (1).

The first equation is satisfied by [A8] and the fact that by [A5] Z0
T /dT = oP (1). The second term follows

from [A7] and DCT. We can now conclude that equation (A9) is oP (1) over |x| ≤M .
The same holds for (A8), without the need of Assumption [A7].

Area (ii): Over M ≤ |x| ≤ δdT the integral of the second term is finite and can be made arbitrarily
small for large M enough. Therefore, it suffices to show that∫

M≤|x|≤δdT
|x|P ∗(|ZT + x| ≤ hT )p[b0 + {x+ Z0

T }/dT ]dx

if finite.
When |x| > M , |ZT + x| ≤ hT implies that |ZT | > |x|/2 since hT = O(1). Hence using Assumption

[A2],

|x|P ∗x (|ZT + x| ≤ hT ) ≤ |x|P ∗x (|ZT | > |x|/2) ≤ c0
|x|
|x|κ

which in turns implies that∫
M≤|x|≤δdT

P ∗(|ZT + x| ≤ hT )p[b0 + {x+ Z0
T }/dT ]dx ≤ C

∫
M≤|x|≤δdT

1

|x|κ−1
dx ≤M−κ+2

The same computation can be conducted in the case (A8).

Area (iii): Over |x| ≥ δdT the second term is again negligible for δdT large. Our focus then becomes

N3 =
1

hT

∫
|x|≥δdT

|x|P ∗x (|ZT + x| ≤ hT )p[b0 + {x+ Z0
T }/dT ]dx.

For some κ > 2 we can bound N3 as follows:

N3 =
1

hT

∫
|x|≥δdT

|x|Px(|x+ ZT | ≤ hT )p[b0 + {x+ Z0
T }/dT ]dx

≤ 1

hT

∫
|x|≥δdT

|x|c(b0 + (x+ Z0
T )/dT )

(1 + |x| − hT )κ
p[b0 + {x+ Z0

T }/dT ]dx

.
d2
T

hT

∫
|b−η(y)|≥δ

c(b)|b− η(y)|
[1 + dT |b− η(y)| − hT ]κ

p(b)db

Since η(y) = b0 +OP (1/dT ) we have, for T large,

N3 .
d2
T

hT

∫
|b−b0|≥δ/2

c(b)|b|p(b)
(1 + dT δ − hT )κ

db .
d2
T

hT

[∫
c(b)|b|p(b)db

]
O(d−kT ) . O(d1−κ

T εT ) = o(1),
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where [A2] and [A8] ensure
∫
c(b)|b|p(b)db <∞. The same computation can be conducted in the case

(A8).
Combining the results for the three areas we can conclude that NT /DT = oP (1) and the result fol-

lows. �


