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Abstract

This paper develops a method for forecasting a nonstationary time series, such as GDP, using a set

of high-dimensional panel data as predictors. To this end, we use what is known as a factor augmented

regression [FAR] model that contains a small number of estimated factors as predictors; the factors

are estimated using time series data on a large number of potential predictors. The validity of this

method for forecasting has been established when all the variables are stationary and also when they

are all nonstationary, but not when they consist of a mixture of stationary and nonstationary ones.

This paper fills this gap. More specifically, we develop a method for constructing an asymptotically

valid prediction interval using the FAR model when the predictors include a mixture of stationary

and nonstationary factors; we refer to this as mixture-FAR model. This topic is important because

typically time series data on a large number of economic variables is likely to contain a mixture

of stationary and nonstationary variables. In a simulation study, we observed that the mixture-FAR

performed better than its competitor that requires all the variables to be nonstationary. As an empirical

illustration, we evaluated the aforementioned methods for forecasting the nonstationary variables, GDP

and Industrial Production [IP], using the quarterly panel data on US macroeconomic variables, known

as FRED-QD. We observed that the mixture-FAR model proposed in this paper performed better than

its aforementioned competitors.
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1 Introduction

Construction of valid probability forecasts of key economic variables such as GDP and Inflation is central

to making reliable economic policy decisions. There is a large body of literature on constructing proba-

bility forecasts for a stationary variable using other stationary variables as predictors. By contrast, the

literature on making probability forecasts for a nonstationary variable using a mixture of stationary and

nonstationary predictors remains underdeveloped. In a method that has attracted considerable attention,

a factor model for panel data and a regression model for predicting a time series are used jointly. In the

first step, the factor model is used for generating a small number of factors to capture most of the infor-

mation in a set of panel data for a large number of potential predictors. In the second step, the regression

model uses the generated factors as predictors, instead of the large number of potential predictors in the

panel data. The resulting regression model is known as factor augmented regression[FAR] model, which

is one of the well-known models for constructing probability forecasts for a time series (Bernanke et al.

2005, Stock and Watson 1998a, 1998b, 2002b). The large number of economic variables that are potential

predictors includes a mixture of stationary and nonstationary variables. Consequently, the collection of

factors is also typically a mixture of stationary and nonstationary ones (Bai (2004), Eickmeier (2005),

Moon and Perron (2007), Smeekes and Wijler (2019)). The objective of this paper is to develop new

methodology for constructing a valid prediction interval when the predictors in the prediction model

include a mixture of stationary and nonstationary factors.

For the main results of this paper, the only nonstationary variables considered are I(1); therefore, we

use the term nonstationary as a synonym for I(1).

Related literature

The validity of the aforementioned general approach for forecasting using an FAR model with es-

timated factors has been established when all the variables, including the factors, are stationary (Bai

(2003), Bai and Ng [2002, 2006], Gonçalves and Perron (2014)), and also when they are all nonstationary

(Choi 2017), but not when there is a mixture of stationary and nonstationary ones. This paper builds

on the aforementioned literature and develops a method based on FAR models for forecasting, more

specifically for constructing an asymptotically valid prediction interval when the chosen set of factors is

a mixture of stationary and nonstationary ones.

Suppose that the variables are all nonstationary. Bai (2004) studied the consistency of the estimated

factors and proposed a method for estimating an optimal number of factors. The limiting distributions

of the estimators of factors and their loadings have also been obtained. Choi (2017) used generalized

principal components for estimating factors, and studied the asymptotic properties of the generated

2



nonstationary factors, their loadings, and forecasts. Under the assumption T/N → 0, Choi (2017)

showed that estimators of the parameters in the forecasting model are consistent and asymptotically

normal, and that the forecasts converge at the rate T , where T and N are the time and cross-section

dimensions respectively.

Since the method in this paper is based on the large literature for forecasting a stationary variable

using an FAR model, a few comments would be helpful. Suppose that we wish to predict a stationary

variable, such as inflation, using a method that requires all the predictors in the prediction equation

to be stationary, for example the method in Bai (2003) and Bai and Ng (2006). For this scenario, one

could either delete all the I(1) variables or use the first differences of the I(1) predictors instead of the

original I(1) predictors (Ludvigson and Ng (2007), Stock and Watson (2012), Cheng and Hansen (2015)).

While this adaptation is methodologically valid, a natural question that arises is whether differencing

a nonstationary variable could result in loss of information in the level-data that may be important for

forecasting. Similar questions also arise when forecasting a nonstationary variable, the topic of this paper.

Next, suppose that the set of generated factors is a mixture of stationary and nonstationary variables,

and we wish to predict a nonstationary variable, such as GDP, using a method that requires all the

predictors to be nonstationary, for example the method in Choi (2017). For this scenario, it has been

suggested to delete all the predictors that are stationary and apply the method. While this method is

methodologically valid, deletion of predictors to suit a method is likely to result in loss of information

and hence loss of statistical efficiency.

The development of methodology for factor models has contributed to improve time series forecasting,

macroeconomic analysis, and monetary policy analysis. Empirical results from several studies indicate

that it is common to find a mixture of stationary and nonstationary generated factors. For example, Bai

(2004) studied employment fluctuations across 60 industries in the U.S and found that two nonstationary

and one stationary factors explain a large part of the fluctuations in employment. Bernanke et al.

(2005) used factor augmented vector auto-regression and found that it contains information to accurately

identify the monetary transmission mechanism in the US. Eickmeier (2005) used a large-scale (N > 300)

dynamic factor model and found euro-area economies share four non-stationary factors and one stationary

factor. Eickmeier found that the factors represent mainly the variations in German and French real

economic activity as well as of producer prices and financial prices through which they also studied the

transmission channels and the impacts of macroeconomic shocks. Moon and Perron (2007) studied the

Canadian and US interest rates for different maturities and risk, and found a single nonstationary factor

and several stationary ones. The dominant factors were interpreted as level and slope, as in the term

structure literature. In a recent study, Smeekes and Wijler (2019) provided an overview of forecasting
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macroeconomic time series in the presence of unit roots and cointegration. They compared point forecasts

of some key economic variables in FRED-MD and FRED-QD data set and nowcasting of unemployment

in another data set that was constructed from Google trend using the two methods (a) transforming

every series to stationarity, and (b) directly modelling the level data. However, rigorous justification for

modelling the level data with unit roots and cointegration in the forecasting model is yet to be provided.

The method in this paper

In this paper, we use the methods in the literature (Bai (2004) and Moon and Perron (2007)) for

generating a mixture of stationary and nonstationary factors. Once they have been generated, we use

them as predictors in a factor-augmented regression [FAR] model for forecasting; we refer to this as a

mixture-FAR model. We develop new methods for constructing asymptotically valid prediction intervals

using the mixture-FAR model. Our results, under the additional assumption that all the variables are

stationary, reduce to the corresponding ones in Bai and Ng (2006). Similarly, our results, under the

additional assumption that all the variables are nonstationary, reduce to the corresponding ones in Choi

(2017). In this sense, our results provide a way of combining and extending the existing results on this

topic that are limited to the two cases (a) when all the variables are stationary and (b) when all the

variables are nonstationary.

To state the asymptotic results, we introduce a diagonal matrix, denoted D1T ; its dimension is equal

to the number of predictors in the FAR model, and each of its diagonal element is equal to either
√
T or

T according as the corresponding predictor is stationary or nonstationary. The joint limiting distribution

of the generated factors is derived under the assumption
√
N
∥∥D−2

1T

∥∥ → 0, where and in what follows

‖A‖ = trace(A′A)1/2. We develop the main part of the asymptotic methodology under the assumption

T/N → 0. We show the consistency and normality of estimators of the parameters of the forecast

model. For the case of normally distributed errors in the prediction model with
√
N
∥∥D−2

1T

∥∥ → 0 and

T/N → 0, we show that forecast error has an asymptotically normal distribution, and use it to construct

an asymptotically valid prediction interval for the dependent variable in the forecast equation. To examine

the finite sample properties of the estimates, we conducted a simulation study with data generating

processes [DGP] that contain mixtures of stationary and nonstationary variables. In these simulations,

we observed that the mixture-FAR method developed in this paper performed overall better than the

method that requires all the variables to be nonstationary. As an empirical illustration, we evaluated the

aforementioned methods for forecasting the nonstationary variables, GDP and industrial production [IP],

using the quarterly panel data on US macroeconomic variables, known as FRED-QD. We observed that

the mixture-FAR model proposed in this paper performed better than its aforementioned competitors.

Again, the results of this empirical study corroborate the general observation of our simulation study,
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namely, the method developed in this paper improves over the current methods for forecasting based on

the FAR methodology.

The rest of this paper is organized as follows. Section 2 introduces the model and the assumptions,

and obtains the asymptotic distribution of the OLS estimators and the prediction intervals. Section 3

reports the results of a simulation study. An empirical example using the FRED-QD data is presented in

Section 4. Section 5 concludes. Several lemmas in Appendix A indicate the main steps for the proofs of

the lemmas and theorems stated in Section 2; the proofs of the lemmas in Appendix A will be available

in Supplementary Materials to this paper. Some of the simulation results are reported in Appendix B.

Our main focus is on forecasting a nonstationary variable, although the theory presented here is valid

for forecasting a stationary variable as well with a mixture of stationary and nonstationary factors as

predictors. However, this topic requires further attention, particularly on the empirical aspects, and

hence will not be considered further in this paper.

Finally, let us introduce the following notation: Throughout this paper A > 0 denotes that the matrix

is positive definite, and X ⊕Y =

 X 0

0 Y

 for the matrices X and Y ;
p−→ and

d−→ denote convergence in

probability and in distribution, respectively.

2 Methodology

2.1 Model and notation

Let {Yt, t = 1, 2, . . .} denote an observable univariate time series that we wish to predict at a future time

T + h (h ≥ 1), using the information available up to time T . Let {Xit ∈ R; i = 1, . . . , N ; t = 1, . . . , T}

denote a set of panel data and {Wt ∈ Rm; t = 1, . . . , T} denote a set of observable predictors; Wt may

contain lagged values of Yt. The structure of the two models that are used for predicting YT+h take the

following form:

Factor model: Xit = λ′iFt + eit, (i = 1, ..., N ; t = 1, ..., T ) (1)

FAR model: Yt+h = θ′Ft + ω′Wt + εt+h, (t = 1, ..., T ) (2)

where FAR stands for factor augmented regression, Ft is an r×1 vector of unobservable factors, {eit, εt} are

idiosyncratic errors, λi is an r× 1 vector of factor loadings, and θr×1 and ωm×1 are unknown parameters

(i = 1, . . . , N ; t = 1, . . . , T ); the number of factors r is assumed known. This was called “diffusion index

forecasting model” by Stock and Watson (2002a).

A point of departure of our paper from the current literature is that we allow the r factors to be a

mixture of stationary and nonstationary variables. Further, we assume that Yt and Wt are nonstationary;
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as indicated previously, the only nonstationary variables that we consider are I(1). It appears that the

results in this paper can be extended to the case when the factors are I(d) (d = 2, 3, . . .); but, we do not

consider such extensions in this paper.

Let X =
[
Xit

]
T×N denote the panel data in matrix form, F = (F1, . . . , FT )′ be the T × r matrix of

unobservable common factors, Λ = (λ1, . . . , λN )′ be the matrix of factor loadings, and e =
[
eit
]
T×N be

the matrix of error terms from the factor model. Then the factor model (1) can also be expressed as

X = FΛ′ + e. (3)

Since the stationary and nonstationary terms need to treated differently, let us write F ′t = (E′t, G
′
t)
′,

where Et is p× 1 and nonstationary, Gt is q × 1 and stationary; p and q are assumed known. Therefore,

Et = Et−1 + ut, (4)

where ut is stationary. Substituting F ′t = (E′t, G
′
t)
′, the factor model (1) and the FAR model (2) take the

form

Xit = λ
(1)′

i Et + λ
(2)′

i Gt + eit, (i = 1, ..., N ; t = 1, ..., T ) (5)

Yt+h = α′Et + β′Gt + ω′Wt + εt+h, (t = 1, ..., T ) (6)

where λi = (λ
(1)′

i , λ
(2)′

i )′ and θ = (α′, β′)′. As expected, estimates of the coefficients α and β of the non-

stationary and stationary variables in the FAR model (2), converge at the rates T and T 1/2 respectively.

Similarly, since Wt is I(1), we would expect that the estimator ω̂ to converge at the rate T . To state the

results with such different rates of convergence, we introduce the following scaling matrices:

D1T = diag(TIp, T
1/2Iq)r×r, D2T = TIm DT = diag(D1T , D2T ). (7)

2.2 Estimation of the common factors

To estimate the latent factors for a given panel dataset X, we may use either the Gaussian Maximum

Likelihood Estimator (MLE) or the method based on Principal Component Analysis [PCA]. In this paper,

we use the latter. To choose an optimal number of factors, r, we use the Integrated Panel Criterion (IPC)

and the the panel Information Criteria (IC) introduced by Bai (2004) and Bai and Ng (2002).

Let F̃T×r = (F̃1, . . . , F̃T )′ be defined as equal to D1T times the matrix formed by the r eigenvectors

corresponding to the r largest eigenvalues of the matrix XX ′. Since we use PCA, the matrix F of common

factors is estimated by F̃ . For the derivations of the asymptotic results, we assume that the numbers

of stationary and nonstationary factors is known. However, in empirical studies, we apply one or more

tests to each factor to determine whether it is stationary or nonstationary. Therefore, it is clear that
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the estimation method has an element of pre-testing. In this paper, we do not explore the effects of

misclassification resulting from such pre-tests.

Once the factors have been estimated, the corresponding estimator of the factor loading matrix Λ is

Λ̃ = X ′F̃D−2
1T . Without loss of generality, we assume that the columns of F̃ are arranged such that the first

p are classified as nonstationary and their corresponding eigenvalues are in the decreasing order, and the

remaining q columns are classified as stationary and their corresponding eigenvalues are in the decreasing

order. Therefore, without loss of generality, we write F̃t = (Ẽ′t, G̃
′
t)
′ and Ft = (E′t, G

′
t)
′. Let Ṽp,NT denote

the diagonal matrix with diagonal elements equal to the largest p eigenvalues of XX ′ divided by T 2N

and each of the corresponding eigenvector has been classified as nonstationary; further, without loss of

generality, assume that the diagonal elements appear in the decreasing order. Similarly, let Ṽq,NT denote

the diagonal matrix with diagonal elements equal to the largest q eigenvalues of XX ′ divided by TN and

each of the corresponding eigenvector has been classified as stationary; again, without loss of generality,

assume that the diagonal elements appear in the decreasing order. Let ṼNT = diag(Ṽp,NT , Ṽq,NT );

then ṼNT is diagonal. Therefore, ṼNT is equal to the diagonal matrix whose diagonal elements are the

r = (p+ q) largest eigenvalues of the matrix XX ′ multiplied by D−2
1T /N.

We adopt the standard procedure to ensure that the factors are identified up to a rotation. To this

end, we assume that F̃ satisfies the normalization D−2
1T F̃

′F̃ = Ir, Λ̃′Λ̃ is diagonal, and define the rotation

matrix

H = N−1Ṽ −1
NTD

−2
1T F̃

′FΛ′Λ. (8)

If all the variables are stationary then the foregoing H reduces the expression in Bai and Ng (2002), and

if all the variables are nonstationary then it reduces the form in Bai (2004) and Choi (2017).

Let L̂t = (F̃ ′t ,Wt)
′, and δ = (θ′H−1, ω′)′; just as H, δ is also a function of the data and unknown

population parameters. Then, the FAR model (6) can be written as

Yt+h = θ′Ft + ω′Wt + εt+h = θ′H−1(HFt − F̃t + F̃t) + ω′Wt + εt+h

= θ′H−1F̃t + ω′Wt + θ′H−1(HFt − F̃t) + εt+h

= δ′L̂t + θ′H−1(HFt − F̃t) + εt+h. (9)

Let (α̂, β̂, ω̂) denote the the ordinary least squares [OLS] estimator of (α, β, ω) obtained by regressing

Yt+h on L̂t (t = 1, . . . , T − h). Then

δ̂ = (α̂′, β̂′, ω̂′)′ =

(
T−h∑
t=1

L̂tL̂t
′
)−1 T−h∑

t=1

L̂tYt+h. (10)

Later we will show that θ′H−1
(
HFt − F̃t

)
is asymptotically centered at zero in the limit, and hence

θ′H−1
(
HFt − F̃t

)
+ εt+h could be treated as an error term centered at zero. In consequence, it turns
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out that δ̂− δ is asymptotically normal with mean zero, which will be used later for deriving a prediction

interval.

Remark: While it is not essential for the derivations, the following observation is helpful for interpretation.

The stationary and nonstationary terms behave as if they are independent, and the rotation H can be

performed separately for the stationary and nonstationary terms separately. To this end, we may define

H1 = Ṽ −1
p,NT

Ẽ′E

T 2

Λ′1Λ1

N
, H2 = Ṽ −1

q,NT

G̃′G

T

Λ′2Λ2

N
, and H0 = diag(H1, H2). Then H − H0 converges in

probability to zero. Consequently, for the asymptotic results, the rotation of the entire factor by H leads

to the same results as performing the rotations separately for the nonstationary and stationary factors

by H1 and H2 respectively.

2.3 Distribution theory

In this section, we study the asymptotic distributions of the generated factors and the estimators of the

regression parameters. First, we introduce some assumptions; in these assumptions, M ∈ R denotes a

generic constant, and hence it may be different in its different appearances.

Assumption 1. Factors and factor loadings

i. The strictly stationary process ut in (4) satisfies maxt≥1E ‖ut‖4+δ 6M for some δ > 0.

ii. E ‖F1‖4 6M and D−1
1T

∑T
t=1 F

′
tFtD

−1
1T

d−→ ΣF as T →∞, where ΣF is a ( positive definite) random

matrix.

iii. Factors are not cointegrated.

iv. The loadings λi are either deterministic and ‖λi‖ 6M satisfying Λ′Λ/N→ΣΛ, or they are stochastic

and E ‖λi‖4 6M satisfying Λ′Λ/N
p→ ΣΛ as N →∞, for some r × r positive definite non-random

matrix ΣΛ and r is known.

v. The eigenvalues of the matrix ΣΛΣF are distinct, almost surely.

To estimate the number of factors, we assume that the factors are not cointegrated. If they are coin-

tegrated then the stationary and nonstationary factors cannot be identified because one I(0) factor can

represent a combination of cointegrated I(1) factors. By assuming ΣF and ΣΛ are positive definite and

the eigenvalues of ΣΛΣF are distinct, we ensure the identifiability of the r factors. If all the factors are

nonstationary then ΣF is distributed as (
∫ 1

0 BF (r)B′F (r)dr) and if the factors are all stationary then ΣF

converges to the variance-covariance matrix of factors. To state the next assumption, let us introduce

8



the following notation:

γst = E

(
N−1

N∑
i=1

eiseit

)
, τij,t = E (eitejt) , τij,ts = E (eitejs) (i, j = 1, . . . , N ; s, t = 1, . . . , T ).

Assumption 2. Idiosyncratic errors

i. E (eit) = 0 and E |eit|8 6M (i = 1, . . . , N ; t = 1, . . . , T ).

ii. |γss| 6M(s = 1, ..., T ), and T−1
∑T

s=1

∑T
t=1 |γst| 6M.

iii. |τij,t| 6 |τij | for some τij (i, j = 1, . . . , N ; t = 1, . . . , T ), and N−1
∑N

i=1

∑N
j=1 |τij | 6M.

iv. (NT )−1
∑N

i=1

∑N
j=1

∑T
t=1

∑T
s=1 |τij,ts| 6M.

v. E
∣∣∣N−1/2

∑N
i=1 [eiseit − E (eiseit)]

∣∣∣4 6M (t, s = 1, . . . , T ).

Assumption 2 allows the idiosyncratic errors to have (weak) serial and cross sectional dependence. Het-

eroskedasticity is also allowed in both the serial and the cross-section dimensions. By allowing weak

correlation among the idiosyncratic errors, we have an approximate factor structure which is more gen-

eral than a strict factor model in which eit are independent.

Assumption 3. Dependency among λi, Ft, and eit

i. E

(
1

N

∑N
i=1

∥∥∥D−1
1T

∑T
t=1 Fteit

∥∥∥2
)

6M , and E(Fteit) = 0 (i = 1, . . . , N ; t = 1, . . . , T ).

ii. Let Γt = limN→∞(1/N)
∑N

i=1

∑N
j=1E

(
λiλ
′
jeitejt

)
. Then, for each fixed t = 1, . . . , T , we have

N−1/2Λ′et
d−→ N (0,Γt) as N →∞.

iii.
∥∥∥N−1/2D−1

1T

∑T
t=1 Λ′etF

′
t

∥∥∥ = Op(1), uniformly in N and T .

Assumption 3 allows the factor loadings {λ1, . . . , λN}, the factors {F1, . . . , FT }, and the idiosyncratic

errors {eit, i = 1, . . . , N ; t = 1, . . . , T} to have a weak dependence among them.

2.3.1 Consistency of the generated factors

In the literature on FAR models, the consistency of the generated factors has been established for both

stationary and nonstationary factors separately. Bai and Ng (2002) and Bai (2004) showed that the

time-averaged mean square of factor estimation error [MSE] has min{N,T} and min{N,T 2} convergence

rates for I(0) and I(1) factors separately. In our setting, the set of latent factors F contains a mixture of

I(1) and I(0) series, and we show that the generated factors are jointly consistent and the convergence

rate of MSE is min{N, ||D−2
1T ||−1}. The next lemma shows the consistency of generated factors.
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Lemma 1. Suppose that Assumptions 1-3 are satisfied. Let δ−1
NT = max

[
N−1/2, ||D−1

1T ||
]
. Then, there

exists an (r × r) non-singular matrix H, called a rotation matrix, such that

1

T

T∑
t=1

∥∥∥F̃t −HFt∥∥∥2
= OP

(
δ−2
NT

)
.

This lemma states that the time averaged square of factor estimation error converges to zero as

N,T →∞ and the convergence rate is min{N, ||D−2
1T ||−1}. Therefore, we may estimate a rotation of the

mixture of latent factors consistently by the method of principal component analysis. For the case when

all the factors are stationary, the scaling matrix D1T is
√
TIr and the convergence rate is min{N,T};

this is consistent with the corresponding result in Bai (2003). For the case when all the factors are

nonstationary, D1T = TIr and the convergence rate is min{N,T 2}; this is consistent with Bai (2004).

Assumptions 1 to 3 are sufficient to establish the consistency of generated factors. Next, we introduce

another assumption to derive the asymptotic distributions of the estimated factors.

Assumption 4. Weak dependence of idiosyncratic errors

i.
∑T

s=1 |γst| 6M , for t = 1, ..., T ,

ii.
∑N

j=1 |τij | 6M , for each i = 1, ..., N ,

where γst and τij are defined in Assumption 2.

2.3.2 Asymptotic distribution of the generated factors

Lemma 2. Suppose that Assumptions 1-4 are satisfied. Then D−2
1T F̃

′F
d−→ Q as N,T → ∞, where

Q = V 1/2Υ′Σ
−1/2
Λ is a random matrix, V = diag(v1, ..., vr) with {v1, . . . , vr} denoting the eigenvalues of

ΣΛΣF , and Υ is the corresponding matrix formed by scaled eigenvectors such that Υ′Υ = Ir.

Lemma 3. Suppose that Assumptions 1– 4 hold. Then, as N,T → ∞ with
√
N ||D−2

1T || → 0 for each t,

we have

√
N
(
F̃t −HFt

)
d−→ V −1QN (0,Γt)

d
=N(0,ΣF̃ ),

where Q is defined in Lemma 2, Γt is defined in Assumption 3, and Q is independent of N(0,Γt).

This lemma shows that the factor estimation error is asymptotically normal with mean zero; this is

important for estimating the parameters of the FAR model consistently, as indicated previously. Later

we show that the asymptotic var
(
F̃t −HFt

)
can be estimated consistently by Ṽ −1

NT Γ̂tṼ
−1
NT , which is used

for constructing the prediction interval of h-step ahead forecasts.
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2.3.3 Asymptotic distribution of the estimators

In this subsection, we obtain the limiting distribution of the estimators of the parameters in the FAR

model (2). First, replace the unobservable common factor F by its estimator F̃ , which results in (see,

Equation 9),

Yt+h = L̂t
′
δ + θ′H−1

(
HFt − F̃t

)
+ εt+h.

To obtain the asymptotic distribution of the OLS estimator δ̂, we introduce the following additional

assumptions.

Assumption 5. Weak dependence between idiosyncratic and regression error

i. E
∣∣∣(TN)−1/2

∑T−h
s=1

∑N
i=1 (eiseit − E (eiseit)) εs+h

∣∣∣2 6M ( t = 1, . . . , T ;h > 0).

ii. E
∥∥∥(TN)−1/2

∑T−h
t=1

∑N
i=1 λieitεt+h

∥∥∥2
6M, and E (λieitεt+h) = 0 (i = 1, . . . , N ; t = 1, . . . , T ).

Assumption 6. Moment and CLT for score vector

Let Lt = (F ′t ,W
′
t)
′ .

i. E (εt+h) = 0 and E |εt+h|2 < M (t = 1, . . . , T ).

ii. D−1
T

∑T
t=1 LtL

′
tD
−1
T

d−→ ΣL as N,T →∞, where ΣL is a positive definite random matrix.

iii. D−1
T

∑T
t=1 Ltεt+h

d−→ Σ
1/2
εL ×N(0, I), where ΣεL > 0 with probability one.

Assumption 5 imposes restrictions on the degree of dependence, over time, among the idiosyncratic errors,

and between the idiosyncratic and regression errors. Part (ii) of Assumption 5 holds if {λi}, {eit} and {εt}

are mutually independent and Assumption 2 holds. Parts (ii) and (iii) of Assumption 6 are used for

establishing the asymptotic distribution of the estimated parameters.

Theorem 1. Suppose that Assumptions 1-6 hold and that T/N → 0. Let δ and the OLS estimator δ̂ be

as in (9). Then, as (N,T ) → ∞, we have DT (δ̂ − δ) d−→ N
(
0,Σδ

)
, where Σδ = (Ψ′)−1Σ−1

L ΣεLΣ−1
L Ψ−1,

ΣL and ΣεL are defined in Assumptions 1-6, and H ⊕ I d−→ Ψ.

The appearance of the scaling matrix DT = diag(TIp, T
1/2Iq, T Im) in Theorem 1 shows that the esti-

mators α̂, β̂, and ω̂ converge at the rates T, T 1/2, T respectively. Consequently, the limiting distribution

in this theorem reduces to the following known corresponding results: (a) in Bai and Ng (2002) for the

FAR model with I(0) variables only, and (b) in Choi (2017) for the FAR model with I(1) variables only.

Since the limiting normal distribution in Theorem 1 has mean zero, it follows that the use of generated

factors, instead of the original unobservable factors in the model, does not affect the consistency of the

estimators. To arrive at this result, we used the assumption T/N → 0 to ensure that the effect of the
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error resulting from factor estimation becomes negligible in the limit. By contrast, if the assumption

T/N → 0 is replaced by T/N → c with 0 < c < ∞, then the limiting normal distribution would have a

nonzero mean, and hence the estimator would not be consistent. In fact, Gonçalves and Perron (2014)

showed, for the case when all the variables are I(0), that if
√
T/N → c for some 0 < c < ∞, then there

would be asymptotic bias.

The unknown covariance matrix Σδ may be estimated consistently by

Σ̂δ̂ =

(
D−1
T

T−h∑
t=1

L̂tL̂
′
tD
−1
T

)−1(
D−1
T

T−h∑
t=1

ε̂2t+hL̂tL̂
′
tD
−1
T

)(
D−1
T

T−h∑
t=1

L̂tL̂
′
tD
−1
T

)−1

. (11)

This estimator is robust against heteroskedasticity in the regression error. For the special case of ho-

moskedastic errors, a simpler consistent estimator of Σδ is

Σ̂δ̂ = σ̂2
ε

(
D−1
T

T−h∑
t=1

L̂tL̂
′
tD
−1
T

)−1

, (12)

where σ̂2
ε = T−1

∑T−h
t=1 ε̂2t+h, the estimated variance of regression errors.

2.4 Prediction interval

Let YT+h|T denote the conditional mean E[YT+h | FT ] where FT is the information up to time T , and let

(δ̂, L̂t) be as in (9) and (10). Then an estimator of YT+h|T is ŶT+h|T = δ̂′L̂T ; similarly, ŶT+h = δ̂′L̂T is

also a point forecast of YT+h. In this section, we obtain a confidence interval for YT+h|T and a prediction

interval for YT+h. These are obtained using the next theorem.

Theorem 2. Suppose that Assumptions 1–6 hold. Further, suppose also that
√
N ||D−2

1T || → 0 and

T/N → 0 as N,T →∞, and that (Σ̂δ, Σ̂F̃ ) is a given consistent estimator of (Σδ,ΣF̃ ). Then, we have

ŶT+h|T − YT+h|T√
B̂T

d−→ N(0, 1) as N,T →∞

where B̂T =
[
L̂TD

−1
T Σ̂δD

−1
T L̂′T+N−1θ̂′Σ̂F̃ θ̂

]
is a consistent estimator of the asymptotic variance, denoted

BT , of the conditional forecasting error that appears in the numerator.

To provide some insight into the foregoing suggested form for B̂T , note that the forecast error can be

expressed as

ŶT+h|T − YT+h|T =
(
δ̂ − δ

)′
L̂T + θ′H−1

(
F̃t −HFt

)
. (13)

This forecast error is the sum of two components: the first is due to the error in estimating δ and the

other is due to estimating the factor. Theorem 1 and Lemma 3 show that each of these is asymptotically

normal with mean zero. It turns out that these two are essentially asymptotically independent and hence

the asymptotic variances simply add up.
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To use Theorem 2 for inference in empirical studies, we need a suitable consistent estimator (Σ̂δ, Σ̂F̃ )

of (Σδ,ΣF̃ ). For, Σ̂δ, we may use the estimators suggested in (11) or(12) depending on the assumptions.

A consistent estimator of ΣF̃T
is 3

Σ̂F̃T
= Ṽ −1

NT Γ̂T Ṽ
−1
NT , (14)

where Γ̂T , an r × r matrix, is an estimator of the asymptotic variance of
(
N−1/2Λ′et

)
, and ṼNT was

defined as a diagonal matrix of the largest r eigenvalues of XX ′ multiplied by D−2
1TN

−1. To make use of

the form in (14), we need a feasible estimator of ΓT . As suggested by Bai and Ng (2006), depending on

the assumptions, Γ̂t may take one of the following forms:

Γ̂t =
1

N

N∑
i=1

ê2
itλ̃iλ̃

′
i (15)

Γ̂t = σ̂2
e

1

N

N∑
i=1

λ̃iλ̃
′
i (16)

Γ̂t =
1

N

N∑
i=1

N∑
j=1

λ̃iλ̃
′
j êitêjt, (17)

where êit = Xit − λ̃′iF̃t. For cross sectionally uncorrelated idiosyncratic errors, the forms of Γ̂t in (15)

and (16) are suitable. If the errors are homoskedastic and E(e2
it) = σ2

e , say, then σ2
e can be estimated by

σ̂2
e = (NT )−1

∑N
i=1

∑T
t=1 ê

2
it and (16) would be suitable. The form in (17) is suitable for estimating the

asymptotic variance of generated factors when the idiosyncratic errors have cross sectional correlation.

By combining the aforementioned estimators, we obtain a feasible estimator B̂T . Using these, we may

construct a 100(1− α)% confidence interval for the conditional mean YT+h|T as(
ŶT+h|T − z1−α/2

√
B̂T , ŶT+h|T + z1−α/2

√
B̂T

)
, (18)

where z1−α/2 stands for (1− α/2)th quantile of the standard normal distribution.

Next, consider constructing a forecast interval for YT+h. To this end, first note that the forecast error

is

ε̂T+h = ŶT+h|T − YT+h = L̂′T

(
δ̂ − δ

)
+ θ′H−1

(
F̃t −HFt

)
− εT+h. (19)

Therefore, the limiting distribution of forecast error also depends on the distribution of the regression

error εt+h. Let us suppose that εt ∼ N(0, σ2
ε ), for all t. Then, it follows from Theorem 2 that the

forecasting error ε̂T+h is also asymptotically normal with mean zero and variance BT + var(ε). Let σ̂2
ε

denote a consistent estimator of σ2
ε ; for example, if {εt} are iid, then we may choose σ̂2

ε = T−1
∑T

t=1 ε̂
2
t .

3It follows from Lemma 2 that var(F̃t −HFt) = V −1QΓtQ
′V −1. We obtain the estimator in (14) by using Q = D−2

1T F̃
′F

and Q̃ = D−2
1T F̃

′F̃ which is Ir by normalization condition.
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Then, a 95% asymptotic prediction interval for YT+h is(
ŶT+h|T − z1−α/2

√
B̂T + σ̂2

ε , ŶT+h|T + z1−α/2

√
B̂T + σ̂2

ε

)
. (20)

3 Finite sample properties

This section reports the results of a simulation study that we carried out to evaluate the finite sample

properties of the methods developed in this paper. The results are reported in two parts. In the first, we

report the simulation results for (a) bias of the estimators, (b) coverage rates for 95% confidence intervals

of the parameters {α, β, ω} in the FAR model, and (c) coverage rates of 95% prediction intervals. In the

second part, we compare the out-of-sample forecast performance of the method developed in this paper

with nonstationary-FAR and AR(4).

Design of the simulation study

The data generating process [DGP] for the FAR :

Yt+1 = αF1t + βF2t + ωYt + εt+h (t = 1, . . . , T − 1) (21)

F1t = F1,t−1 + vt,

 vt

F2,t

 ∼MVN
(

0, C
)
, C =

 1 ρ

ρ 1

 . (22)

For ρ in (22), we considered the values 0.0, 0.5, and 0.9. For the error term εt, we considered both

homoskedastic and heteroskedastic cases - see below.

The T ×N panel data set is generated by

Xit = λ
(1)
i F1t + λ

(2)
i F2t + eit, (23)

with the λi’s drawn from N(0, 1) and the error terms {eit} as listed below.

Sixteen combinations of [T,N ] were considered with T = 30, 50, 100, 200 and N = 30, 50, 100, 200.

The parameter values were set at α = 0.5, β = 1, and ω = 0.5. We considered the following three

different DGPs for each ρ: (1) DGP1: eit ∼ N(0, 1) and εt ∼ N(0, 1); (2) DGP2: eit ∼ N(0, 1) and

εt ∼ N
(
0, 3−1F 2

2t

)
; (3) DGP3: eit ∼ N(0, σ2

i ) and εt ∼ N
(
0, 3−1F 2

2t

)
.

DGP1 is the simplest for which the errors are i.i.d. in both time and cross-section dimensions. In

DGP2, var(εt) depends on the stationary factor, and hence conditionally heteroskedastic over time. In

DGP3, the error var(εt) in the FAR model varies over time and the error var(eit) is distributed uniformly

over [0.5, 1.5]; therefore, the average variance is the same as for the homoskedastic case. All simulation

estimates are based on 5000 repeated samples. Since the FAR model has a lag term, we adopted a burn-in

period of 100 time units; thus, for generating each sample, the first 100 observations were discarded. We

used the Σ̂δ̂ in (12) and (11) for DGP1 and {DGP2, DGP3} respectively.
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Results:

The tabulated values of the simulation results are provided in Appendix C. Table 6 provides two sets

of results for the case when the factors are independent. The first set in the top panel is the bias of the

OLS estimator. As the set of estimated vector parameters does not converge to its true value but to a

rotation of it, H−1θ (each diagonal of H converges to ±1), we report the mean bias of the rotated OLS

coefficients over 5000 simulations. Note that this result is infeasible in the real-world application as the

rotation matrix H depends on the population parameters such as true latent factors. The bottom panel

of Table 6, reports the coverage rates for a 95% confidence intervals. Table 7 and Table 8 provide, the

corresponding results for the case when two factors are correlated with 0.5 and 0.9 correlation coefficients

respectively. The results in Table 6, Table 7, and Table 8 show that the dependency between the two

factors did not make a significant difference to parameter estimation in the sense that bias and coverage

rates in all three tables are same of the order of magnitude. The size of the bias appears to decrease as

the panel size increases.

The bias as a proportion of the magnitude of the parameter, namely bias(θ̂)/|θ|, where θ may be

α, β, or ω, are less than 6%, and are less than 2% in most cases. Thus, the bias appears to be small.

The coverage rates of the 95% confidence intervals differ for α, β, and ω. For ω, the coverage rates are

high; they are close to 99%. By contrast, the coverage rates for α and β are below the nominal level, but

increase with T toward the nominal level. As expected, the coverage rate for α and β remain steady as

N increases.

Table 5 reports the coverage rates of 95% prediction intervals for YT+1. These are based on the

assumption that the regression errors are normal. These results show that the coverage rate increases

with the panel dimension. We also evaluated the prediction intervals using the t-percentile bootstrap

prediction intervals; this method does not assume that the errors are normal. The bootstrap intervals

provided better coverage rates; the validity of the bootstrap is yet to be established.

3.1 Performance of mixture-FAR model for forecasting

In this subsection, we evaluate the performance of the mixture-FAR approach relative to nonstationary-

FAR. Recall that the nonstationary-FAR model (see Choi (2017)), requires all the variables in the FAR

model to be I(1). We evaluate the out-of-sample forecast performance in terms of out-of-sample R-square,

denoted R2
os, defined as

R2
os = 1−

 T∑
i=T1+1

(Yi − Ŷi)2

 T∑
i=T1+1

(Yi − Ỹi)2

−1

, (24)
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where Ŷi = prediction using the mixture-FAR model, Ỹi = prediction using the competing or reference

model, the observations from the first (T1 + j) time points are used for estimating the model, and the

observation at time T1 + j + 1 is used for evaluating the out-of-sample forecast performance at time

(T1 + j + 1) (j = 0, . . . , T − (T1 + 1)). Thus, R2
os is a measure of how well the mixture-FAR performed

during the period t = T1 + 1, . . . , T , relative to the competing model. As an example, if R2
os = 0.1

(respectively, R2
os = −0.1) then an estimate of the MSE of prediction for the mixture-FAR model is 10%

lower (respectively, higher) than that for the competing model. In this simulation study, we chose the

nonstationary-FAR as the competing model.

In this part of the study, we considered the DGP1 with T = [60, 90, 150, 300] and T1 = [40, 60, 100, 200].

First, we consider forecasting a nonstationary series Yt using the mixture-FAR model and compare with

the corresponding more special case, nonstationary-FAR. Table 1 provides the results for this com-

parison. It is evident that the mixture-FAR method performs significantly better than the competing

nonstationary-FAR in terms ofR2
os. As an example, the entry 0.43 in the cell for T1 = 40 andN = 30 shows

that the MSE of prediction for the mixture-FAR model is 43% lower than that for the nonstationary-FAR

model. The table also shows that, for every case considered in Table 1, the MSE of prediction for the

mixture-FAR model is at least 33% lower than that for the nonstationary-FAR model. Therefore, in this

simulation study, the improvement of the mixture-FAR model compared to the nonstaionary-FAR model

is substantial.

Table 1: Calculated R2
os of mixture FAR model compared to the nonstationary FAR model

T1\N
ρ = 0.0 ρ = 0.5 ρ = 0.9

30 50 100 200 30 50 100 200 30 50 100 200

40 0.43 0.44 0.45 0.46 0.41 0.42 0.42 0.43 0.33 0.34 0.35 0.35
60 0.45 0.46 0.46 0.47 0.42 0.43 0.44 0.45 0.36 0.36 0.36 0.37
100 0.46 0.47 0.48 0.48 0.44 0.45 0.46 0.46 0.37 0.38 0.38 0.39
200 0.47 0.48 0.48 0.49 0.45 0.46 0.46 0.46 0.38 0.39 0.39 0.39

R2
os for mixture FAR model relative to nonstationary FAR are calculate from one-step ahead out-of-sample forecasts. Here,

the forecasting variable Y is nonstationary (I(1)).

In summary, in every case that we studied, the mixture-FAR model performed significantly better

than its corresponding competitor, the nonstationary-FAR for forecasting a nonstationary variable.

4 Empirical application

In this section we apply the mixture-FAR model for forecasting two key non-stationary macroeconomic

variables, namely the GDP and the Industrial Production [IP]. Since we use quarterly data, we start
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with a basic AR(4) model and augment it with factors to construct FAR models. For each model, we

compute two sets of prediction intervals, one is based on the asymptotic distribution of the standardized

forecast and the other based on the t-percentile bootstrap; the theory for the asymptotic validity of

the bootstrap is not provided. We compare and contrast the out-of-sample forecasting performance of

the mixture-FAR with the corresponding non-stationary-FAR and the AR(4) models. To quantify the

out-of-sample forecasting performance, we use Ros defined in (24).

4.1 Data description

The data were collected from FRED-MD and FRED-QD that are well-known monthly and quarterly

databases. The latter contains 246 US macroeconomic time series for the period 1959:Q1 to 2018:Q4,

with a total of 240 (T=240) observations. Since we wish to use a balanced panel data set, we excluded

36 variables because there were missing observations, and used a balanced panel for 210 variables. The

variables are categorized into 14 groups 4. The macroeconomic variables in this balanced panel data set

are further categorized into two levels of aggregation, 110 “high-aggregates” and 100 “sub-aggregates”.

The panel data for N = 100 sub-aggregates were used for estimating the factors; to this end, we used

principal components analysis [PCA]. These sub-aggregates consist of both stationary and nonstationary

time series. 5

4.2 Estimation of factors

We adapted the methods proposed in Bai and Ng (2002) and Bai (2004) for choosing an ’optimal’ number

of factors. The method proposed by Bai and Ng (2002), which is based on information criteria, led to

the optimal number of factors being eight for the set of 100 sub-aggregate macroeconomic variables. To

identify the optimal number of nonstationary factors, we applied the iterated panel criterion proposed

by Bai (2004), and found four are I(1) factors, and the other four are I(0). We also observed that if the

factors are ordered according to the magnitude of the eigenvalues, then the factors {1, 2, 4, 5} are I(1)

and the remaining ones, namely {3, 6, 7, 8}, are I(0). Figure 1 shows time series plots of the estimated

factors. The overall trends exhibited in these plots are consistent with the aforementioned observation

that the factors {1, 2, 4, 5} are I(1) and the other four are I(0). Augmented-Dickey Fuller (ADF) test

suggest that the generated factors 1,2,4 and 5 are I(1) and the other four are I(0). Each of the estimated

idiosyncratic error series {êit, t = 1, 2, . . .} was found to be I(0).

For the data set in this empirical study, the panel data model and the forecasting model with a

4Details about the 14 categories can be found in the updated appendix of FRED QD data set https :
//s3.amazonaws.com/files.fred.stlouisfed.org/fred−md/FRED −QDappendix.pdf .

5Transformation code for every series is given in the third row of the data set. FRED-MD listed seven different transfor-
mations to ensure the transformed series are I(0).
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mixture of stationary and nonstationary factors take the form,

Xit = λ′iFt + eit = λ
(1)′
i Et + λ

(2)′
i Gt + eit,

Yt+h = α′Ẽt + β′G̃t + ω1Yt + ω2Yt−1 + ω3Yt−2 + ω4Yt−3 + εt+h h > 0,

where Ẽt is the set of four nonstationary generated factors, G̃t is the set of four stationary generated

factors, and α = (α1, α2, α3, α4)′ and β = (β1, β2, β3, β4)′ are their coefficients.

Figure 1: Generated factors from panel dataset of 100 variables

Plots of the two high-aggregate macroeconomic variables, GDP and IP, are presented in Figure 2, and

plots of the eight generated factors are presented in Figure 1
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Figure 2: Time series plots of log(GDP ) and log(IP ) for 1959:Q1 – 2018:Q4.

4.2.1 Assessing out-of-sample forecast performance of mixture-FAR method

In this study, we considered the following basic AR(4) and two other mixture-FAR models obtained by

augmenting the mixture of eight I(0) and I(1) factors. The four models are specified as follows:

Model 1 : Yt+h = α′Ẽt + β′G̃t +

3∑
i=0

ω1+iYt−i + εt+h,

Model 2 : Yt+h = α′1Ẽt + α′2Ẽt−1 + β′1G̃t + β′2G̃t−1 +
3∑
i=0

ω1+iYt−i + εt+h,

Model 3 : Yt+h =
3∑
i=0

α′1+iẼt−i + β′1G̃t +
3∑
i=0

ω1+iYt−i + εt+h,

Model 4 : Yt+h =

3∑
i=0

ω1+iYt−i + εt+h.

Model 4, the basic AR(4) model, is used as the benchmark for forecast comparison; since we use quarterly

data this is a suitable benchmark. Model 1 is the AR(4) model augmented with the eight generated

factors; this is a mixture-FAR model. Model 2 is Model 1 augmented with one lag of each generated

factor. Model 3 is Model 1 augmented with three lags of each nonstationary factor and the stationary

factor with no lags. Thus, Model 1 is nested in Models 2 and 3. The theory developed in this paper is

applicable to these models. In empirical studies such as the one in this section, an important requirement

is to evaluate the adequacy of the proposed model. One standard way of checking adequacy of such

specifications is by hypothesis testing. For forecasting, a particularly important criterion is out-of-sample

forecast performance. Much of this section is based on evaluating such forecast performance.
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The plots in Figure 3 and Figure 4 show the one-step ahead out-of-sample forecasts of log(GDP ) and

log(IP ) for the period 2006:Q1 - 2018:Q4. Forecasts were made by expanding window, starting from

the initial estimation period 1959:Q1 - 2005:Q4; this period has a window width 188 quarters, which

we expect to be sufficiently large to apply the large sample theory developed in this paper. The plots

indicate that the out-of-sample predictions of the two I(1) variables, GDP and IP, generally appear to be

good since they are all close to the observed series.

Figure 3: The observed log(GDP ), and plots of one-step ahead out-of-sample forecasts of log(GDP ) for
2006:Q1 – 2018:Q4.
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Figure 4: The observed log(IP ), and plots of one-step ahead out-of-sample forecasts of log(IP ) for
2006:Q1 – 2018:Q4.

4.2.2 One-step ahead out-of-sample forecast evaluations

We assess the relative predictive performance of the models in terms of the out-of-sample R2, denoted R2
os,

defined in (24). In this subsection, AR(4) is used as the basic benchmark; later we consider nonstationary-

FAR as the benchmark.

Table 2: First estimation and forecasting periods

First estimation period (T1) Out-of-sample period (T − T1) (T − T1)/T1

1959:Q1 - 1999:Q4 2000:Q1 - 2018:Q4 0.46
1959:Q1 - 2005:Q4 2006:Q1 - 2018:Q4 0.28
1959:Q1 - 2008:Q4 2009:Q1 - 2018:Q4 0.20

The three different out-of-sample periods.

We considered three different first estimation periods. 6 The R2
os measures reported in Table 3 indicate

that the mixture-FAR model, Model 2, outperforms the benchmark model, AR(4) for forecasting GDP

and IP. Overall, the results presented in Table 3 indicate that Model 2 outperforms the other two models.

6We also examined the rolling window forecast with 40 years for window size. Compared to the expanding window, there
were no improvements in the forecast performance.
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Table 3: Calculated R2
os values for all three factor models compared to AR(4)

Model 1 Model 2 Model 3
log(GDP ) log(IP ) log(GDP ) log(IP ) log(GDP ) log(IP )

First estimation period
1959:Q1 - 1999:Q4 -0.0101 -0.1388 0.0681 0.1035 -0.0047 -0.2122
1959:Q1 - 2005:Q4 -0.0835 0.1729 0.1147 0.3258 -0.0119 0.1127
1959:Q1 - 2008:Q4 0.0929 0.0610 0.1581 0.2791 0.1820 -0.0139

The entries in the table are the calculated R2
os values for one-step ahead expanding window out-of-sample forecasts of factor

models relative to the AR(4) model.

4.3 Long term forecast evaluations

So far, we considered one-step ahead short-term forecasts. To evaluate the long term predictability of

the models, we considered (expanding window) long-term forecasts with initial-sample period 1959:Q1

- 1998:Q4. For comparison purpose, we calculate R2
os for different specifications of mixture-FAR model

relative to AR(4). Figures 5 and 6 provide plots of R2
os against the forecast horizon h.

Figure 5: Performance of mixture-FAR relative to AR(4) for long-term forecast of log(GDP ). The graph
is a plot of R2

os against the forecast horizon h
.

The plots in Figures 5 and 6 show that even for large forecast horizon (h > 12 here), the factor models

perform better than the AR(4) model for forecasting GDP and IP. These results show that, in terms of

R2
os , the mixture-FAR model performs better than the AR(4) for short term and long term forecasting

of GDP and IP.
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Figure 6: Performance of mixture-FAR relative to AR(4) for long-term forecast of log(IP ). The graph is
a plot of R2

os against forecast horizon h.

4.4 Mixture-FAR vs nonstationary-FAR models for forecasting GDP and IP

For forecasting a nonstationary variable such as GDP and IP, a nonstationary-FAR model, wherein all the

variables including the factors are nonstationary, has been proposed in the literature (Choi 2017). As in

the earlier sections, we refer to this as nonstationary-FAR model. The literature is not specific as to how

we should ensure that the factors are nonstationary. To implement this method, we performed principal

component analysis on X, and chose only the nonstationary factors for use as predictors in the prediction

model (2). In this section, we compare the mixture-FAR and the aforementioned nonstationary-FAR

methods for forecasting the nonstationary variables GDP and IP.

Next, we compare mixture-FAR with nonstationary-FAR for forecasting the nonstationary variables

GDP and IP. Here, we compare the out-of-sample forecast performance using R2
os for mixture-FAR relative

to the corresponding nonstationary-FAR. We treat Model 1 as our mixture-FAR model. Therefore, we

choose the corresponding nonstationary-FAR as follows with only the nonstationary factors:

Nonstationary-FAR (Model 11) : Yt+h = β′G̃t +

3∑
i=0

ω1+iYt−i + εt+h.

The results are summarised in Table 4. Consider the entry 0.3078 in the column for log(IP ). This says

that the sum of squares of forecast error [SSFE] for log(IP ) over the period 2009–2018 is 30.08% lower for

mixture-FAR compared to nonstationary-FAR. The table also shows that the SSFE for log(GDP ) over

the period 2009–2018 is 50% lower for mixture-FAR compared to nonstationary-FAR. In fact, Table 4
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Table 4: Calculated R2
os for mixture FAR model compared to Model 11

First estimation period log(GDP ) log(IP )

1959:Q1 - 1999:Q4 0.2103 0.1741
1959:Q1 - 2005:Q4 0.2121 0.3877
1959:Q1 - 2008:Q4 0.5004 0.3078

R2
os for mixture-FAR model, Model 1, relative to the nonstationary-FAR model Model 11.

shows that mixture-FAR performed significantly better than nonstationary-FAR. for forecasting GDP

and IP.

4.5 Prediction intervals

We computed the asymptotic theory-based and the bootstrap based 95% prediction intervals for one-

step-ahead (recursive window) predictions for log(GDP ) and log(IP ). Assuming that the regression

error (see εt in (2) ) is normally distributed, we constructed the asymptotic theory-based point-wise

prediction intervals for log(GDP ) and log(IP ) for the out-of-sample period 2006:Q1 to 2018:Q4; These

intervals are shown in Figures 7 and 8 together with the observed values of log(GDP ) and log(IP ) to

facilitate evaluation of the two prediction intervals in terms of out-of-sample coverage. Further, we also

estimated the symmetric bootstrap t-percentile point-wise prediction intervals using residual bootstrap;

to this end, we used 399 bootstrap replications. These are also shown in Figures 7 and 8. One important

difference between the asymptotic theory-based and bootstrap prediction intervals is that the latter does

not assume that the error distribution has a known functional form.
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Figure 7: One-step ahead point-wise 95% prediction intervals for log(GDP ) using mixture-FAR. One
interval uses the asymptotic distribution of the forecast and the other uses residual bootstrap. These
prediction intervals are for one-step ahead expanding window. The solid line in the middle is a plot of
the observed values of log(GDP ).

Figure 8: One-step ahead point-wise 95% prediction intervals for log(IP ) using mixture-FAR. One interval
uses the asymptotic distribution of the forecast and the other uses residual bootstrap. These prediction
intervals are for one-step ahead expanding window. The solid line in the middle is a plot of the observed
values of log(IP ).

The Figure 7 shows that, except for a very short interval around the crisis period 2009, the observed

values of GDP lie within the two prediction intervals. The Figure 8 shows that every observed value of

IP lie within the two prediction intervals. Overall, the bootstrap prediction interval is narrower than
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the one based on the asymptotic distribution of the forecast. for GDP and IP. The bootstrap prediction

interval for IP is around the crisis period is large; this may be because the financial and economic crisis

introduced large fluctuations in IP. Overall, both prediction intervals have high coverage rates for GDP

and IP.

5 Conclusion

This paper developed methodology for univariate time series forecasting of nonstationary macroeconomic

variables, such as GDP and industrial production[IP], using high-dimensional panel data as predictors.

To this end, we propose to replace the large number of potential predictors by a small number of factors

estimated using the panel data, and use them as predictors in the forecasting model. The validity of this

method for forecasting has been established when all variables are stationary (Bai and Ng (2006)), and

also when they are all nonstationary (Choi (2017)), but not when the panel data consist of a mixture of

stationary and nonstationary variables. In this setting, the panel data generate a mixture of stationary

and nonstationary factors, and we use them for forecasting a nonstationary variable. To this end, this

paper combines the ideas in the recent literature and develops the theory and methodology for construct-

ing an asymptotically valid prediction interval. In a simulation study, we observed that the mixture-FAR

developed in this paper performed significantly better than the one that uses only nonstationary variables.

We applied the mixture-FAR model for forecasting GDP and IP. We assessed the out-of-sample forecast

performance of the mixture-FAR relative to the corresponding (a) nonstationary-FAR and (b) the AR(4)

model. We observed that the mixture-FAR model performed significantly better than the aforementioned

two competing methods.

In summary, this paper provides an improved method of forecasting a nonstationary variable using

information from stationary and nonstationary variables.
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Appendix A: Proofs

In this appendix we indicate the main steps for the proofs of Theorems 1 and 2, through a series of

lemmas. The proofs of the lemmas will be available in Supplementary Materials to this paper, as a

separate document. First, let us introduce the following notation:

γst = E
(
N−1

∑N
i=1 eiseit

)
, ζst = N−1

N∑
i=1

(eiseit − E(eiseit)) , (25)

ηst = N−1F ′sΛ
′et, ξst = N−1F ′tΛ

′es; (26)

let us note that ηst = ξts.

Lemma A. 1. Suppose that Assumptions 1-3 are satisfied. For all N and T , we have

(i) T−1
∑T

s=1

∑T
t=1 γ

2
st = O(1),

(ii) T−1N−1
∑T

t=1 ‖Λ′et‖
2 = Op(1).

Let Ṽ ∗NT = diag(v∗1, . . . , v
∗
r )D

−2
1T where v∗1, . . . , v

∗
r are the r eigenvalues of N−1F (Λ′Λ)F ′. Similarly,

let V = diag(v1, ..., vr) where {v1, . . . , vr} are the eigenvalues of ΣΛΣF .

Lemma A. 2. Suppose that Assumptions 1-3 are satisfied. Then, as N,T →∞

(i) ‖WNT ‖2 =

∥∥∥∥D−2
1T F̃

′
(
XX ′

N

)
F̃D−2

1T −D
−2
1T F̃

′F

(
Λ′Λ

N

)
F ′F̃D−2

1T

∥∥∥∥2

= op(1),

(ii) N−1D−2
1T F̃

′XX ′F̃D−2
1T = ṼNT

d−→ V ,

(iii) ||H|| =

∥∥∥∥∥Ṽ −1
NT

F̃ ′FΛ′Λ

N
D−2

1T

∥∥∥∥∥ = OP (1),

Proof of Lemma 1 stated in the main paper is established the foregoing Lemma A.1, and Lemma A.2.

Lemma A. 3. Suppose that Assumptions 1-4 satisfied. Then, as N,T →∞, we have

(i) D−2
1T

∑T
s=1 F̃sγst = OP

(
||D−1

1T ||δ
−1
NT

)
(ii) D−2

1T

∑T
s=1 F̃sζst = OP

(
N−1/2δ−1

NT

)
,

(iii) D−2
1T

∑T
s=1 F̃sηst = OP

(
N−1/2

)
,

(iv) D−2
1T

∑T
s=1 F̃sξst = OP

(
||D−1

1T ||N−1/2
)
.

Lemma A. 4. Suppose that Assumptions 1-6 are satisfied. Then, D−2
1T

∑T−h
t=1

(
F̃t −HFt

)
εt+h = Op

(
T−1/2δ−1

NT

)
where δNT = min[

√
N, ||D−1

1T ||−1].

Lemma A. 5. Suppose that Assumptions 1-6 are satisfied, and T/N → 0. Then, as T,N →∞, we have

D−1
1T

∑T−h
t=1 L̂t

(
F̃t −HFt

)′
(H−1)′θ

p−→ 0.

The proof of Theorem 1 uses the previous lemmas, in particular, Lemma A.4 and Lemma A.5.

The proof of Theorem 2 uses Theorem 1.
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Appendix B: Simulation Results

In this section, we provide some simulation results on the inference together with the coverage rates for

95% prediction interval obtained from one-step ahead forecasts.

Table 5: Coverage rates (%) of 95% prediction intervals for one-step ahead forecasts

ρ = 0.0 ρ = 0.5 ρ = 0.9
T\N 30 50 100 200 30 50 100 200 30 50 100 200

DGP1 30 82 81 81 81 80 79 78 77 77 76 75 75
50 84 82 82 80 80 79 79 79 78 76 77 76

100 85 84 84 84 82 81 81 81 79 78 78 78
200 86 85 83 83 82 82 80 80 79 79 77 77

DGP2 30 67 65 62 60 65 61 59 56 62 59 57 55
50 72 69 66 66 69 66 64 63 66 64 62 60

100 77 75 73 72 74 71 70 68 71 68 66 66
200 79 76 75 73 75 73 71 70 73 70 68 68

DGP3 30 68 65 62 61 64 61 59 58 62 58 57 56
50 73 69 67 66 70 66 64 62 67 64 61 61

100 77 75 72 72 74 71 70 68 71 68 67 65
200 78 76 74 73 75 73 71 70 72 71 69 67

The error distribution of the forecasting model is normal.

Tables 6 and 8 provide the simulation results on bias of OLS estimates and coverage rates of 95%

confidence intervals.
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Table 6: Bias of OLS estimates and coverage rates of 95% confidence intervals for parameters in the
regression model when the two factors are independent

α β ω

DGP N\T 30 50 100 200 30 50 100 200 30 50 100 200

bias (×10−4)

DGP1 30 -13 -65 35 71 -27 -158 17 -186 -250 -129 -40 -5
50 -14 -20 -48 33 -107 -298 -87 -129 -263 -142 -51 -13

100 8 33 26 -13 -31 -171 37 -46 -283 -149 -77 -35
200 -23 -45 -11 0 -150 -281 96 -32 -318 -165 -83 -40

DGP2 30 38 -58 35 79 21 -166 26 -186 -39 -5 19 38
50 -2 -23 -33 37 -100 -307 -68 -120 -71 -26 3 13

100 6 37 24 -9 -40 -176 33 -47 -87 -41 -13 -5
200 -33 -18 -12 3 -158 -252 109 -35 -92 -46 -25 -9

DGP3 30 30 -77 14 90 -123 -140 116 -106 -44 -2 30 45
50 29 -23 -39 46 -113 -118 -46 -112 -60 -35 1 25

100 41 12 28 -20 -33 -285 126 4 -71 -43 -26 1
200 1 9 -18 9 -189 -312 99 11 -101 -65 -19 -9

coverage rate (%)

DGP1 30 88 95 99 99 69 70 74 76 99 99 99 99
50 88 95 99 99 68 70 71 72 99 99 99 99

100 87 95 98 99 66 68 69 70 99 99 99 99
200 87 94 98 99 65 68 68 69 99 99 99 99

DGP2 30 84 96 97 98 64 73 82 87 99 99 99 99
50 81 93 97 98 66 74 82 86 99 99 99 99

100 78 92 97 98 64 73 82 86 99 99 99 99
200 77 92 97 97 64 74 81 87 99 99 99 99

DGP3 30 84 95 97 98 65 74 83 87 98 99 99 99
50 82 93 97 98 65 73 82 86 98 98 99 99

100 78 92 97 98 64 73 82 86 97 98 99 99
200 76 91 96 97 65 74 86 87 96 99 99 99

The true parameter values of (α, β, ω) are (0.5, 1.0, 0.5). Top panel contains the bias of OLS estimates of the regression
parameters in the regression model. The number of simulations is 5000. The two coefficients corresponding to the generated
two factors are α and β respectively, and ω is the coefficient of the time lag of Y .
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Table 7: Bias of OLS estimates and coverage rates of 95% confidence interval for parameter estimates
when the two factors are correlated with ρ = 0.5

α β ω

N\T 30 50 100 200 30 50 100 200 30 50 100 200

bias (×10−4)

DGP1 30 -21 -72 38 80 -154 -43 -40 -184 -376 -220 -104 -60
50 -49 -28 -50 35 -41 -369 18 -99 -360 -213 -101 -50

100 -40 44 19 -10 -46 -141 58 -52 -372 -208 -117 -59
200 -30 -55 -6 -2 26 -122 32 -28 -406 -209 -116 -56

DGP2 30 16 -55 35 86 -12 -52 -44 -190 -136 -84 -47 -30
50 -44 -29 -48 43 -48 -373 23 -92 -154 -87 -44 -28

100 11 22 22 -10 -61 -145 78 -65 -127 -80 -49 -30
200 -29 -32 -8 3 7 -102 50 -37 -142 -77 -50 -23

DGP3 30 23 -79 31 95 -1 -34 40 -95 -147 -86 -40 -22
50 -19 -15 -31 44 -78 -86 -8 -170 -126 -88 -46 -23

100 -13 31 31 -6 159 -192 105 10 -109 -86 -60 -29
200 -7 6 -24 11 -46 -126 40 -36 -139 -87 -43 -22

coverage rate (%)

DGP1 30 87 94 99 99 70 72 76 77 99 99 99 99
50 88 94 99 99 70 71 72 74 99 99 99 99

100 87 95 98 99 68 70 70 72 99 99 99 99
200 87 94 98 99 70 69 68 70 99 99 99 99

DGP2 30 83 94 97 98 64 73 82 87 99 99 99 99
50 80 93 97 98 65 75 81 87 99 99 99 99

100 78 92 97 98 64 73 82 87 99 99 99 98
200 77 92 96 98 63 74 81 86 99 99 98 99

DGP3 30 84 95 97 98 63 74 81 86 99 99 99 99
50 81 93 97 98 63 74 81 86 99 99 99 99

100 78 92 97 98 63 75 82 86 99 99 99 99
200 77 91 97 98 64 73 81 86 99 99 99 99

The true parameter values of (α, β, ω) are (0.5, 1.0, 0.5). Top panel contains the bias of OLS estimates of the parameters in
the regression model. The number of simulations is 5000. The two coefficients corresponding to the generated factors are
α and β respectively, and ω is the coefficient of the time lag of Y .
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Table 8: Bias of OLS estimates and coverage rates of 95% confidence intervals for parameter estimates
when the two factors are correlated with ρ = 0.9

α β ω

N\T 30 50 100 200 30 50 100 200 30 50 100 200

bias (×10−4)

DGP1 30 -14 -81 55 86 339 -26 28 -139 -624 -409 -214 -152
50 -73 -14 -44 32 198 -33 75 -93 -593 -358 -201 -114

100 -52 60 9 3 292 27 217 -100 -582 -353 -196 -105
200 -37 -67 -4 -2 147 89 211 -14 -610 -323 -185 -89

DGP2 30 17 -62 49 94 305 -15 37 -130 -398 -305 -213 -175
50 -78 -27 -47 42 260 -52 64 -92 -349 -241 -155 -115

100 15 10 5 0 312 35 217 -82 -290 -209 -145 -92
200 -50 -40 -14 7 146 111 211 -9 -295 -184 -114 -60

DGP3 30 33 -68 26 105 195 45 -79 -14 -408 -307 -218 -167
50 -105 -30 -27 33 126 13 -54 52 -362 -241 -175 -127

100 -31 35 31 8 453 124 44 -54 -283 -201 -132 -81
200 -37 -3 -22 9 398 72 66 -35 -283 -196 -109 -64

coverage rate (%)

DGP1 30 86 93 99 99 73 75 77 78 99 99 99 99
50 87 94 99 99 72 73 74 74 99 99 99 99

100 85 94 98 99 71 72 72 72 99 99 99 99
200 85 94 99 99 70 72 72 72 99 99 99 99

DGP2 30 82 95 98 98 64 75 82 87 99 99 99 99
50 80 93 97 98 64 74 82 87 99 99 99 99

100 78 92 97 98 65 74 81 86 99 99 99 99
200 76 91 97 98 64 75 82 87 99 99 99 99

DGP3 30 82 94 97 98 63 74 81 85 99 99 99 99
50 80 93 97 98 64 74 81 86 99 99 99 99

100 78 92 97 98 64 75 82 86 99 99 99 99
200 77 92 97 98 66 74 82 86 99 99 99 99

The true parameter values (α, β, ω) are (0.5, 1.0, 0.5). Top panel contains the bias of the OLS estimates of the parameters
in the regression model. The number of simulations is 5000. the two coefficients corresponding to the generated factors are
α and β respectively, and ω is the coefficient of the time lag of Y .
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