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1

Introduction

The environmental and health risks originated from the use of fossil energy has
been raising the interest for green alternatives. In addition, political instability
and conflicts in countries where fossil energy is produced stimulate greater demand
for energy independence. A central question concerning green power production is
how to induce the investment in green and renewable projects. Renewable power
plants often face large and irreversible fixed cost and large uncertainty in returns.
Rational investment decisions require understanding of the sources of uncertainty.
This paper addresses three uncertainty factors in investing in wind energy.
First, energy investments are subject to uncertainty in electricity prices due to the
deregulated market and fluctuating fossil fuel prices. In addition to this price risk,
wind farms also face non-negligible production risk. In contrast to a coal power
generator, the input of a wind farm—wind speed—can not be geared to demand.
Moreover, the highly non-normal and noisy conversion from wind to electricity
adds another layer of uncertainty. Strongly fluctuating supply of electricity and
storage constraints complicates the estimation of returns to investing in wind energy projects. Instead of working with revenue series, we distinguish the underlying
processes—being electricity price, wind speed, and wind energy conversion—and
model them individually. Our approach separates the effects from different uncertainty factors on investment returns and it allows us to evaluate the financial
consequences of ignoring production risk.
Another important factor in investment decisions regarding a wind energy
project is investment timing. Market conditions are changing over time and the
economic value of waiting to invest may be non-negligible. Moreover, some governments provide a guaranteed minimum price for renewable energy investments,
with a grace period in which the investment may be postponed (Matthäus et al.,
2021). Meanwhile, various climate reports, including the 2021 Intergovernmental
Panel on Climate Change (IPCC) report, call for immediate action on emission reduction. Quantifying the economic benefit of waiting to invest is hence important
for designing incentives that attract private capital to renewable projects.
We adopt the real option framework which treats the investment of a real asset
or project with irreversible costs as an American-style option (see e.g. Möst and
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Keles (2010) and Dixit and Pindyck (1994)). To allow for a flexible formulation
of the risk factors for which there is no analytical solution available, we compute
the real options value using the least squares Monte Carlo (LSMC) method of
Longstaff and Schwartz (2001). Specifically, we estimate the optimal investment
strategy and the corresponding expected revenues for an offshore wind project
without subsidies at different Levelized Costs of Energy (LCOE), which evaluates
the costs of energy production over the life-time of a wind farm.
The contribution of this paper is threefold. First, we propose a novel approach
for modelling wind energy production risk. The real options value of a wind farm
depends on the dynamics of revenue series, which in turn depends on the dynamics
of the wind speed, energy production, and electricity prices. We disentangle the
stochastic behavior of the price process from wind speed and its conversion into
energy production. The non-linear and noisy relation between wind speed and
wind energy production is modelled by a stochastic process for wind speed, and
is subsequently converted to energy using a cubic spline function. This approach
accounts for conversion uncertainty as well as the dynamic behavior of production
risk. Although the framework allows for any price process, potentially geared to
beliefs about future electricity price developments or subsidy schemes, we illustrate
the methods with a three-factor model for price.
The second contribution is the use of real data for estimating time series models
for each of the uncertainty factors. Instead of using calibrated values, we estimate
realistic dynamics from wholesale electricity price data and a comprehensive and
detailed data set originated from a large scale offshore wind farm off the Dutch
North Sea coast. Since estimating dynamics with real data encounters parameter uncertainty, we use a hierarchical Bayesian model which naturally takes the
uncertainty of all underlying processes into account along with parameter uncertainty. Moreover, from the Bayesian analysis directly follow predictive densities
from which we can easily sample future revenues for the real option analysis.
Third, the empirical application to a Dutch offshore wind farm shows that modelling wind power conversion leads to different real options valuations compared
to commonly used approaches that ignore production risk. Fixing the production
at a fixed percentage of the maximum capacity substantially underestimates the
option value. Ignoring the uncertainty in the wind power conversion by using a
3

theoretical power conversion curve of the wind turbines overestimates the option
value. These results hold for different values of the levelized costs of energy, with
differences in investment valuations for a wind farm of 36 turbines up to 10 million
euro.
Recent literature on energy investment is increasingly relying on the real option
framework. For example, Hagspiel et al. (2020) and Boomsma et al. (2012) apply
the real options approach to study how various support schemes and their associate
risk affect renewable energy investments. Zhang et al. (2016) apply the real options
approach to solar generation plants. We contribute to this strand of literature by
providing the real options valuation of wind farms that are estimated using real
data.
The literature on valuing wind energy projects commonly ignores the production uncertainty entirely. For example, Finjord et al. (2018) and Boomsma et al.
(2012) compare different subsidy schemes in a real options framework for wind energy. They set the production quantity of the wind farm to a fixed percentage or
a fixed power transformation of the maximum capacity. Venetsanos et al. (2002)
assess the real options value of expanding an existing wind farm, and they also
ignore uncertainty in the production process by fixing the production at a fixed
percentage of the maximum capacity.
Other papers acknowledge the stochastic behaviour of wind speed but ignore
the uncertainty in wind power conversion. For example, Monjas-Barroso and
Balibrea-Iniesta (2013) compare the real options for wind power investments in
three European countries based on a hypothetical wind farm, and Kroniger and
Madlener (2014) valuate the investment in a storage device for excess electricity
produced by an offshore wind farm using the Black and Scholes (1973) model.
Both papers treat wind speed as a static Weibull variable and transform wind
speed to production values using a theoretical power conversion curve of the wind
turbines. Dı́az et al. (2015) and Ernstsen and Boomsma (2018) model wind speed
by a stochastic process but also use a deterministic conversion curve and ignore the
uncertainty in the wind power conversion. Alternatively, production uncertainty is
modelled by ignoring wind speed and only looking at the relation between capacity and production. For example, Abadie and Chamorro (2014) model the ratio
between monthly output electricity and installed capacity in the UK by a normal
4

distribution. The assumption of normality, however, is unlikely to hold due to the
maximum production capacity of wind turbines and the periods of downtime.
The outline of this paper is as follows. Section 2 constructs the real options
value framework for wind energy and discusses the levelized costs of energy. Section 3 introduces and analyzes production data of an offshore wind farm and the
electricity price data. Real options valuation of the wind farm depends on the
predicted values for wind energy production and electricity prices. Section 4 specifies the dynamics, and Section 5 explains the Bayesian inference and prediction
for these factors. Section 6 interprets the in-sample and out-of-sample results,
and discusses the real option valuation for different LCOE. We conclude with a
discussion in Section 7.

2

Wind energy valuation

This section constructs the real options value framework for wind energy. First
Section 2.1 discusses the investment rationale by real options valuation. Second,
Section 2.2 introduces the levelized costs of energy.

2.1

Real options value

We consider a wind farm project that has a lifespan of N ∗ years. The project
requires an irreversible investment which can be deferred for a maximum of N
years. Furthermore, we assume that the investment decision is revisited every
year, i.e., the investor has N opportunities to exercise the investment option.
Once the investment is made, the construction is completed instantaneously and
the production commences immediately.
If the project is initiated in year i, where i = 1, . . . , N , the net present value
(NPV) of this project, denoted by G̃i , is obtained by discounting its expected
future cash flows to year i, that is,
G̃i = Ei

" i+N ∗
X

#
exp (−r(s − i)) Rs − C,

(1)

s=i+1

where Ei denotes the conditional expectation based on the information set at year
5

i denoted by Fi , r the risk-adjusted discount rate, and Rs the revenue in year s
(s > i). We set r to 7% as used by the International Energy Agency (2015) for
deregulated or restructured electricity markets. The total amount of discounted
costs of the project is denoted by C. It includes overnight costs, such as the
construction cost, and the net present value of future costs, such as the operation
and maintenance cost, discounted to year i. We assume r and C to be constant
but our approach can be generalized to allow r and C to vary over time.
The source of uncertainty in (1) lies with the revenue R which depends on
output, which in turn depends on wind speed, and electricity prices. Investors
observe the past and current price and wind speed but there is uncertainty about
the future price and output. In deregulated markets, electricity is publicly traded
and the prices are subject to random supply or demand shocks in the short-term,
and macroeconomic shocks in the long-term. Following the literature (e.g. Finjord
et al. (2018)), we model electricity prices by a stochastic process. We contribute
to the literature by considering not only price uncertainty but also output uncertainty. Wind speed and direction change over time. Moreover, due to downtime
from maintenance, curtailment through environmental restriction, or downtime
from extreme wind circumstances, the wind farm does not always operate at fixed
capacity for a specific wind speed. Hence, the conversion from wind speed to
output adds another layer of uncertainty. We model wind speed by a stochastic process and apply a novel method for the power conversion. We discuss the
stochastic nature of prices and wind speed data in Section 3 and discuss the specific
processes in detail in section 4.
The NPV presented in (1) can be negative, in which case the project will not
be initiated. In other words, investors have the option of not exercising, and the
NPV of a project that allows investment opportunity in year i is given by
Gi = max(G̃i , 0),

(2)

which takes the form of a call option. If a wind farm project allows only one
investment opportunity at i = 1, the NPV of this project is given by G1 .
Under the real options analysis, the investors can exercise the investment opportunity at year i = 1, . . . , N . The value of this real option, denoted by RO, is
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obtained by finding an optimal strategy that maximizes over the expected payout
from the N investment opportunities, that is,
RO =

max

i∈{1,...,N }



E1 e−r(i−1) Gi .

(3)

The optimization in Equation (3) is often solved recursively. We define the
value of a real option that allows exercising opportunities at τ = i, . . . , N to be


Oi = max Ei e−r(τ −i) Gτ ,
τ ≥i

(4)

for i = 1, . . . , N . Since the number of investment opportunity N is finite, Oi can
be solved by backward induction. At expiration, i = N , investors have only one
investment opportunity left and ON = GN . At each i < N , investors must decide
between investing immediately or waiting until the next exercise time i+1 to revisit
the decision. The discounted value of the remaining investment opportunities, also
called the continuation value, is given by exp(−r)Ei [Oi+1 ]. The real option value
at time i is then obtained by the Bellman equation,
Oi = max(Gi , exp(−r)Ei [Oi+1 ]).

(5)

The equation is iterated until i = 1, and RO = O1 yields the real options value.
The conditional expectations in the continuation value do not have analytical solutions in general cases. We estimate the real options value using the Monte-Carlo
least square approach of Longstaff and Schwartz (2001) outlined in Appendix C.
From Equation (5), it follows that RO ≥ G1 . The difference between RO
and G1 is often referred to as the value of waiting, and it captures the potential
gains from waiting in changing future market conditions. Given the dynamics of
revenues, we can analyze the real options value for different C. Figure 1 shows
the value of exercising immediately and the value of a real option for different cost
levels. The difference between the two lines indicates the value of waiting. When
the cost is low, the project value is large, and the gain from waiting to invest
becomes negligible. On the other hand, if the expected future revenue is smaller
than C, investors would not exercise at i = 1, G1 equals zero, but the value of real
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Figure 1: Real options value

value

value of exercising
real options value

cost level
This figure shows the value of a wind farm project against different cost levels C. The solid line
represents G1 , the value of the project if the investment option is exercised at i = 1. The dotted
line shows the real options value RO(C).

options is positive since the project may have a positive payout in the future.

2.2

Levelized cost of energy

The real options value of a wind farm depends on its discounted total cost C.
The total cost depends on the lifetime of a project and its value is difficult to
interpret and communicate. Instead, the levelized costs of energy (LCOE) is a
widely recognized measure in the energy sector for comparing the cost of different
energy production alternatives and evaluating the economic feasibility. LCOE is
also used by policy makers and part of political objectives to lower costs and
secure future energy supply by green energy production (Branker et al., 2011).
Hirth et al. (2016) use LCOE to evaluate and compare wind energy production to
other energy production technologies.
The LCOE is calculated by dividing the total discounted cost of the project by
8

the total amount of energy generated over the lifetime of the project,
C

LCOE = Pi+N ∗

e
s=i+1 exp(−r(s − i))Qs

,

(6)

es is wind energy output in year s and C is the discounted total cost as in
where Q
Equation (1).
Given a revenue process, the real options approach computes the optimal investment strategy and the value of a wind farm project for different LCOE. The
next section discusses the data we use to model the revenue process.

3

Data

We use a comprehensive data set of an existing Dutch offshore wind farm that
allows us access to data on all three processes that determine the value of a wind
farm; wind speed, the conversion of wind speed into wind energy, and electricity
spot prices. This section discusses these time series.

3.1

Wind energy

We use the actual wind energy production data of the ‘Offshore Wind Park
Egmond aan Zee’. This wind farm consists of 36 wind turbines, each with a
maximum capacity of three megawatt (MW), implying a maximum production of
72 megawatt hour (MWh) per day. We have access to the production data of each
individual wind turbine, for every ten minutes, from 2007 to 2010. This data is
collected by the Dutch research institute ‘Energieonderzoek Centrum Nederland’
(ECN).
We value the wind farm over its expected life time of twenty years. To avoid
redundant effects, reduce estimation time, and enable easy matching of daily electricity prices to the production data, we aggregate the production data to a daily
level. We assume that it is unlikely that intraday effects have a significant impact
on the value of the wind farm.
To deal with seemingly random blank values for a wind turbine in a ten minute
time interval, we take for each interval the average production over all wind tur9

bines for which values are reported. We assume that days for which there are
no production figures available correspond to periods of a complete outage of the
wind farm, and set these intervals to zero production. Note that the data also
contains close to zero production figures which correspond with outage or low production because of a low wind speed. Moreover, there are a few intervals which
mark a small negative production, probably due to (safety) systems that remain
operational during calm periods. We sum all interval averages within one day to
obtain daily wind production observations per wind turbine.
As for wind energy production, we have for each ten minute time interval the
wind speed measured in meters per second at each turbine. In order to aggregate
the measured wind speeds, we first take the median of the wind speeds measured
at all wind turbines for each time interval. The median is robust against large
differences in reported wind speeds between wind turbines presumably from outage
of sensors. Subsequently, we average over all time intervals to obtain daily wind
speeds.

3.2

Electricity price

For electricity prices, we use the Amsterdam Power Exchange (APX) daily base
load time series over the same period as the sample of the production data. The
APX is the trading platform of energy in the Netherlands. At the APX market
members trade one day before the delivery of electricity the next day as a consequence of the non-storage constraint of electrical energy. Members submit their
orders electronically, after which supply and demand are compared and the market price is calculated for each hour of the following day. The base load quotes
the electricity spot price in euros per megawatt-hour that corresponds to the continuous delivery of energy for the next day. We model the spot prices under the
physical measure and account for the risk premium through the discount rate.
Alternatively, the discount rate can be replaced by the risk-free rate, and futures
prices may be used to obtain an estimate of the risk premium (e.g. Lucia and
Schwartz, 2002) or to estimate model parameters under the risk-neutral measure
(e.g. Schwartz, 1997).
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Figure 2: Time series electricity prices, wind speed, and wind energy
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This figure shows in the first panel the wind speed in meter per second, the average megawatthour wind energy per wind turbine in the second panel, and the third panel shows the APX
electricity price per megawatt-hour. These are daily time series over a sample running from the
start of 2007 to the end of 2010.

3.3

Descriptive statistics

Figure 2 shows the time series of the electricity prices, wind speed, and energy
production per turbine. The price series contain some large outliers and periods
with higher variance, but become more stable after 2008. The wind speed series
seem to exhibit a yearly seasonal, which can not be directly recognized in the wind
energy data.
Table 1 shows the descriptive statistics of the untransformed and transformed
time series used in the analysis. Wind speed can be transformed to an approximately normal variable by a Box-Cox transformation (Dı́az et al., 2015). The
effect of outliers in price on the analysis is reduced by taking a log-transformation
of the price time series. The volatility of wind energy production increases in wind
11

Table 1: Descriptive statistics of wind, energy, and price
median

mean

std

skew

kurt

ρ1

ρ2

ρ3

Wind

W̃t
Wt

8.262
4.067

8.707
4.103

3.708
1.461

0.570
0.029

2.961
3.025

0.560
0.535

0.334
0.331

0.254
0.236

Energy

Q̃t
Qt

24.409
3.235

26.848
2.984

18.690
0.967

0.366
-0.968

1.999
3.345

0.511
0.460

0.261
0.246

0.187
0.140

Price

P̃t
Pt

44.730
3.801

49.147
3.823

19.985
0.376

1.944
0.186

15.222
3.006

0.763
0.805

0.617
0.664

0.590
0.626

This table shows summary statistics of the wind speed in meters per second, the average megawatt-hour wind energy per wind turbine, and the APX electricity price per
megawatt, before and after transformations. The daily time series run over a sample
from the start of 2007 to the end of 2010. The wind speed W̃t is transformed to Wt
by Box-cox with λ̂bc = 0.565, wind energy Q̃t to Qt = log(Q̃t + 1), and price P̃t to
Pt = log(P̃t ). The columns show the median, mean, standard deviation, skewness,
kurtosis, and the first three orders of autocorrelation of the time series.

speed. A log-transformation accounts for heteroskedasticity, and since production
values can be equal to zero, we take the log of this series plus one.
For the transformed series, we find a small positive skewness and a kurtosis
close to three for the wind speed and energy price. The statistics of these series
are close to the normal distribution. Wind energy differs from normal distribution
even after the transformation. This non-normal behaviour can be explained by
the truncation at the turbine’s maximum production capacity and the presence of
downwards outliers caused by calm periods.
Figure 3 shows the average wind speed over the total sample per month and
the average electricity price over the total sample per month and per week. We
find fluctuation in wind force over the different seasons within a year, with lower
average wind speeds in summer. Spot prices are on average lower in summer and
higher in winter. In addition, the electricity prices have a weekly pattern that
corresponds to the weekly variation in business activities, with lower prices in
weekends. We do not find other seasonal patterns in the data.
The non-normal behaviour of wind energy production supports a hierarchical
model in which wind energy is modelled as a nonlinear function of wind speed.
Figure 4 shows the logarithm of average daily wind production on the y-axis and
average daily wind speeds on the x-axis. Since wind turbines are temporarily shut
12

Figure 3: Seasonality in wind speed and electricity price
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This figure shows the average wind speed over the total sample per month (left), the average
electricity price per month (middle), and the average electricity price per week (right), for the
transformed series.

down during high wind speeds, the log average daily production is decreasing in
high wind speed values. We find a clearly nonlinear relation between wind speed
and production. The statistics in Table 1 and the seasonal patterns in Figure 3
indicate first-order autoregressive processes adjusted for seasonality for the wind
speed models.
The price process features seasonality and a high level of persistence. The latter
may be modelled by a unit root (e.g. Lucia and Schwartz, 2002) or a fractionally
integrated process (e.g. Ergemen et al., 2016). As part of a preliminary analysis, we
carry out the unit root test that under the null the price is integrated of order 1 and
under the alternative the price is integrated of order 0 or fractionally integrated.
Specifically, we adopt the GLS detrending procedure and the M tests in Ng and
Perron (2001) and the lag selection procedure in Perron and Qu (2007). The
M tests are more robust than the standard Phillips-Perron test in the presence
of additive outliers. As electricity prices display occasional spikes that can be
considered as additive outliers, standard unit root tests suffer from size distortions,
see e.g. Franses and Haldrup (1994). We outline the implementation details in
Appendix B, and present the test statistics and critical values in Table 2. All
three M tests in Table 2 do not reject the null of a unit root at the 1%, 5%, and
10% significance level. Hence, we will adopt the Lucia and Schwartz (2002) model
which uses a random walk to model the long term price variation in addition to
13

Figure 4: Relation wind speed and wind energy production
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This figure shows the relation between average daily wind speeds and the logarithm of average
daily wind production. The dots represents daily observations between the start of 2007 to the
end of 2010.

Table 2: Unit root test for log prices

1% critical value
5% critical value
10% critical value
MAIC
MBIC

M Zα M SB
-23.8 0.143
-17.3 0.168
-14.2 0.185
-4.7 0.316
-5.1 0.304

M Zt
-3.42
-2.91
-2.62
-1.49
-1.56

This table shows the 1%, 5%, and 10% critical value of the three M tests and their
test statistics computed using the lag length selected by MAIC and MBIC. The data
is detrended using GLS with a constant and a linear trend. The MSB test is rejected
if the statistic is above the critical value while the other two tests are rejected if the
statistics are below the critical value.

short term variations and seasonality.
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4

Modelling wind energy revenues

Fluctuating wind speeds, storage constraints, and volatile electricity prices complicate the modelling of wind energy revenues. To account for the different uncertainty sources, we model the underlying processes of the revenues instead of
the revenue series itself. Moreover, we specify continuous-time models that can
be discretized at daily level to make use of the daily variations of the underlying
processes. Let Ri denote the revenue in year i, we define
i/∆
X

Ri =

R̃t er(i−t∆) ,

(7)

t=(i−1)/∆+1

et is the revenue in day t, Pet is the price, and Q
et the output. The
where R̃t = Pet Q
discretization interval ∆ equals 1/365.
et holds two sources of uncertainty; wind
The wind energy production process Q
speed and the conversion of wind speed into energy. Both display stochastic behavior due to constantly changing wind speed, irregular down time, and the varying
ability of a station to convert wind into energy. We assume a mean-reverting process with seasonality for wind speed and model its conversion to wind power by a
cubic spline. The electricity price Pet is subject to seasonality, short-run variations
and changes in long-run equilibrium prices. We employ a three-factor model for
Pet , capturing seasonality and stochastic short- and long-term dynamics.

4.1

Wind speed

ft to an approximately
We use a Box-Cox transformation to transform wind speed W
normal variable Wt , following for instance (Dı́az et al., 2015),
Wt =

λ−1
bc




λbc
ft + 0.01
W
−1 ,

(8)

where the Box-Cox parameter λbc equals the value that maximizes the likelihood
function of the normal distribution.
We assume that the transformed wind speed Wt is composed of a deterministic
15

seasonality function sw (t) and a stochastic process wt ,
Wt = sw (t) + wt ,

(9)

where wt follows an Ornstein-Uhlenbeck process,
dwt = λw (w̄ − wt )dt + σw dZtw ,

(10)

with long-run mean w̄, speed of adjustment λw > 0, volatility σw , and Ztw represents a standard Brownian motion. The seasonality function sw (t) captures the
yearly pattern in wind speed as found in Section 3,

sw (t) = βw1 sin

2πt
365




+ βw2 cos

2πt
365


.

(11)

Our model accounts for the non-normality, seasonality, and time-varying stochastic behaviour in wind speed observations. Adding a trend to the model results in
a wind speed trend estimate of zero, and does not change the results. Next, we
describe the conversion from wind speed to energy.

4.2

Wind power conversion

Figure 4 plots the observed log production, Qt = log(Q̃t + 1), against wind speed
ft using the production data described in Section 3. The log transformation
W
accounts for the increase in variance in the energy production when the wind
speed increases. The heteroscedasticity in wind production may be explained
by storms that require a shut down of the wind farm to prevent damage. From
Figure 4, the relation between wind speed and wind energy is noisy and non-linear,
demonstrating the need to account for power conversion uncertainty.
We specify a semi-parametric model for the log production Qt , such that the
conditional mean of wind energy is a general, and potentially non-linear, function
of wind speed.
ft ) + ut ,
Qt = cQ + S(W
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ut ∼ N (0, σs2 ),

(12)

where cQ is an intercept and σs2 the variance of the error terms. The function
ft ) is a cubic spline constructed by a set of M equally spaced knots, where
S(W
the smallest and largest knots are set to be equal to the minimum and maximum
ft , respectively. On each sub interval between the knots, S(W
ft )
observed value of W
is a cubic polynomial with continuous first and second order derivatives. We
construct the cubic spline as a smooth function of wind speed,
ft ) =
S(W

M 
X


ft )fm + Ψm (W
ft )sm ,
Φm (W

t = 1, . . . , T,

(13)

m=1

where f = (f1 , . . . , fM )0 and s = (s1 , . . . , sM )0 are the coefficients of the cubic
ft ) and Ψm (W
ft ) the basis functions of the spline. The coefficients
spline, and Φm (W
ft ) at
fm and sm can be interpreted as, respectively, the ordinate and slope of S(W
the mth knot.
To ensure that the spline is a smooth function of wind, we impose prior distributions on the first and second differences of the ordinates,
(fm − fm−1 )/hm ∼ N (0, σe2 ),
(fm+1 − fm )/hm+1 − (fm − fm−1 )/hm ∼ N (0, σd2 ),

m = 2, . . . , M,

(14)

m = 3, . . . , M − 1,

(15)

ft between knot m and m − 1, and σe2 and σ 2 are
where hm is the difference in W
d
the smoothness parameters. Small values for the smoothness parameters shrink
the differences between ordinates, while large variances have the opposite effect.
Further details on the construction of the spline, including the specification of the
ft ) and Ψm (W
ft ), can be found in Lancaster and Salkauskas
basis functions Φm (W
(1986).
A cubic spline is a flexible way of modelling non-linear relationships, and the
ft ) is usually
number of knots needed to approximate the unknown function S(W
small relative to the number of observations. One drawback is that the functional
form of a spline is trained on data within the knots, and it may produce spurious
results for values outside the interval spanned by the knots. Since we apply the
cubic spline to four years of daily wind speeds, we assume that the minimum and
maximum observed wind speed values cover the range of future wind speed values.
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Instead of modelling different polynomial functions between each pair of knots,
the nonlinear relation between wind speed and wind power can also be modelled
with one polynomial model for all wind speed values. Figure 4 suggests that this
relation may be approximated by a third degree polynomial,
ft + βQ2 W
f 2 + βQ3 W
f 3 + ηt ,
Qt = βQ0 + βQ1 W
t
t

ηt ∼ N (0, ση2 ),

(16)

with the assumption that the minimum and maximum observed wind speed values cover the range of future wind speed values, and the maximum wind energy
production equals the capacity of the wind turbines. Although the estimation of
a polynomial model is relatively easy, the fit of the model at certain values for
wind speed are affected by all other wind speed values. This can results in a very
flexible curve which may lead to overfitting.

4.3

Electricity price

We specify a three-factor model similar to those in Lucia and Schwartz (2002) and
Schwartz and Smith (2000) for the log electricity price Pt = log Pet ,
Pt = sp (t) + χt + ξt ,

(17)

where sp (t) is a deterministic seasonal function, and the stochastic processes χt
and ξt capture the short-term deviation in prices and the equilibrium price level,
respectively.
The short-run deviations follow an Ornstein-Uhlenbeck process with mean zero,
dχt = κχt dt + σχ dZtχ ,

(18)

where κ represents the speed of adjustment, σχ is the volatility, and Ztχ is a
standard Brownian motion. The stochastic process for the equilibrium level is
dξt = µξ dt + σξ dZtξ ,

(19)

with drift parameter µξ , volatility σξ , and Ztξ a standard Brownian motion. The
drift parameter can be interpreted as the price inflation. The seasonality function
18

sp (t) has a weekly price pattern and a yearly cycle,
sp (t) =

6
X


βpj Djt + βp7 sin

j=1

2πt
365




+ βp8 cos

2πt
365


,

(20)

where the dummy variables Djt , j = 1, . . . , 6, account for the irregular and asymmetric weekly pattern while the trigonometric functions capture the smooth and
symmetric yearly cycle as discussed in Section 3.
Note that we assume that the energy production of one wind farm has a negligible effect on the electricity price. However, the framework can be easily extended with a correlation parameter between wind energy production and electricity prices. This results in an estimated correlation of zero in our application.

5

Bayesian inference

Section 4 specifies a hierarchical model for the revenues series, in which each layer
follows a stochastic process. Since Bayesian inference naturally takes the uncertainty of all underlying processes into account along with parameter uncertainty,
we opt for Bayesian methods for parameter estimation. Moreover, Bayesian analysis naturally produces predictive densities from which we can easily sample future
revenues for the real options analysis.

5.1

Parameter estimation

The parameters in the stochastic processes for wind production and electricity
prices are estimated from daily observations. This section discusses the discrete
revenue model, the prior distribution, and the parameter estimation by a Markov
Chain Monte Carlo (MCMC) sampler. Appendix D provides details on the sampling steps.
The discrete model for wind speed based on equations (9) and (10) is
Wt = cW + sw (t) − ϕW sw (t − 1) + ϕW Wt−1 + εt ,
2
with cW = (1 − ϕW )w̄, ϕW = e−λw , and σW
=
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2
σw
(1
2λw

2
),
εt ∼ N (0, σW

(21)

− e−2λw ). We take a diffuse

prior for the mean and variance parameters and use a Gibbs sampling step to
approximate the posterior parameter densities.
The discrete time model for the wind production is based on the cubic spline
function of wind speed in (12),
ft )γ + ut ,
Qt = cQ + x(W

ut ∼ N (0, σs2 ),

(22)

ft ) = x(W
ft )γ, with an (M − 1)-dimensional pawhere the cubic polynomial S(W
rameter vector measuring the effect of the basis function of wind speed on the
production.
The parameters in (22) are sampled using the MCMC methods outlined in
Chib and Greenberg (2010), with prior distributions,
(cQ , γ)0 |{σe2 , σd2 } ∼ N (bQ , BQ ),

σs2 ∼ IG(αs /2, δs /2),

(23)

where IG denotes the inverse-Gamma distribution, and we condition on the smoothness parameters {σe2 , σd2 } in the prior distribution for the mean parameters. The
prior distributions for the smoothness parameters in the cubic spline are
σe2 ∼ IG(αe /2, δe /2),

σd2 ∼ IG(αd /2, δd /2).

(24)

The discrete price process can be formulated as a state space model with measurement equation Pt = sp (t) + χt + ξt and state equations
χt
ξt

!
=

ϕχ χt−1
cξ + ξt−1

!
+ ηt ,

ηt ∼ N (0, Σ),

(25)

with ϕχ = e−κ and cξ = µξ . We specify the prior distributions
(ϕχ , cξ , βp0 )0 ∼ N (bP , BP ),

σχ2 ∼ IG(αχ /2, δχ /2),

σξ2 ∼ IG(αξ /2, δξ /2), (26)

where we assume that the stochastic processes χt and ξt are independent1 . We
follow Schwartz and Smith (2000) and estimate the unobserved short- and long1

An inverse Wishart prior on Σ gives similar results.
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term processes in the electricity price by the Kalman filter. We implement the
simulation smoother by Durbin and Koopman (2002) in a MCMC sampler, and
draw the parameter values conditional on the smoothed states.
The conjugate prior distributions on the parameters in the wind power conversion process and the price process result in closed-form updates for the parameters
in a MCMC sampler, instead of computing integrals. The prior distributions on the
mean parameters are normal, reflecting the prior belief that the parameters take
continuous values on the real line and a symmetric prior uncertainty. The variance
parameters follow an Inverse Gamma distribution which restricts the variance to
be positive. However, our framework does not restrict the prior distributions to
the choices above. In the application we ensure that the prior choices have little
effect on the results by setting the variance parameters in the prior distributions
to large values.

5.2

Predictive densities

The implementation of the Monte-Carlo least square approach for the real options
valuation requires simulating samples of RT +h , with h = 1, 2, . . . , from its predictive distribution. Given the hierarchical structure of our model, the distribution
of RT +h equals the multiplication of the predictive densities of the underlying
processes. In other words, samples of RT +h can be obtained by simulating from
p(WT +h |W1:T ), p(QT +h |WT +h ), and p(PT +h |P1:T ), where W1:T denotes the vector
of (W1 , . . . , WT ) and likewise for P1:T .
The MCMC sampler does not only provide a point estimate, but also samples
from the posterior distribution of the parameters, p(Θ|W1:T ), where Θ denotes the
set of parameters describing wind speed. To account for parameter uncertainty, we
simulate predictive densities using parameter draws from the posterior distribution
rather than setting the parameters to their posterior mean or mode. Specifically,
let Θ(k) denote parameters from the kth iteration of the MCMC sampler, we draw
(k)
WT +h from p(WT +h |W1:T , Θ(k) ) for k = 1, . . . , K. Since Θ(1:K) are drawn from
(1:K)
p(Θ|W1:T ), WT +h represents samples from p(WT +h |W1:T ) while the parameter
uncertainty is integrated out. Parameter uncertainties in predicting QT +h and
PT +h are dealt with in similar fashion.
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Conditional on Θ(k) , a path of WT +h with h = 1, 2, . . . is obtained by iterating
over (21),
(k)

(k)

(k)

(k)

(k)

(k)
WT +h = cW + s(k)
w (T + h) − ϕW sw (T + h − 1) + ϕW WT +h−1 + εt ,
(k)

(27)

2(k)

where WT = WT and εt ∼ N (0, σW ). The draws are truncated from below
at zero and from above at the maximum of the in-sample observations, and then
f (k) , using equation (8).
transformed to raw wind speed, W
T +h
The raw wind speed features as input for sampling wind production. Conditional on the kth parameter draw from the MCMC sampler for the cubic spline,
we sample
(k)
(k)
f (k) )γ (k) + u(k) ,
QT +h = cQ + x(W
T +h
T +h

(k)

uT +h ∼ N (0, σs2(k) ).

(28)

(k)
e(k) , then values larger than
Draws of QT +h are transformed to raw production, Q
T +h
the maximum wind turbine capacity of 72 megawatt-hour are set equal to the
(k)
maximum capacity. The sample path of PT +h , for h = 1, . . . , are simulated by
iterating over (25) using the kth iteration of the sampler,
(k)

(k)

(k)

(k)

(k)

(k)
PT +h = s(k)
p (T + h) + ϕχ χT +h−1 + cξ + ξT +h−1 + ηT +h ,
(k)

2(k)

2(k)

(k)

(k)

2(k)

(29)

2(k)

where ηT +h ∼ N (0, σχ + σξ ), and χT +h−1 , ξT +h−1 , σχ , and σξ are draws
from the MCMC sampler. The real option value of a wind farm is estimated
based on yearly investment decisions. Equation (7) transforms the daily simulated
revenues to samples of yearly revenues.

6

Results

This section presents the results of the real options value analysis of the Dutch
offshore wind farm discussed in Section 3. We compare the cubic spline proposed
in Section 4 to the capacity factor approach, which sets the production at a fixed
percentage of the maximum capacity, and a theoretical wind power conversion
curve.
Section 6.1 discusses the parameter estimates for the wind and price processes,
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Table 3: Parameters prior distribution
bQ
bP
αs = αe = αd
αχ
αξ

0M ×1
(01×9 , 0.02/365)0
3
8.0
4 × 365T

BQ
BP
δs = δe = δd
δχ
δξ

1
diag(11×9 , (0.0002/365)2 )
1
0.2
αξ 0.005/365

and Section 6.2 compares the estimated wind power conversion to the theoretical
wind power conversion curve and the capacity factor. Section 6.3 shows the forecasts for the time series of wind speed, wind energy production, and electricity
prices. Section 6.4 considers the option valuation and investment decisions for
different LCOE.

6.1

Parameter estimation

Table 3 shows the parameter values in the prior distributions. For the long-term
dynamics of the price process, we set a tight prior on the yearly inflation rate of
2.5% for the drift parameter, following Finjord et al. (2018). We shrink σξ2 such
√
that the prior mean of yearly volatility is 0.005 or approximately 7%. We set
uninformative priors on all the other model parameters.
Figure 5 shows the posterior densities of the parameters in the wind and price
processes. The posterior parameter densities are based on 10,000 draws, after
10,000 burn-in iterations. The posterior mean for the autoregressive parameter in
the wind speed process is smaller than for the electricity price, which indicates a
stronger persistence in the price process. The posterior densities of the variance
show that the wind speed process entails more volatility. These findings match the
numbers in the descriptive statistics. The posterior mean of parameters governing
the long-run price corresponds to a yearly inflation rate of 2.5% and a variance of
0.005.

6.2

Wind power conversion

Figure 6 shows the posterior mean of the estimated power conversion curve with
a cubic spline, together with the 68% and 90% confidence bands. We find that
23

Figure 5: Posterior parameter densities

This figure shows the posterior densities of the parameters in the wind and wind power conversion
process in the first row and in the price process in the second row. The parameter draws of cξ ,
σξ , and σχξ are multiplied by 365.

M = 5 knots are sufficient to capture the nonlinear relation between wind speed
and wind power, with similar results for a larger number of knots. The curve shows
a positive relation between wind speed and wind power, with a steep increase in
power between 4 and 12 meter per second wind speed. The marginal rate of
return decreases rapidly for higher wind speeds, and is even negative for wind
speeds larger than 15 meter per second, probably due to storms that require a
partial or total shut down of the wind farm to prevent damage. The uncertainty
in wind power production, captured by the confidence bands, increases with the
wind speed. The cubic spline takes this adequately into account, with most data
points within the 90% confidence band.
The estimated wind power conversion curve shows a different relation between
wind speed and wind power than that implied by the theoretical power curve. The
dashed lines in Figure 6 show the theoretical power curves of the wind turbines in
the wind farm, the Vestas V90-3.0MW, with an air density of 1.225 kg/m3 . The
different power curves correspond to different sound powers, with a positive relation between wind power production and sound emission. None of the theoretical
power curves takes the uncertainty in wind power production into account, which
results in an overestimation of the production for higher wind speeds.
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Figure 6: Wind power conversion
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This figure shows the observed wind power production per turbine for different wind speeds (red
dots) together with the posterior mean of the cubic spline (black solid line) and the 68% and
90% confidence bands (light and dark grey areas, respectively). The theoretical power curves of
the wind turbines (black dashed lines) correspond to the sound emission levels of 109.4dB(A),
107.8dB(A), 106.7dB(A), 104.2dB(A), and 102.0dB(A), with an air density of 1.225 kg/m3 .
The wind energy production corresponding to the capacity factor (black dotted line) equals the
average observed wind power.

The dotted horizontal line in Figure 6 indicates the average wind power production over all observed data points. This value is commonly used in real options
value analysis of wind farms, in which the production value is approximated by
multiplying the maximum capacity of a wind farm with the estimated capacity
factor. This approach ignores all uncertainty in the wind power conversion and
wind speed process.
Appendix A shows the posterior mean of the estimated power conversion curve
with a third-degree polynomial model. We find that the polynomial model has
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a similar fit to the cubic spline for wind speed values between 0 and 15 meter
per second, but starts to over-fit the observed wind speed values for higher wind
speeds. The posterior mean of the polynomial model suggests that the production
at a wind speed of 20 meter per second equals the production at 10 meter per
second.

6.3

Time series forecasts

From the estimated wind power conversion and price process, we sample future
production and price values. From the end of our sample, that is the end of 2010,
we consider yearly investment decisions up to the investment horizon of 40 years.
Since the lifetime of an offshore wind farm project is assumed to be 20 years, we
sample in total 60 years ahead.
Figure 7 shows the values sampled from the predictive densities of wind speed,
wind power, and electricity price. For wind speed and wind power, the predictive
densities show a mean-reverting process, whereas future values of the electricity
price exhibit a stochastic trend. The shapes of the predictive densities clearly show
seasonal patterns.
Figure 8 shows the estimated seasonality functions. We find a decrease in wind
speed and electricity prices in spring and an increase in winter. The weekly pattern
in electricity prices shows a large increase in price after the weekend. During the
week, prices are relatively constant before decreasing again over the weekend. The
estimated seasonal patterns correspond to the seasonal patterns found in Figure 3.
To evaluate the accuracy of the time series forecasts based on the cubic spline
approach in Figure 7, we compare them to alternative methods for modelling
wind energy revenues. Instead of using a spline, we can model the wind power
conversion with the parametric model in (16). Finjord et al. (2018) and Venetsanos
et al. (2002) use the estimated capacity factor to produce future revenue values.
Monjas-Barroso and Balibrea-Iniesta (2013), Kroniger and Madlener (2014), and
Dı́az et al. (2015) use the theoretical wind power conversion curve.
We estimate the parameters in the wind speed and electricity price models, and
the different models for modelling wind power conversion, using only data from
2007-2008. Next, we forecast the daily revenues for 2009-2010. Since option valu-

26

Figure 7: Predictive densities

This figure shows the observed values of wind speed, wind power per turbine, and electricity
price from the start of 2007 till the end of 2010 (red solid lines). From 2010 onwards, the figure
shows the posterior mean of the predictive densities (black solid lines), together with the 68%
and 90% confidence bands (light and dark grey areas, respectively).

ation exploits the uncertainty in future values, we mainly focus on the evaluation
of the predictive densities. The continuous ranked probability score evaluates the
whole predictive density and the root mean squared forecast error of the posterior
mean only the mean of the predictive densities (Gneiting and Raftery, 2007).
Table 4 shows that the predictive density of the cubic spline performs best,
with a small difference between the cubic spline and the parametric polynomial
model. The posterior mean of the capacity factor approach is most accurate. This
is not surprising since the predictive density of the capacity factor for the wind
production is fixed at the estimated mean.
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Figure 8: Seasonality in wind speed and electricity price
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This figure shows the posterior mean of the yearly trigonometric yearly seasonal function in the
wind speed process (left) and in the price process (middle), and the dummy function for the
weekly seasonality in the price process (right).

Table 4: Forecast evaluation

CRPS
RMSFE

cubic spline
618
1229

polynomial
619
1234

capacity factor
709
1117

power curve
821
1683

This table shows average continuous ranked probability score (CRPS) of
the predictive densities and the root mean squared forecast error (RMSFE)
of the posterior mean of the predictive densities of the 2009-2010 daily
revenues of the wind farm. Revenues are estimated on 2007-2008 data
using an wind power conversion estimated by a cubic spline, a third-order
polynomial, the capacity factor of the wind farm, or the theoretical power
curve of the wind turbines at a sound emission level of 109.4dB(A) and
an air density of 1.225 kg/m3 .

6.4

Option valuation and investment decisions

To evaluate the effect of production risk, this section compares the results of
the real options value analysis based on the cubic spline to the capacity factor
approach, which sets future production value to 26.826MWh per day, and the
theoretical power curve corresponding to the maximum sound emission level of
109.4dB(A) since offshore farms are of interest here. The cubic spline and theoretical curve use the future wind speed samples, while all three methods use the
same price samples. These daily price and wind power samples in Figure 7 are
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transformed to yearly revenue series by (7). Since the results of the cubic spline
and the polynomial model are very similar, this section does not show the results
of the polynomial model. Note that the cubic spline shows slightly better results
in Section 6.2 and 6.3, but the implementation of a polynomial model is easier for
the practitioner.
We discuss the effect of the different power conversion methods on the expected
revenue of a wind farm project, the valuation of a wind farm using the standard
NPV rule and the real options approach, and the optimal investment strategy.
Throughout the results we use a discount rate of 7%, as used by the International
Energy Agency (2015) for deregulated or restructured electricity markets.
We first discuss the effect of power conversion on expected revenue for a project
with a 20 year lifespan. Figure 9 shows the rolling 20 year sum of discounted revenues per wind turbine from the cubic spline, capacity factor, and theoretical power
curve approach. From Figure 9, the capacity factor method systematically underestimates the expected discounted revenues. For a project starting in 2011, the
expected discounted revenue from the capacity factor is 300 thousand euro lower
than those estimated from the Bayesian cubic spline (6.3 million euro). Please
note that this number is per wind turbine, and the difference is 11 million euro for
the total wind farm over its lifetime. This underestimation can be explained by
capacity factor’s inability to account for seasonality; electricity prices are higher
in winter months when the wind production is also larger, as is evident from Figure 8. The theoretical power curve, on the other hand, overestimates the revenue
with 827 thousand euro per wind turbine. This is most likely due to the increased
uncertainty in production when wind speed is high; from Figure 6, the theoretical
power curve is a poor approximation to actual production value when the wind
speed is above 10m/s.
Second, we compare the valuation of a wind farm investment opportunity under
different cost levels using the standard NPV rule and the real options approach.
For the real options approach, we use the Longstaff-Schwartz Algorithm and the
discounted revenue samples to estimate the option value given each cost level.
Figure 10 presents the NPV (in straight lines) and the real options value (in curved
lines) of one wind turbine for different LCOEs. If the investment opportunity is
“now or never”, for example, when an offshore permit has a use-it-or-lose-it clause,
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Figure 9: Expected discounted revenues
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This figure shows the expected discounted revenues per wind turbine for different investment
times, based on the wind power conversion estimated by a Bayesian cubic spline (black solid
line), the capacity factor of the wind farm (black dotted line), or the theoretical power curve of
the wind turbines at a sound emission level of 109.4dB(A) and an air density of 1.225 kg/m3
(black dashed line).

we use the NPV rule which advises investing whenever the NPV is positive. For
an LCOE smaller than 57 euro per MWh (56 using capacity factor), the NPV
is positive and hence immediate investment would be recommended by the NPV
rule. The real options approach, however, suggests that the value of postponing is
non-negligible when the LCOE is larger than 38 euro per MWh.
The difference between the three conversion methods is also evident in Figure 10, where power curve conversion overestimates and capacity factor underestimates project value using either NPV or real options value. For instance, the
cubic spline estimate of the real options value of one wind turbine equals 1.973
million euro for an LCOE of 40 euro per MWh, the capacity factor estimates 1.820
million, and the theoretical power curve 2.265. For a wind farm with 36 wind turbines the estimated real options value equals 71 million euro for an LCOE of 40
euro per MWh. Ignoring the uncertainty in the production process amounts to an
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Figure 10: Real options value for different LCOE levels
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This figure shows the value of exercising the option in 2011 (straight black solid line) together
with the real options valuation in 2011 (curved black solid line) based on the estimated wind
power conversion, the theoretical power curve (dashed lines), and the capacity factor (dotted
lines).

underestimation of 5.5 million euro by the capacity factor and an overestimation
of 10.5 million euro by the theoretical power curve.
Next, we analyze the optimal investment strategy within the real options framework. Figure 11 shows the accumulated probability to invest over the investment
horizon for the three conversion methods. The accumulated probability to invest
equals the percentage of sample paths which are exercised at a particular moment
in time in the Longstaff-Schwartz Algorithm.
We find that the probability mass in favour of investing moves to later dates
for higher cost levels, and the probability mass for investing over the total horizon
also decreases with the cost level. The accumulated probability to invest develops
similarly for the cubic spline and the theoretical power curve method to estimate
wind power conversion, but the accumulated probability to invest based on the
capacity factor is relatively small.
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Figure 11: Accumulated probability to invest
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This figure shows the accumulated probability to invest over the investment horizon. The accumulated probability to invest equals the percentage of sample paths which are exercised at a
particular moment in time in the Longstaff-Schwartz Algorithm.

The real options framework analyzes the optimal investment decision based
on the exercise date of the option and the corresponding pay-offs. Figure 12
shows for different cost levels the average discounted payoff per turbine at the
optimal exercise dates of all the simulated paths from the predictive densities of
the wind farm revenues. Figure 12 shows that, also in the real options framework,
modelling the wind power conversion by a theoretical power curve systematically
overestimates the value of the wind farm project.
The differences can be explained by the fact that the theoretical power curves
only takes the uncertainty in the wind speed process into account, but ignores un32

Figure 12: Project value at the optimal exercise date

This figure shows for each year the average payoffs of all paths that are exercised in that year,
according to the Longstaff-Schwartz Algorithm, based on the wind power conversion estimated
by the cubic spline (black o), the capacity factor (blue +), and the theoretical power curve (red
x).

certainty in the conversion of wind speed into wind energy. However, the capacity
factor also averages out the seasonal factors and the uncertainty in the wind speed
process, which results in a smaller probability of exercising the option. Moreover,
the capacity factor approach generally underestimates the pay-off of the wind farm
project.
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7

Conclusion and policy implications

This paper develops a real options valuation framework in which the underlying
production and price processes of the wind farm revenue process are disentangled.
This allows for the explicit modelling of the wind power process and its uncertainty,
which is often ignored in investment valuation of wind energy projects. We propose
a cubic spline function for modelling the relation between wind speed and wind
energy production, and stochastic processes for wind speed and the price process.
The parameters in those processes and the cubic spline are estimated on real data
using Bayesian inference, accounting for the uncertainty of all underlying processes
along with parameter uncertainty.
We illustrate the proposed framework in an application to an offshore wind
farm off the Dutch North Sea coast. Since the data contains detailed records
of both wind speed and wind energy production, we can analyze the stochastic
behavior of all underlying wind energy revenue processes. We find that valuating
wind farms using a capacity factor systematically underestimates the project value,
and the use of theoretical power curves overestimates the project value for different
levelized costs of energy. This result holds irrespective of whether the investment
opportunity has a use-it-or-lose-it clause or not.
Auctions for the development of offshore wind farms in the North Sea region
have a guaranteed minimum electricity price subsidy. The guaranteed price for the
winning bid indicates a large volatility in LCOE estimates. For instance, DONG
Energy has won a tender at 72.2 euro per MWh2 , a consortium including Shell at
54.5 euro per MWh3 , and Vattenfall for 38 euro per MWh4 . Our results based
on the data of a Dutch offshore wind farm show that the NPV is positive for
LCOE smaller than 57 euro per MWh, but the value of postponing an investment
is non-negligible when the LCOE is larger than 38 euro per MWh.
2

https://orsted.com/en/Media/Newsroom/News/2016/07/DONG%20Energy%20wins
%20tender%20for%20Dutch%20offshore%20wind%20farms
3
https://www.reuters.com/article/us-dutch-wind/shell-led-consortium-wins
-700-mw-dutch-offshore-wind-contract-idUSKBN14125N
4
http://analysis.windenergyupdate.com/construction/europes-new-record
-offshore-lcoe-forecast-40-eurosmwh
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Möst, D. and Keles, D. A survey of stochastic modelling approaches for liberalised
electricity markets. European Journal of Operational Research, 207(2):543–556,
2010. ISSN 0377-2217.
Ng, S. and Perron, P. Lag length selection and the construction of unit root tests
with good size and power. Econometrica, 69(6):1519–1554, 2001.
Perron, P. and Qu, Z. A simple modification to improve the finite sample properties
of ng and perron’s unit root tests. Economics Letters, 94(1):12 – 19, 2007. ISSN
0165-1765.
Schwartz, E. and Smith, J. E. Short-term variations and long-term dynamics in
commodity prices. Management Science, 46(7):893–911, 2000.
Schwartz, E. S. The stochastic behavior of commodity prices: Implications for
valuation and hedging. Journal of Finance, 52(3):923–73, July 1997.
Venetsanos, K., Angelopoulou, P., and Tsoutsos, T. Renewable energy sources
project appraisal under uncertainty: the case of wind energy exploitation within
a changing energy market environment. Energy Policy, 30(4):293–307, 2002.
Zhang, M., Zhou, P., and Zhou, D. A real options model for renewable energy
investment with application to solar photovoltaic power generation in China.
Energy Economics, 59:213 – 226, 2016.

37

A

Wind power conversion: Polynomial model
Figure 13: Wind power conversion
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This figure shows the observed wind power production per turbine for different wind speeds (red
dots) together with the posterior mean of the polynomial model (black solid line) and the 68%
and 90% confidence bands (light and dark grey areas, respectively). The theoretical power curves
of the wind turbines (black dashed lines) correspond to the sound emission levels of 109.4dB(A),
107.8dB(A), 106.7dB(A), 104.2dB(A), and 102.0dB(A), with an air density of 1.225 kg/m3 .
The wind energy production corresponding to the capacity factor (black dotted line) equals the
average observed wind power.

B

Implementing the unit root test

This section outline the unit root test procedure. We adopted the M-tests developed in Ng and Perron (2001) and the lag length selection procedures in Perron
and Qu (2007). Let zt denote the regressors for trend and seasonality function,
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specifically, zt = (1, t, spt )0 , where spt is the regressor for seasonality defined by
equation (20), the algorithm is outlined below:
1. Select lag length;
(a) Use OLS to detrend the data. Specifically, compute P̂t = Pt − β̂ 0 zt ,
where β̂ = (Z 0 Z)−1 Z 0 P .
(b) for k = 1, · · · , kmax , run the regression
∆P̂t = b0 P̂t−1 +

k
X

bi ∆P̂t−i + etk ,

i=1

and compute the modified AIC
MAIC(k) = ln(σ̂k2 ) + 2(τ (k) + k)/(T − kmax ),
P
with kmax = int(12(T /100)1/4 ), σ̂k2 = (T − kmax )−1 Tt=kmax +1 ê2tk , and
P
2
.
τ (k) = σ̂k−2 b̂20 Tt=kmax +1 ŷt−1
∗
(c) choose k = arg mink∈[1,kmax ] MAIC(k) as the lag length for the next
step.
2. Use GLS to detrend the data. For any X = (x1 , x2 , · · · , xT )0 , define X ᾱ =
(x1 , x2 − ᾱx1 , · · · , xT − ᾱxT −1 )0 . Compute P̃t = Pt − β̃ 0 zt , where β̃ =
−1
0
0
(Z ᾱ Z ᾱ ) Z ᾱ P ᾱ , and ᾱ is set to (1 − 13.5/T ) given that zt includes a linear
trend.
3. Compute the test statistics. Run the regression
∗

∆P̃t = b0 P̃t−1 +

k
X

bi ∆P̃t−i + etk ,

i=1

using GLS detrended price P̃ and the k ∗ selected from step one. Compute the
P
P∗
autoregressive spectral density estimate s2AR = (T −1 Tk∗ +1 ê2t )/(1− ki=1 b̂i )2 ,
then the three test statistics are given by
T −1 P̃T2 − s2AR
M Zα =
,
P
2
2T −2 Tt=1 P̃t−1

M SB =

and M Zt = M SB ∗ M Zα .
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T −2

PT

2
t=1 P̃t−1

s2AR

!1/2
,

C

Monte-Carlo least square

As discussed in Section 2.1, we solve the real option value using the Monte Carlo
least square (MCLS) method of Longstaff and Schwartz (2001). The first step
in MCLS is to simulate sample paths using the dynamics of the future revenues.
The lifespan of the project is N ∗ and the investment option can be exercised at
i = 1, . . . , N . We use the time series forecasts of electricity price and wind power
presented in Section 6.3 and Equation (7) to obtain paths of the yearly revenue
Rs for s = 1, . . . , N + N ∗ , while the starting value, R0 , is set to the revenue from
the last year of observed data.
At each i, the Bellman equation (4) requires evaluating Ei [Oi+1 ], the conditional expectation of Oi+1 based on the information set at i denoted by Fi .
Note that the conditional expectation based on Fi is a function of variables in
Fi , which includes electricity prices, output, and the resulting revenue in year i
and all previous years in our example. The revenue at year i has most direct
impact on the valuation and hence we assume that this conditional expectation
can be approximated by a quadratic function of Ri , i.e., Ei [Oi+1 ] ≈ f (Ri ), where
f (Ri ) = β0 + β1 Ri + β2 Ri2 . Higher order polynomials can be used but our empirical
exercise suggests that the quadratic function is sufficient. The simulated paths and
the ordinary lease square method are then used to obtain the coefficients for the
quadratic function starting from i = N and proceeding backwards to i = 1. The
valuation is repeated for different levels of LCOE to obtain the results in Section
6.4.
Given a LCOE and the corresponding C, the procedure to compute RO using
(k)
+N ∗
samples of {Ri }N
with k = 1, . . . , K, is as follows:
i=1
1. Develop exercise strategy at i = N .
P +N ∗ (k) −(s−N )r
(k)
(a) Calculate discounted pathwise profit: πN = N
− C,
s=N +1 Rs e
for k = 1, . . . , K.

(k)
(b) Project πN onto a set of basis functions. We set xN = 1, RN , (RN )2
(k)
(k)
as the basis functions, then the projection is π̂N = xN β, where β =
(k)
(XN0 XN )−1 XN0 πN . The K-dimensional vector πN has rows (πN ), and
(k)
the K × 3 matrix XN has rows (xN ).
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(k)

(c) Make investment decisions based on whether π̂N > 0. For each k, set
(k)

ON


π (k) , if π̂ (k) > 0
N
N
=
(k)
0,
if π̂N ≤ 0
(k)

(k)

and set the optimal stopping times τ (k) = N if π̂N > 0. If π̂N ≤ 0, we
set τ (k) = ∞.
2. Develop exercise strategy at i = 2, . . . , N − 1:
P ∗
(k)
(k)
(a) Calculate discounted profit: πi = i+N
s=i+1 exp (−(s − i)r) Rs − C for
k = 1, . . . , K.
(k)
(b) The discounted pathwise waiting value equals exp(−r)Oi+1 .
(k)
(k)
(c) Project the difference between exercising and waiting, yi = (πi −

(k)
exp(−r)Oi+1 ), onto a set of basis functions xi = 1, Ri , (Ri )2 . Specifi(k)
(k)
cally, compute ŷi = xi β, where β = (Xi0 Xi )−1 Xi0 yi .
(k)
(d) Make investment decision based on whether ŷi > 0. For each k, set
(k)

Oi

=


π (k) ,
i

(k)

if ŷi

>0

exp(−r)O(k) , if ŷ (k) ≤ 0
i
i+1
(k)

and set the optimal stopping times τ (k) = i if π̂i > 0.
3. Compute real option value at i = 1:
P
(k)
(a) Calculate the continuation value: W1 = K1 K
2
k=1
 exp(−r)O

P
(k)
K
1
(b) Calculate the value of exercising: G1 = max K k=1 π1 , 0 , where
P
∗
(k)
(k)
π1 = 1+N
s=2 exp (−(s − 1)r) Rs − C.
(c) The value of real option RO = O1 = max(G1 , W1 );

D

Posterior simulation

The wind process parameters in (21) are sampled in a linear regression model with
uninformative priors.
2
Step 1. Given ϕW , and σW
, sample the intercept w̄ and seasonality parameters
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βw1 and βw2 according to
2
2
(Z 0 Z)−1 ),
∼ N ((Z 0 Z)−1 Z 0 z, σW
(w̄, βw1 , βw2 )0 |ϕW , σW

2πt
365



2πt
365

with zt = Wt −ϕW Wt−1 , Zt = (1−ϕW , sin
−ϕW sin


ϕW cos 2π(t−1)
, z = (z2 , . . . , zT )0 and Z = (Z20 , . . . , ZT0 )0 .
365



, cos

(30)


2π(t−1)
365



−

2
Step 2. Given w̄, βw1 , βw2 , and σW
, sample the drift autoregressive parameter
ϕW according to
2
2
ϕW |w̄, βw1 , βw2 , σW
∼ N ((Z 0 Z)−1 Z 0 z, σW
(Z 0 Z)−1 ),

(31)

with zt = Wt − w̄ − sw (t), Zt = Wt−1 − w̄ − sw (t − 1), z = (z2 , . . . , zT )0 and
Z = (Z20 , . . . , ZT0 )0 .
2
according
Step 3. Given ϕW , w̄, βw1 , and βw2 , sample the volatility parameter σW
to
2
σW
|ϕW , w̄, βw1 , βw2 ∼ IG2(T − 1, z 0 z),

(32)

with zt = Wt − (1 − ϕW )w̄ − sw (t) + ϕW sw (t − 1) − ϕW Wt−1 and z =
(z2 , . . . , zT )0 .
The production process parameters in (22) are sampled as outlined in Chib
and Greenberg (2010).
The price process parameters in (22) are sampled in a state space framework
with informative prior distributions.
Step 1. Given ϕχ , cξ , βp = (βp1 , . . . , βp8 )0 , and Σ, sample the state vectors χ =
(χ1 , . . . , χT )0 and ξ = (ξ1 , . . . , ξT )0 by the simulation smoother of Durbin and
Koopman (2002).
Step 2. Given χ, ξ, and Σ, sample the parameters ϕχ , cξ , and βp according to
(ϕχ , βp0 , cξ )0 |χ, ξ, Σ ∼ N (b, B −1 ),
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(33)

with B = Z 0 Z + Bp−1 , b = B −1 (Z 0 z + Bp−1 bp ), zt = Σ−1/2 (χt , ξt − ξt−1 )0 , Zt =


2πt
2πt 0
Σ−1/2 ((χt−1 , D1t , . . . , D6t , sin 365
, cos 365
) , (01×9 1)0 )0 , z = (z2 , . . . , zT )0 and
Z = (Z20 , . . . , ZT0 )0 .
Step 3. Given χ, ξ, ϕχ , cξ , and βp , sample Σ according to
Σ|χ, ξ, ϕχ , βp0 , cξ )0 ∼ IW (s0 + T − 1, S0 + z 0 z),

(34)

with zt = (χt − ϕχ χt−1 − sp (t), cξ + ξt−1 )0 and z = (z2 , . . . , zT )0 .

E

Predictive densities correlated wind speed and
electricity price

Instead of sampling from the predictive densities of wind speed and electricity
price by iterating over (27) and (29), we sample them jointly from

  (k)
(k)
(k) (k)
(k)
(k)
(k)
cW + sw (T + h) − ϕW sw (T + h − 1) + ϕW WT +h−1
WT +h

 (k)  
(k)
(k) (k)
ϕχ χT +h−1
 + ηT +h ,
 χT +h  = 
(k)
(k)
(k)
cξ + ξT +h−1
ξT +h


(k)

(k)

(k)

(k)

(k)

where PT +h = sp (T + h) + χT +h + ξT +h , ρh =
 

(k)

ηT +h

2(k)

σW
  (k)
∼ N 0,  ρh
0
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−0.2h (k) (k)
σ σ
60∗365 W χ


(k)
ρh
0

2(k)
σχ
0  .
2(k)
0
σξ

and

