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Abstract

This paper establishes asymptotic properties for spiked empirical eigenvalues of sample co-

variance matrices for high-dimensional data with both cross-sectional dependence and a depen-

dent sample structure. A new finding from the established theoretical results is that spiked

empirical eigenvalues will reflect the dependent sample structure instead of the cross-sectional

structure under some scenarios, which indicates that principal component analysis (PCA) may

provide inaccurate inference for cross-sectional structures. An illustrated example is provided to

show that some commonly used statistics based on spiked empirical eigenvalues misestimate the

true number of common factors. As an application of high-dimensional time series, we propose a

test statistic to distinguish the unit root from the factor structure and demonstrate its effective

finite sample performance on simulated data. Our results are then applied to analyze OECD

healthcare expenditure data and U.S. mortality data, both of which possess cross-sectional

dependence as well as non-stationary temporal dependence. It is worth mentioning that we

contribute to statistical justification for the benchmark paper by Lee and Carter [25] in mor-

tality forecasting.
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1 Introduction

With the rapid development of computer science, data from various scientific areas demonstrate

the following features: high dimensionality, cross-sectional dependence, and a dependent sample

structure (including serial dependence in the time series setting). Both high-dimensional time series

and high-dimensional spatial data possess these features, which are commonly encountered in modern

statistical analysis. Taking human mortality data from actuarial science and demography as an

example (see Lee and Carter [25]), age-specific human mortality data is a high-dimensional time

series, in which death rates for each age are observed for several years and the number of ages (i.e.

the dimension) is comparable to the length of time observations (i.e. the sample size). Due to the

strong relationship between the death rates at different ages, cross-sectional dependence exists in

this data. Meanwhile, mortality data indicate non-stationary temporal trending behavior. Another

popular dataset is healthcare expenditure data accumulated from certain countries and observed over

several years, which are usually modeled as panel data in econometrics (see Gao, Xia and Zhu [18]).

This dataset illustrates strong cross-sectional dependence across countries, as well as a non-stationary

tendency in the temporal direction. Complicated structures among sample observations incur a new

curse for high-dimensional statistical analysis, in parallel with the curse of dimensionality.

As is well known, the curse of dimensionality has been dealt with extensively in the high-

dimensional statistical literature over the last few decades. Dimensional reduction and variable

selection are the major techniques for reducing the exploding flexibility in traditional statistical

approaches for high-dimensional data. While most of these statistical research works focus on inde-

pendent and identically distributed (i.i.d) sampled data, they are rarely extended to high-dimensional

data with dependent sample observations, especially non-stationary time series. We will contribute to

this area by analyzing the influence of dependent sample observations on PCA for high-dimensional

data. The interplay between high dimensionality and dependent sample structure may lead to new

behavior of the spiked empirical eigenvalues and limit the feasibility of PCA. PCA is a traditional

approach for reducing the dimensionality of data by representing it in terms of new variables, called

principal components, that largely capture some meaningful variation in the data. An early effort

on the establishment of PCA theory is from Anderson [1]. From a technical point of view, PCA in-

tends to use spiked empirical eigenstructures (eigenvalues and eigenvectors) from sample covariance

matrices to estimate or infer the spiked cross-sectional population eigenstructures (cross-sectional

dependence). Here, the spiked empirical eigenvalues refer to those leading sample eigenvalues well

separated from the remaining sample eigenvalues, which were first termed as such in Johnstone [22].

Let us look at an example to show that spiked empirical eigenvalues play an important role in

PCA. Factor model is equivalent to PCA to some extent; see for example, Fan, Liao, and Mincheva

[15]. Estimation of the number of factors in a factor model is important for statistical inference.

The existing literature provides some useful methods driven by spiked empirical eigenvalues. Bai [3]

estimates the number of factors based on the largest empirical eigenvalues and penalty functions.

Briefly, the idea is that the number of factors is the number of the empirical eigenvalues that are

larger than the penalty function. Anh and Horensten [2] estimate the number of factors from a
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different point of view: if the number of factors is k, the ratio between the k-th largest empirical

eigenvalue and the (k + 1)-th largest empirical eigenvalue would be larger than others. Onatski [29]

considers another idea: if the number of factors is k, for any s > k, the difference between the s-th

largest empirical eigenvalue and the (s + 1)-th one should be very small. These papers work well

in factor models with their assumptions. If we apply these methods to certain general cases, it is

necessary to investigate spiked eigenvalues from sample covariance matrices under certain conditions.

Random matrix theory is an important tool for studying high-dimensional sample covariance

matrices and has provided many important theoretical results on empirical eigenvalues and the

corresponding empirical eigenvectors. Many researchers have further developed useful estimation

and testing procedures based on these empirical spectral results on high-dimensional data. Recent

discussions in this area can be found in Bai and Silverstein[4], Johnstone [23], Paul and Aue [32]

and Yao, Zheng, and Bai [38]. Research into empirical eigenvalues dates back to 1930s (see Fisher

[17], Hsu [21] and Roy [33]). The earliest researchers focused on the fixed dimensional case. It is

well known that sample covariance matrices behave significantly differently to those for the fixed

dimensional case as the dimension goes to infinity. For instance, Marcenko and Pastur [27] establish

a limiting spectral distribution (MP law) for the sample covariance matrix as the dimension (n)

and sample size (T ) are comparable. Johnstone [22] shows that the largest eigenvalue of the sample

covariance matrices follows the Tracy-Widom law, which is quite different from the results in the

low-dimensional case. Since then, the asymptotic properties of the eigenvalues of high-dimensional

sample covariance matrices have attracted many researchers to contribute in this area. Among them,

we mention Baik et al.[6], Baik and Silverstein [7], Paul [31], Bai and Yao [5], and Cai, Han, and

Pan [10], who have studied spiked empirical eigenvalues. The results on spiked empirical eigenvalues

in the literature reveal one-to-one correspondence between the spiked empirical eigenvalues and the

spiked population eigenvalues, which guarantees the feasibility of PCA on high-dimensional data

with independent samples.

Most of the existing studies rely on the assumption that the observations of high-dimensional data

are independent, although cross-sectional dependence can be allowed. It is noted that when high–

dimensional data appear to be nonstationary, the first differenced version of the data is normally

used for statistical estimation and inference. However, observations of high–dimensional data in

economics and finance, for example, are often temporally dependent and even highly nonstationary,

and they don’t necessarily follow a standard type of unit–root nonstationarity. Our experience shows

that differencing may not be a good idea even though it is convenient. First, differenced versions may

not necessarily be stationary. Second, differencing original data may simply ignore some key features

of the original data, such as trending behaviours, which are often the main interest in analysing

some economic and financial time series. In the end of Section 5.3, we make some specific comments

on this. Zhang, Pan, and Gao [39] were among the first dealing with the largest eigenvalues of

sample covariance matrices generated from high-dimensional nonstationary time series. They find

that dependent sample observations are also able to result in spiked empirical eigenvalues even

with the absence of cross-sectional dependence. This phenomenon indicates that PCA may provide
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misleading information for cross-sectional structure on high-dimensional data with dependent sample

observations. This raises a natural question: Can we trust PCA on high-dimensional data with general

dependent observations ? Zhang, Pan, and Gao [39] contribute to this topic but with a focus on the

difference between stationary and non-stationary unit root time series.

This paper is to work on a general sample structure as well as cross-sectional structure. The

model under study is called a separable covariance model, which takes the form Ω1/2ZΣ1/2 with Ω

and Σ being positive semi-definite matrices and Z possessing independent entries satisfying some

moment assumptions. In this model, Ω and Σ describe the cross-sectional dependence and the sam-

ple directional dependence, respectively. Zhang [42] investigates the empirical spectral distribution

(ESD) of the sample covariance matrix for the separable covariance model. This paper will study its

largest spiked empirical eigenvalues for the separable covariance model. The results show that the

spiked empirical eigenvalues are influenced by both the cross-sectional dependence and the dependent

sample structure. In fact, when the effective rank of Ω (see Fan et al [16] and Han and Liu [19])

defined by r∗ (Ω) = Tr (Ω) / ||Ω||2 tends to infinity, our theoretical results quantify the influence

of dependent sample observations on spiked empirical eigenvalues. These results suggest that im-

plementing PCA or factor analysis by using popular methods for high-dimensional dependent data

settings may lead to an incorrect conclusion for certain non-stationary models. As an additional

contribution, we propose a test statistic to distinguish the unit root (with temporal dependence)

from (nonstationary) factor structure (with cross-sectional dependence), based on the established

properties of spiked empirical eigenvalues. In an empirical analysis, we investigate two popular data

sets from economics and actuarial science, respectively. By applying the proposed test statistic to

some determinants of healthcare expenditure in OECD countries, we show that a panel data model

with interactive effects for this dataset is suitable. Moreover, the proposed test also justifies the

feasibility of PCA for mortality data that indicate non-stationary temporal dependency.

The paper is organized as follows. Motivations from real data and simulated data are presented

in Section 2. Section 3 introduces the data structure under study and some preliminary analysis.

Asymptotic properties for spiked empirical eigenvalues are established in Section 4. An asymptotic

theory for a test statistic, which is applied to high-dimensional time series, is proposed in Section

5. Section 6 illustrates the finite sample performance of the proposed test statistic based on some

simulated data. Two empirical applications on OECD data and mortality data are discussed in

Section 7. Conclusions and a discussion are provided in Section 8. All proofs are given in the

Appendix.

2 Motivation

This section demonstrates human mortality data that possess cross-sectional dependence and time

serial dependence simultaneously. Meanwhile, through a set of simulated data, we illustrate incorrect

inference on cross-sectional dependence based on classical PCA.
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2.1 Age-Specific Mortality Data

Annual age-specific death rates for the entire United States (U.S.) population are available for the

years 1933 to 2016 in the Human Mortality Database (HMD). This dataset takes the form of matrix

data, which consists of death rates for various ages from infants up to age 90 annually during a time

period. For this matrix data, the dimension is the number of ages (n = 91) under study, while the

sample size is the length of time observations (T = 84).

Figure 1 plots the time observations of the log central death rates for each age, while Figure 2

provides the age-observations of the log central death for each year. It follows from Figure 1 that

time series for most ages are non-stationary, as they tend to decrease with time. Similar smooth

curves in Figure 2 reflect that strong relationships (cross-sectional dependence) exist in the death

rates at different ages.

Forecasting accuracy on mortality data is important for the management of pension funds and

pricing of life insurance in actuarial science. Many existing mortality forecasting models follow the

framework of classical factor models, such as the Lee-Carter model and its variants. As mortality data

are high-dimensional time series, the Lee-Carter model, proposed in [25], utilizes PCA to extract one

common feature (i.e. the first principal component) on a representation of the original data, and then

establishes a forecasting model on the extracted feature. Although the Lee-Carter model performs

relatively perfect in mortality forecasting, an interesting question that most statisticians commonly

raise is how to justify PCA on mortality data, as mortality data are highly dependent, especially

with a non-stationary tendency. In other words, can we recover common features accurately from

PCA with dependent sample observations? Based on our theoretical results developed in Section 5,

we will answer this question in Section 7.
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Figure 1: The log central death rates for ages 0 to

90+ from year 1933 to year 2016

−7.5

−5.0

−2.5

0 25 50 75
Ages

Lo
g 

ce
nt

ra
l d

ea
th

 r
at

es

1940

1960

1980

2000

Years

Figure 2: The log central death rates for years from
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2.2 Misleading PCA on Simulated Data

As is well known, factor model is equivalent to PCA to some extent (See [15]). PCA is then used to

estimate common factors and factor loadings popular in the literature. In this section, we show that

PCA provides misleading inference on the number of true factors in a simulated factor model with

dependent sample observations.

Consider the factor model as follows:

yit = `i1f1t + `i2f2t + εit = `∗i ft + εit, i = 1, 2, . . . , n; t = 1, 2, . . . , T, (2.1)

where ft = (f1t, f2t)
∗ are two common factors, `i = (`i1, `i2)∗ are the corresponding factor loadings,

and εit is the error component, in which the symbol “∗” denotes the conventional conjugate transpose.

Common factors and error components follow the additional time series models below:

ft = ρft−1 + ηt and εit = γεi,t−1 + ξit, (2.2)

where {ηt : t = 1, 2, . . . , T} are independent and identically distributed (i.i.d.) two-dimensional

standard normal random vectors, {ξit : i = 1, 2, . . . , N ; t = 1, 2, . . . , T} are also i.i.d N (0, 1), and ρ

and γ are two constants to take different values in our simulation.

As we know, common methods for estimating the number of factors in a factor model utilize

information on spiked empirical eigenvalues, which are the largest leading eigenvalues of the sample

covariance matrices. We will show eigenvalues of the sample covariance matrix S = 1
n
YY∗ with

Y = (yit)
n,T
i,t=1 under two scenarios, respectively.

Scenario 1: No true common factors.

In this case, the factor loadings are generated as `i = (0, 0)∗. When the original data follows

an AR(1) model (γ = 0.2), Figures 3 and 4 provide all eigenvalues of the sample covariance

matrix as (T, n) = (20, 40) and (T, n) = (40, 20), respectively. There are no spiked eigenvalues

in view of these graphs, which correctly reflect the fact that there are no common factors in

the original data. However, as the data observations are non-stationary (γ = 1), Figures 5 and

6 show that there is one spiked eigenvalue from the sample covariance matrix, while the true

number of common factors is 0.

Scenario 2: Two true common factors.

In this scenario, the factor loadings `i are generated from a two-dimensional standard normal

distribution. When ρ and γ are less than 1, yit are stationary. Figures 7 and 8 show that there

are 2 spiked largest eigenvalues from the sample covariance matrix under two high-dimensional

cases, i.e. (T, n) = (20, 40) and (T, n) = (40, 20), respectively. They can accurately reflect the

true number of factors in the factor model. However, as the residual (εit) is non-stationary

(γ = 1), Figures 9 and 10 demonstrate one large spiked eigenvalue, which is inconsistent with

the truth of two common factors in the factor model. Moreover, Figures 11 and 12 reveal

a similar phenomenon when the common factors are non-stationary (ρ = 1). If ρ and γ are

both equal to 1, Figures 13 and 14 also illustrate only 1 spiked eigenvalue from PCA under

high-dimensional settings.
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Figure 3: T = 20, n = 40, γ = 0.2 Figure 4: T = 40, n = 20, γ = 0.2

Figure 5: T = 20, n = 40, γ = 1 Figure 6: T = 40, n = 20, γ = 1

This example demonstrates that PCA may not be accurately applicable to high-dimensional data

with dependent sample observations. After establishing the theoretical results, some other simulation

examples will be further studied in Section 6.

3 High-Dimensional Separable Covariance Model

Consider an n-dimensional random vector y with observations y1,y2, . . . ,yT . Pool all observations

together into a T × n matrix Y = (y1,y2, . . . ,yT )∗. The data matrix Y has the structure

Y = ΓXΩ1/2, (3.1)

where X = (x1, ...,xn) = (xij)(T+L)×n is a (T +L)× n random matrix with i.i.d. elements; Σ = ΓΓ∗

and Ω are T × T and n × n deterministic non-negative definite matrices, respectively. Here Γ is a

T × (T + L) deterministic matrix. The matrix Γ describes dependence among sample observations,

while the matrix Ω measures the cross-sectional dependence for y under study. Under this setting,
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Figure 7: T = 20, n = 40, ρ = 0.2, γ = 0.4 Figure 8: T = 40, n = 20, ρ = 0.3, γ = 0.3

Figure 9: T = 20, n = 40, ρ = 0.2, γ = 1 Figure 10: T = 40, n = 20, ρ = 0.2, γ = 1

Figure 11: T = 20, n = 40, ρ = 1, γ = 0.2 Figure 12: T = 40, n = 20, ρ = 1, γ = 0.2
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Figure 13: T = 20, n = 40, ρ = 1, γ = 1 Figure 14: T = 40, n = 20, ρ = 1, γ = 1

the sample covariance matrix of y can be expressed as ΓXΩX∗Γ∗. It is also called a separable

covariance matrix.

We are interested in the largest spiked eigenvalues of matrix Ω, which describes the cross-sectional

dependence. In the classical procedure of PCA, spiked empirical eigenvalues from sample covariance

matrix ΓXΩX∗Γ∗ are utilized to approximate those of the matrix Ω. In this paper, we investigate the

spiked empirical eigenvalues from an innovative view: how do the spiked eigenvalues of the matrix Σ

(due to the dependent sample) affect the spiked sample eigenvalues ? To this end, we do not impose

any spiked structures on the matrix Ω, which can be either spiked or non-spiked.

We assume spikiness of the matrix Σ through the following decomposition. Let the spectral

decomposition of Γ be VΛ1/2U, where V and U are T × T and T × (T + L) orthogonal matrices,

respectively, (VV∗ = UU∗ = I), and Λ is a diagonal matrix composed by the descent-ordered

eigenvalues of Σ = ΓΓ∗. Moreover, we write Λ =

ΛS 0

0 ΛP

, where ΛS = diag(µ1, ..., µK), ΛP =

diag(µK+1, ..., µT ), and µ1, ..., µK are referred to the spiked eigenvalues that are significantly larger

than the rest. In addition, we write U =

U1

U2

 and Σ2 = U∗2ΛPU2.

Our aim is to study the asymptotic behaviors of the largest K spiked eigenvalues of the sample

covariance matrix ΓXΩX∗Γ∗ under the setting of Σ being spiked. The formulation of ΓXΩX∗Γ∗ is

generally enough to cover some classical models commonly studied in the literature. When Σ = I,

the original data y can possess cross-sectional dependence but independent sample observations. A

classical example of measuring cross-sectional dependence is the factor model

Y = FΛ1 + ZW = (F,Z)

Λ1

W

 , (3.2)

where Λ1 is the r×s factor loading, F is the corresponding T ×r factor, W is (n−r)×s matrix, and

Z is the idiosyncratic noise matrix. A common assumption is that the singular values of the factor
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component FΛ1 are significantly larger than those of the noise component. YY∗ can be written as

a separable covariance model by setting the n× n matrix Ω =

Λ1Λ
∗
1 Λ1W

∗

WΛ∗1 WW∗

.

Meanwhile, when Ω = I, the original data can possess dependent sample observations but are

without cross-sections. A commonly used example is a linear process

yit =
L∑
s=0

bsxi,t−s, (3.3)

where {bs : s = 0, 1, . . . , L} are the coefficients satisfying some regular conditions and xi,t are i.i.d.

random variables. It is easy to check that the model (3.3) can be written into a separable covariance

model with Γ = W, where W is a T × (T + L) matrix with entries Wij = bL−j+iI{0 ≤ j − i ≤ L}.
It is worth mentioning that we will provide a non-stationary linear process with cross-sectional

dependence in Section 4, which also belongs to our class of separable covariance models.

4 Asymptotic Properties for Largest Eigenvalues

This section will establish some asymptotic properties for the largest spiked empirical eigenvalues.

First, we make the following assumptions.

Assumption 1 (Moment Conditions). {xij: i = 1, ..., T +L, j = 1, ..., n} are i.i.d random variables

such that Exij = 0. E|
√
nxij|2 = 1 and E|

√
nxij|4 = γ4 <∞.

Assumption 2 (Dependent Sample Structure). αL = µK = ... = µK−nL < αL−1 = µK−nL+1... <

α1 = µn1 = ... = µ1, where n1,..., nL are finite. Moreover, there exists a small constant c > 0 such

that αi−1 − αi ≥ cαi for i = 1, 2, ...,L and µK − µK+1 ≥ cµK.

Assumption 3 (Cross-Sectional Structure). The matrix Ω is non-negative definite and its effective

rank r∗(Ω) = tr(Ω)
‖Ω‖2 →∞, where ‖Ω‖2 means the spectral norm.

Assumption 4 (Spiked Dependent Sample Structure). The spiked eigenvalues of the population

covariance matrix are much larger than the rest of the eigenvalues. Precisely speaking, for ∀ε > 0,

there is Kε, independent of n and T , such that when n and T are large enough,∑T
i=Kε

µi

µK
<
ε

2
. (4.1)

Remark 1. Note that Assumptions 2 and 4 impose a spiked structure on Σ while Assumption 3

could impose either a spiked or a non-spiked structure on Ω. This is consistent with the aim of this

paper to investigate the effect caused by dependent sample observations on spiked sample eigenvalues.

When µi = i−1−σ and σ > 0 one can find that Assumption 4 holds. Moreover, Section 4.2 below

shows that Assumption 4 holds in the unit root setting. In addition, define a near unit root model of

the form:

yit = ρyi,t−1 +
L∑
h=0

bhzi,t−h, (4.2)
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where T (1 − ρ) is bounded as T goes to infinity. It can also be verified that Assumption 4 holds

in such models. Also, heterogeneous high-dimensional time series models can also be covered if the

corresponding variances satisfy Assumption 4.

Denote the i-th largest sample eigenvalue of ΓXΩX∗Γ∗ by λi. The following theorem establishes

the asymptotic joint distribution of the largest spiked eigenvalues.

Theorem 1. Suppose that Assumptions 1-4 hold. Set mi =
∑i−1

j=1 nj, for all i = 1, 2, ...,L. Then

n

µi
√
tr(Ω2)

(
λmi+1 − µi

trΩ

n
, λmi+2 − µi

trΩ

n
, ..., λmi+ni − µi

trΩ

n

)
d→ Ri, (4.3)

where Ri are the eigenvalues of an ni × ni matrix Ri with the Gaussian elements, ERi = 0, the

covariance of the (Ri)k1,l1, and (Ri)k2,l2 is

lim
n→∞

n2

tr(Ω2)
× Cov(u∗mi+k1XΩX∗umi+l1 ,u

∗
mi+k2

XΩX∗umi+l2). (4.4)

Here the limit of (4.4) is bounded.

Moreover, if µi
µj
≥ c > 1, λmi+f and λmj+g are asymptotically independent, where 1 ≤ f ≤ ni and

1 ≤ g ≤ nj. In particular, when ni = 1 for all i = 1, . . . , K we have(
λ1 − µ1

trΩ
n

µ1

√
var(u∗1XΩX∗u1)

,
λ2 − µ2

trΩ
n

µ2

√
var(u∗2XΩX∗u2)

, . . . ,
λK − µK trΩ

n

µK
√
var(u∗KXΩX∗uK)

)
d→ N(0, IK).

Remark 2. Note that √
tr(Ω)

‖Ω‖2

=
tr(Ω)√
‖Ω‖2tr(Ω)

≤ tr(Ω)√
tr(Ω2)

≤ tr(Ω)

‖Ω‖2

. (4.5)

From this and Assumption 3, we find that the standard deviation of λi has a smaller order than the

mean of λi. So the sample eigenvalues {λi, i ≤ K} have the same order as µi
trΩ
n

in probability. This

indicates that the sample eigenvalues λ1, · · · , λK are spiked under this case no matter whether Ω has

spiked eigenvalues or not. This phenomenon suggests that PCA may reflect inaccurate information

on the cross-sectional structure Ω due to the dependent sample observations. This is in contrast

to the results [7] for the independent sample observations, which establish one-to-one correspondence

between the sample spiked eigenvalues and the population spiked eigenvalues due to the cross-sectional

structure Ω.

The following two propositions further investigate the relations between the leading sample eigen-

values and the eigenvalues of Σ due to the dependent sample observations.

Proposition 1. Under the conditions of Theorem 1, there exists a positive constant c such that

lim infT→∞
µ1

tr(ΓΓ∗)
> c and

lim
n,T→∞

P

(
λ1

tr(ΓXΩX∗Γ∗)
> c

)
= 1. (4.6)

Moreover, when 1 ≤ i < K,

λi
λi+1

− µi
µi+1

→ 0 in probability as n, T →∞. (4.7)
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Proposition 2. Let the conditions of Theorem 1 hold. For 1 ≤ i < K−1, if min
{

µi
µi+1

, µi+1

µi+2

}
≥ c > 1,

then
λi
µi
−λi+1
µi+1

λi+2
µi+2

−λi+1
µi+1

=
λi
µi+1
µi
−λi+1

λi+2
µi+1
µi+2

−λi+1
has the same asymptotic distribution as v1−v2

v3−v2 , where {vi : 1 ≤ i ≤ 3}

are i.i.d standard normal random variables.

Remark 3. Proposition 1 shows that the ratio of the neighboring spiked empirical eigenvalues approx-

imates that of the spiked eigenvalues from the dependent sample structure. A central limit theorem

is provided for the ratio statistic constructed from the spiked empirical eigenvalues in Proposition 2.

5 Inference on High-Dimensional Time Series

This section explores the applications of the established asymptotic results to high-dimensional time

series. To this end, we first show that applying existing statistical methods of determining the number

of factors in factor models to our data structures may result in an incorrect conclusion. In other

words, implementing PCA/factor analysis on our data structure will lead to a misleading conclusion.

This means that we must rule out such models before implementing PCA. However, unit root models

turn out to satisfy our model assumptions in Section 2, as illustrated below. Hence, it is desirable to

distinguish a high-dimensional unit root structure from a high-dimensional (non-stationary) factor

model. We propose a test statistic to serve this purpose.

5.1 Implementing Factor Analysis on Our Model

Proposition 1 implies that the largest sample eigenvalue has the same order as the sum of all eigen-

values. The largest eigenvalue is so large that the methods in [2] and [3] would both estimate the

number of factors to be those larger than zero even though there is no factor in our model. Similarly,

the relation between λi and λi+1 leads to the method of [29] estimating the number of factors to be

that larger than zero even though there is no factor in our model. We examine this one by one below.

The method in [29] is based on the difference between the i-th largest eigenvalue and the i+ 1-th

one. In a few words, the idea of [29] is that if there is no factor, for any i ≥ 1, the difference between

the i-th largest eigenvalue and the i + 1-th one should be very small. Recalling (4.7), we find that

the difference between the i-th largest eigenvalue and the i + 1-th one in our model can be large

when µi
µi+1

> 1. In other words, the method in [29] would obtain a non-zero estimate for the number

of factors in our model when µi
µi+1

> 1.

The method in [2] is based on the ratio between two successive largest eigenvalues. It defines a

mock eigenvalue λ0 =
∑min{n,T}
i=1 λi

ln(min{n,T}) . Then the estimator is

k̃ER = max
0≤k≤kmax

λk
λk+1

. (5.1)

Note that λ0 has a smaller order than the trace of the sample covariance matrix. Then, the method of

[2] implies that if there is no factor, the largest eigenvalue should have a smaller order than the trace

of the sample covariance matrix. (4.6) shows that the largest eigenvalue in our model has the same
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order as the trace of the sample covariance matrix. In other words, the method in [2] would obtain

a non-zero estimate for the number of factors in our model. This is also reported in Proposition 3

below.

The methods in [3] is based on penalty functions. Briefly, the idea of [3] is that if there is no

factor, the largest eigenvalue should be smaller than the penalty function. The criterion has the

form:

PC(k) = min
Λ

1

nT

n∑
i=1

T∑
t=1

(Xit − λk
′

i F̂
k
t )2 + kg(n, T ), (5.2)

where g(n, T ) satisfies some properties in [3]. However, we find that all the penalty functions have

a smaller order than the trace of the sample covariance matrix. Recalling (4.6), the methods in [3]

would obtain a non-zero estimate for the number of factors in our model.

5.2 Unit Root Models Satisfying Assumption 4

This subsection verifies that certain unit root models satisfy Assumption 4. Consider a unit root

model of the form:

yit = yi,t−1 +
L∑
h=0

bhzi,t−h, (5.3)

where 1 ≤ i ≤ n, 1 ≤ t ≤ T and L can be finite or infinite. Here

zit =
n∑
s=1

Υisxst, (5.4)

where 1 ≤ i ≤ n and 1− L ≤ t ≤ T .

Let Y = (yit) be an n×T matrix and Ȳ be an n×T matrix with all entries of the i-th row being∑T
t=1 yit
T

. We next specify some conditions so that Theorem 1 can be applied to the sample covariance

matrix: (Y − Ȳ)∗(Y − Ȳ).

Assumption 5 (Moment Conditions). {xit: i = 1, ..., n, t = 1 − L, ..., T} are independent random

variables such that Exit = 0. E|
√
nxit|2 = 1 and E|

√
nxit|4 = γ4 <∞. Write X = (x1, ...,xn).

Assumption 6 (Cross-sectional Structure). Ω = Υ∗Υ satisfies Assumption 3 with the n×n matrix

Υ = (Υis).

Assumption 7 (Serial Correlation). The coefficients {bi}Li=0 in (5.3) satisfy
∑L

i=0 i|bi| < ∞ and∑L
i=0 bi 6= 0.

We next define W to be an T × (T + L) matrix with entries Wij = bL−j+iI{0 ≤ j − i ≤ L}. Let

C = (Cij)1≤i,j≤T be a T × T lower triangular matrix with

Cij = 0 for j > i and Cij = 1 for 1 ≤ j ≤ i. (5.5)

Write H = I− 11∗

T
, where the T×1 vector 1 consists of all one. Let Γ = HCW and µ1 ≥ µ2 ≥ ... ≥ µT

be the ordered eigenvalues of ΓΓ∗. With a simple calculation, the sample covariance matrix can be

expressed as

(Y − Ȳ)∗(Y − Ȳ) = HY∗YH∗ = ΓXΩX∗Γ∗. (5.6)
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We are now in a position to apply Theorem 1 to obtain the following result for model (5.3).

Theorem 2. Let Assumptions 5-7 hold. Denoting the k-th largest eigenvalue of (5.6) by λk, for any

fixed k, we have

n√
2tr(Ω2)

(
λ1 − µ1

trΩ
n

µ1

,
λ2 − µ2

trΩ
n

µ2

, ...,
λk − µk trΩn

µk

)
d→ N(0, Ik). (5.7)

Propositions 1-2 hold as well for model (5.3).

Remark 4. Theorem 2 is more general than the result in [39]. Assumption 6 (Assumption 3) here

is significantly different from A3 in [39]. A3 in [39] assumes the largest eigenvalues due to the cross-

sectional structure to be bounded and that the trace of the cross-sectional structure has a certain

order. In contrast to [39], Assumption 6 here only assumes that the largest eigenvalues due to the

cross-sectional structure have a smaller order than the trace. In consequence, Theorem 1 works for

many more models, including unit root models.

Furthermore, Theorem 1 holds for a more general random matrix H1Y∗H2YH∗1, where H1 and

H2 can denote some operations such as de-meaning and de-trending for different types of fixed terms

in different models, if Υ∗H2Υ satisfies the Assumption 3 and H1CW∗ satisfies Assumptions 2 and

4.

5.3 A New Test for Unit Root Models against Factor Models

In view of the above two sections, it is desirable to distinguish between unit root and (non-stationary)

factor models. Here, one should note that when the factor model is stationary it seems relatively

easy to find the differences between the unit root and factor model under consideration. Hence, we

focus on a non-stationary factor model of the form:

M1 : yit = `∗i ft + eit, (5.8)

where ft is a r-dimensional(r is fixed) vector, eit is a stationary term and {ft}t=1,··· ,T are independent

of {eit}i=1,··· ,n,t=1,··· ,T .

We then recall the unit root model discussed in Theorem 2 as follows:

M2 : yit = yi,t−1 +
L∑
h=0

bhzi,t−h (5.9)

for 1 ≤ i ≤ n and 1 ≤ t ≤ T , where L can be finite or infinite, zit =
∑n

s=1 Υisxst and Assumptions

5-7 hold.

Consider the hypotheses:

H0 : yit follows M2 versus H1 : yit follows M1. (5.10)

Remark 5. Note that Model M1 is equivalent to the following form:

M3 : yit = yi,t−1 + `∗i (ft − ft−1) + eit − ei,t−1 , yi,t−1 + ξit, (5.11)
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which seems to be similar to model M2. However, M3 is different from M2 in two aspects. At first,

if ft − ft−1 6= 0, `∗i (ft − ft−1) could lead to a strong cross-sectional dependence (strong factor) such

that Assumption 6 is violated. Furthermore, even if ft − ft−1 = 0, then ξit = eit − ei,t−1 does not

necessarily satisfy
∑L

i=0 bi 6= 0 in Assumption 7. Here, one should note that the term
(∑L

i=0 bi

)2

contributes to the limit of the first few largest eigenvalues of the corresponding sample covariance

matrix although the explicit expression of µi in Theorem 2 is not given here (one may refer to its

asymptotic expression in Definition 1 and Lemma 1 in the Appendix).

As a result, the eigenvalues of these two models behave differently. When the number of factors

in M1 is r, there is a significant drop from the r-th largest eigenvalue of M1 to its (r + 1)-th largest

eigenvalue. In contrast, the ratio of the i-th largest eigenvalue of M2 to its (i+1)-th largest eigenvalue

is asymptotically equal to (i+ 1)2/i2 (see the proof of Proposition 3 in the Appendix) so that there is

no significant drop between them. These observations are also reflected in (5.14) and (5.17) below.

We propose a new statistic for (5.10). From Proposition 2 one may consider using
λi
µi+1
µi
−λi+1

λi+2
µi+1
µi+2

−λi+1

as a statistic since it has an asymptotic distribution under H0. However, {µi}, the eigenvalues of Ω

are unknown and difficult to estimate. Fortunately, the ratio of µi+1

µi
can be consistently estimated

by µ̄i+1

µ̄i
where

µ̄i =
1

2
(

1 + cos
(

(T−i)π
T

)) . (5.12)

Hence, a new statistic for (5.10) can be proposed as follows

Tuf =
λ1

µ̄2
µ̄1
− λ2

λ2 − λ3
µ̄2
µ̄3

. (5.13)

Proposition 3. Under the conditions of Theorem 2, for any fixed k,

lim
n,T→∞

P

(
k̃ER = max

0≤i≤k

{
λi
λi+1

}
= 1

)
= 1. (5.14)

Furthermore, when

lim
n,T→∞

tr(Ω)

T
√

tr(Ω2)
= 0, (5.15)

the statistic Tuf has the same asymptotic distribution as v1−v2
v2−v3 , where {vi : 1 ≤ i ≤ 3} are i.i.d

standard normal variables.

Remark 6. Note that tr(Ω)√
tr(Ω2)

≤
√
n. So when

√
n
T
→ 0, (5.15) holds.

Equation (5.14) implies that using k̃ER in [2] may mistakenly consider a unit root model as a

single factor model. However, using the statistic Tuf can distinguish between them.

Assumption 8 (Single Factor). Let yit follow the model M1 and r = 1. Moreover, E is the matrix

with elements eit and f̄T = 1
T

∑T
i=1 ft such that∑n

i=1

∑T
t=1 l

2
i (ft − f̄T )2

‖E‖2
2

→∞ in probability as n, T →∞. (5.16)

15



Assumption 8 leads to the following relation:

λ1

λ2

→∞ in probability as n, T →∞. (5.17)

This ensures the power of the statistic Tuf specified below.

Proposition 4. Suppose yit satisfies Assumption 8. Then we have

Tuf →∞ in probability as n, T →∞. (5.18)

Remark 7. It’s easy to verify Assumption 8 in single factor models. In fact, either Assumptions 1-2

in [29] or Assumptions A-C in [3] ensure Assumption 8, so do Assumptions A-C in [2]. Moreover,

Assumption 8 contains many other cases, such as ft = t2 or ft = sin(π t). This means our test can

be applicable to not only linear factor models with unit root, but also the general nonstationary factor

models that are driven by nonlinear deterministic trends.

5.4 Further Thoughts on Panel Data Structures

Along with [39], we have further thoughts on distinguishing four kinds of panel data structures:

(1) stationary and weak cross-sectional dependence;

(2) stationary and strong cross-sectional dependence;

(3) unit root and weak cross-sectional dependence;

(4) unit root and strong cross-sectional dependence.

Here, by strong cross-sectional dependence we mean that its effective rank r∗(Ω) = tr(Ω)
‖Ω‖2 → c > 0

while weak cross-sectional dependence implies that its effective rank r∗(Ω)→ +∞. Then, this paper

and [39] pave the way to classify the panel data. Theorem 2.3 of [39] shows that when the data

belongs to the first kind, the largest eigenvalue of sample covariance matrix has a smaller order than

the trace. On the other hand, the largest eigenvalues from the three other types of data have the

same order as the trace. Thus, we can distinguish the first type, stationary and weak cross-sectional

dependence, from the others.

For the remaining three cases, we consider using PCA. Since PCA is a linear combination of

data on the cross-section we believe it has the same time-dependence as the initial data. In other

words, from the first PC we may tell the difference between the second type stationary structure

and the remaining two non-stationary structures since there are plenty of methods available for the

univariate variable. Thus, we can distinguish the second case from two others. Finally, we can use

Tuf to distinguish the third case from the fourth case.

6 Simulations

This section conducts some simulations for Propositions 3 and 4, which also demonstrates the finite

sample performance of the proposed test statistic.
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6.1 The Simulation for Proposition 3

At first we compute the critical value by simulating v1−v2
v2−v3 where {vi : 1 ≤ i ≤ 3} are i.i.d standard

Gaussian random variables based on 500000 replications. The quantiles of v1−v2
v2−v3 are reported in Table

1. Then we can use a two-tailed test with the critical values -11.6549 and 10.4598. We can also use

Table 1: The quantiles of v1−v2
v2−v3 based on 500000 replications

2.5 percent quantile 5 percent quantile 95 percent quantile 97.5 percent quantile

-11.6549 -6.0392 4.9932 10.4598

a one-side test with the critical values C5L = −6.0392 or C95R = 4.9932.

We consider the following setting:

yit = yi,t−1 + ψzi,t−1 + zit,

where ψ = 0.5 and Ω =
(

Ωi,j

)
=
(

0.3|i−j|
)

. This data-generating process satisfies the unit root

model discussed in Section 5.2.

The estimated sizes for the test statistic Tuf based on 1000 replications, different critical values,

and different values of n and T are reported in Tables 2-3. Tables 2-3 show that Tuf has stable

sizes with different critical values. We can choose -11.6549 and 10.4598 as the critical values of a

two-tailed test.

We also calculate the proportion of k̃ER = 1 with different values of the prescribed upper bound k

in (5.14). Tables 4-5 show that (5.14) also works well, since the calculated proportion is approaching

1 as both n and T increase.

6.2 The Simulation for Proposition 4

Now we consider the single factor model:

yit = lift +
√
θeit. (6.1)

We use the same error term eit as in [2]:eit =
√

1−ρ2
1+2Jβ

ẽit

ẽit = ρẽi,t−1 + εit +
i−1∑

h=max(i−J,1)

βεht +

h=min(i+J,n)∑
i+1

βεht, (6.2)

where εit and li are all drawn independently from N(0, 1). We also use the most complicated setting

of [2] which has both serially and cross-sectionally correlated errors: ρ = 0.5, β = 0.2 and J =

max(10, n/20).

Since ρ < 1, we find that the error term is stationary. If ft is also stationary, yit is stationary.

Then it will be very different from the unit root model, and there are too many methods to test

stationary and unit root models. Hence, we focus on the case where ft is non-stationary. We set
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ft = ft−1 + f̃t, where f̃t is drawn independently from N(0, 1). Then the power of Tuf based on 1000

replications, different θ, the critical values of the two-sided test and different values of n and T , are

reported in Tables 6-7. The power results given in both Tables demonstrate that the proposed test

works well numerically.

Table 2: The size results on Tuf based on 1000 replications

n T two-sided C5L C95R

20 20 0.069 0.064 0.052

20 40 0.065 0.068 0.051

20 60 0.067 0.059 0.055

20 80 0.074 0.062 0.063

20 100 0.064 0.060 0.060

20 200 0.055 0.064 0.054

40 20 0.062 0.069 0.063

40 40 0.070 0.061 0.062

40 60 0.055 0.063 0.057

40 80 0.052 0.068 0.047

40 100 0.052 0.054 0.056

40 200 0.060 0.059 0.046

60 20 0.051 0.045 0.051

60 40 0.048 0.051 0.048

60 60 0.047 0.050 0.047

60 80 0.055 0.057 0.056

60 100 0.050 0.043 0.055

60 200 0.053 0.050 0.057

7 Empirical Applications

This section conducts analysis on two sets of real data: one is an OECD healthcare expenditure

dataset, while the other is U.S. mortality data, both of which are popular in health economics and

actuarial science (as well as demography), respectively. We will apply the proposed test statistic to

check whether the data possess a unit root structure or a factor model.
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Table 3: The size results on Tuf based on 1000 replications

n T two-sided C5L C95R

80 20 0.062 0.052 0.064

80 40 0.059 0.047 0.051

80 60 0.051 0.051 0.057

80 80 0.054 0.059 0.048

80 100 0.047 0.058 0.047

80 200 0.054 0.044 0.055

100 20 0.058 0.048 0.050

100 40 0.057 0.061 0.042

100 60 0.035 0.046 0.044

100 80 0.051 0.058 0.044

100 100 0.051 0.040 0.054

100 200 0.053 0.059 0.039

200 20 0.048 0.040 0.059

200 40 0.058 0.055 0.045

200 60 0.046 0.043 0.048

200 80 0.046 0.050 0.044

200 100 0.055 0.048 0.057

200 200 0.066 0.046 0.063
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Table 4: The proportion of k̃ER = 1 based on 1000 replications

n T k = 5 k = 10 k = 15

20 20 0.720 0.712 0.701

20 40 0.733 0.732 0.732

20 60 0.749 0.749 0.749

20 80 0.770 0.770 0.770

20 100 0.754 0.754 0.754

20 200 0.766 0.766 0.766

40 20 0.816 0.815 0.815

40 40 0.841 0.841 0.841

40 60 0.835 0.835 0.835

40 80 0.835 0.835 0.835

40 100 0.824 0.824 0.824

40 200 0.838 0.838 0.838

60 20 0.874 0.874 0.874

60 40 0.870 0.870 0.870

60 60 0.902 0.902 0.902

60 80 0.897 0.897 0.897

60 100 0.877 0.877 0.877

60 200 0.897 0.897 0.897
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Table 5: The proportion of k̃ER = 1 based on 1000 replications

n T k = 5 k = 10 k = 15

80 20 0.920 0.920 0.920

80 40 0.933 0.933 0.933

80 60 0.909 0.909 0.909

80 80 0.914 0.914 0.914

80 100 0.925 0.925 0.925

80 200 0.914 0.914 0.914

100 20 0.936 0.936 0.936

100 40 0.950 0.950 0.950

100 60 0.931 0.931 0.931

100 80 0.937 0.937 0.937

100 100 0.946 0.946 0.946

100 200 0.945 0.945 0.945

200 20 0.981 0.981 0.981

200 40 0.986 0.986 0.986

200 60 0.989 0.989 0.989

200 80 0.986 0.986 0.986

200 100 0.988 0.988 0.988

200 200 0.982 0.982 0.982
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Table 6: The power results on Tuf based on 1000 replications and a two-sided test

n T θ = 3 θ = 1 θ = 1/3

20 20 0.087 0.232 0.582

20 40 0.114 0.380 0.725

20 60 0.147 0.485 0.843

20 80 0.197 0.605 0.896

20 100 0.249 0.634 0.953

20 200 0.455 0.868 0.995

40 20 0.116 0.295 0.679

40 40 0.173 0.474 0.848

40 60 0.260 0.637 0.946

40 80 0.293 0.715 0.974

40 100 0.389 0.768 0.980

40 200 0.620 0.932 0.999

60 20 0.082 0.289 0.710

60 40 0.122 0.454 0.848

60 60 0.151 0.554 0.925

60 80 0.223 0.653 0.958

60 100 0.282 0.764 0.979

60 200 0.509 0.934 0.999
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Table 7: The power results on Tuf based on 1000 replications and a two-sided test

n T θ = 3 θ = 1 θ = 1/3

80 20 0.077 0.267 0.678

80 40 0.129 0.448 0.854

80 60 0.170 0.544 0.939

80 80 0.206 0.687 0.961

80 100 0.285 0.762 0.982

80 200 0.537 0.925 1

100 20 0.061 0.288 0.689

100 40 0.095 0.437 0.866

100 60 0.157 0.603 0.968

100 80 0.208 0.709 0.980

100 100 0.287 0.806 0.985

100 200 0.599 0.969 1

200 20 0.041 0.238 0.674

200 40 0.085 0.492 0.894

200 60 0.192 0.680 0.978

200 80 0.327 0.794 0.995

200 100 0.442 0.883 0.999

200 200 0.761 0.991 1
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7.1 OECD Health Expenditure Analysis

Healthcare expenditure in the OECD∗ varies substantially over time and across countries. As indi-

cated in [8], from 1970 to 2004, per capita health expenditure has increased markedly in the OECD,

with an annual average rate of 11.5%. A number of econometric models have been proposed in

the literature to regress healthcare expenditure on certain determinants, as well as to capture the

homogeneity and heterogeneity in healthcare expenditure among OECD countries by factor models.

For example, [18] provides a panel data model with heterogeneous time trending and fixed effects.

In this empirical example, we apply our test statistic to the healthcare expenditure dataset

and some of its determinants to check whether there is a factor structure in each of these random

variables. This study also provides statistical support for some econometric models associated with

factor structures on these popular random variables. We collect the annual data on 16 OECD

countries (n = 16) from 1976 to 2010 (T = 35) for five variables from the OECD Health Statistics

2015 database, including per capita health care expenditure (HE), per capita gross domestic product

(GDP), the proportions of the overall population aged below 15 and above 65 (DRy and DRo,

respectively), and the proportion of government funding invested in the healthcare industry (GHE).

Data plots for these variables are presented in Figures 15-19. It can be seen from Figure 15 that HE

generally continues to increase from 1976 to 2010 for most countries. The temporal dynamics clearly

demonstrate non-stationarity. Moreover, the phenomenon of similar temporal trends for all countries

also illustrates the strong relations among these countries (i.e. cross-sectional dependence). In the

same analysis on Figures 16-18, variables GDP , DRy, and DRo also possess strong cross-sectional

dependence as well as non-stationary trend. However, Figure 19 shows that the variable GHE does

not have obvious cross-sectional dependence and non-stationary trend. In the econometrics literature,

the relation between HE and its determinants is described by the following model:

HEit = β1i ·GDPit + β2i ·DRy,it + β3i ·DRo,it + β4 ·GHEit + uit, (7.1)

uit = λ∗iFt + εit, (7.2)

where βki, k = 1, 2, 3, 4 are unknown coefficients, λi is r-dimensional factor loading, Ft is the corre-

sponding factor, and εit is the idiosyncratic error component.

Now we apply the proposed test statistic Tuf to each of these five variables (i.e. HE, GDP ,

DRy, DRo, GHE) as well as the estimated residual, ûit, in the following procedure. Take HE as an

example.

1. Calculate the eigenvalues λ1 ≥ λ2 ≤ · · · ≤ λmin(n,p) of the sample covariance matrix B =
1
T

∑T
t=1 (xi − x̄) (xi − x̄)∗ for the random vector xi = (HE1t, HE2t, . . . , HEnt)

∗, where x̄ =(
1
T

∑T
t=1HE1t,

1
T

∑T
t=1HE2t, . . . ,

1
T

∑T
t=1HEnT

)∗
.

2. Choose a positive integer kmax = 10 and calculate the estimator

k̃ER := max
0≤i≤kmax

λi
λi+1

. (7.3)

∗Organization for Economic Cooperation and Development
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If k̃ER = 0, the corresponding variable, xit, does not have factor structure or unit root with

probability 1; if k̃ER ≥ 2, xit is not unit root with probability 1; if k̃ = 1, we need to conduct

the test in the following step.

3. Calculate the value of the statistic Tuf in Proposition 3 and check whether it falls into the 95%

confidence interval [−11.6549, 10.4598]. If it falls into this interval, our conclusion is that xit

possesses unit root structure; otherwise it follows a factor model.

The estimated values of k̃ER and Tuf for these five random variables are listed in Table 8. Em-

pirical results show that dependent variable HE, the regressor variables GDP and DRy, and the

residual uit possess factor structures, while DRo and GHE follow unit root structures. These results

are consistent with the relevant literature using a factor structure to model healthcare expenditure

(HE), such as [8] and [18].

Table 8: Test results for HE and its determinants

HE GDP DRy DRo GHE Residual

k̃ER 1 1 1 1 1 1

Tuf -60.5999 76.7654 61.4004 8.9181 7.6524 -12.2605

Conclusion False False False True True False

Furthermore, we analyze the eigenvalues of the sample covariance matrices for HE, GDP , DRy,

DRo, GHE, and the residual uit, which are provided in Figures 21-26, respectively. As mentioned in

Section 4, the empirical eigenvalues and population eigenvalues have large differences in statistical

performance on high-dimensional data with dependent samples, which in turn results in inaccurate

inference for the number of factors in the factor model with certain criteria based on sample covariance

matrices, such as [2], [3], and [29]. Figures 21–24 show that there appears to be one factor in HE,

GDP , DRy, DRo, GHE, and the residual uit. The estimate k̃ER used in [2] is also provided in Table

8, which is also equal to 1 for HE, GDP , DRy, DRo, GHE, and the residual uit. The test results

show that this information is inaccurate for DRo and GHE, since they follow a unit root structure

rather than a factor model.

7.2 U.S. Mortality Data Analysis

Mortality forecasting is an important topic in various areas, such as demography, actuarial science,

and government policymaking. Age-specific mortality data are high-dimensional time series, which

consist of observations for the death rates for each age. Many existing mortality models follow the

framework of factor models, such as the prominent Lee-Carter model proposed in [25] and its variants.

The mortality data of the U.S. used here are extracted from the HMD (14). For the years from

1933 to 2016, age-specific death rates are available annually for the entire U.S. population. Thus, we

obtain a total of T = 84 yearly observations for each age. Moreover, the mortality data are available

from age 0 to age 110+ for each year. As the mortality data for advanced ages are sparse and noisy
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Figure 15: Observations of HE for 16 countries from 1976 to 2010

Figure 16: Observations of GDP for 16 countries from 1976 to 2010
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Figure 17: Observations of DRy for 16 countries from 1976 to 2010

Figure 18: Observations of DRo for 16 countries from 1976 to 2010

27



Figure 19: Observations of GHE for 16 countries from 1976 to 2010

Figure 20: Observations of the residuals for 16 countries from 1976 to 2010
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Figure 21: Eigenvalues of sample covariance ma-

trix for HE

Figure 22: Eigenvalues of the sample covariance

matrix for GDP

Figure 23: Eigenvalues of the sample covariance

matrix for DRy

Figure 24: Eigenvalues of the sample covariance

matrix for DRo
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Figure 25: Eigenvalues of the sample covariance ma-

trix for GHE

Figure 26: Eigenvalues of the sample covariance ma-

trix for the residuals

(mentioned in [25]), we ignore the mortality data for ages from 90 to 110+, and replace the death

rates for age 90 with d90+/E90+, where d90+ is the number of deaths and E90+ is the number of

exposures to risk for age 90 and above. Then the ages under study are ages from 0 to 90† and thus

the dimension of this data is n = 91. As the time length T = 84 is comparable to the dimension

n = 91, it belongs to high-dimensional time series. We use the logarithms of the death rates in our

analysis, as the transformed data are not limited to positive values as the original death rates.

An interesting problem appears: whether the common factor extracted from the Lee-Carter

model (i.e. factor model) describes cross-sectional dependence? To answer this question, we apply

the proposed test statistic on this data. Based on the procedure outlined in Section 6.1, empirical

results are provided in Table 9. We conclude that the U.S. mortality data follows a one-factor model,

which supports the Lee-Carter model as a benchmark model in mortality forecasting. Moreover,

Figure 27 illustrates empirical eigenvalues from the sample covariance matrix, which shows the largest

eigenvalue is much larger than the rest. The estimate k̃ER in Table 9 indeed equals 1 for this data.

Our test result also confirms that the estimation of the number of factors from using k̃ER is accurate.

Table 9: Test results for mortality rates

k̃ER Tuf Conclusion

Mortality Rates 1 17.21101 False

8 Conclusions and Discussion

This paper establishes asymptotic properties for spiked empirical eigenvalues derived from sample co-

variance matrices for high-dimensional random vectors with dependent sample observations. From a

†Note that the death rate of 90+ is recalculated as d90+/E90+.
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Figure 27: Eigenvalues of the sample covariance matrix for log death rates

statistical point of view, it is expected that empirical eigenvalues are able to accurately infer unknown

population eigenvalues from the population covariance matrix under consideration. Unfortunately,

on high-dimensional data, our results show that empirical eigenvalues are heavily affected by the

dependent structure among sample observations. In particular, the empirical eigenvalues can only

reflect the sample dependent structure under the weak cross-sectional dependence scenario.

PCA is an important dimensional reduction technique in high-dimensional statistics, which relies

on large empirical eigenvalues to infer spiked population covariance structure. The asymptotic re-

sults in this paper demonstrate that PCA may provide inaccurate information on high-dimensional

data with dependent sample observations. A popular example is high-dimensional non-stationary

time series. We propose a test statistic to distinguish a unit root structure from a factor model,

which is used to describe spiked population covariance structure or relatively strong cross-sectional

dependence.

Furthermore, two sets of popular real data are investigated. The first empirical application on

an OECD HE dataset provides statistical justification for many of the econometric models on this

dataset proposed in the econometric literature. The second empirical analysis on the U.S. mortality

data proves suitability of the benchmark model proposed by [25].

Appendix: Proofs of Theoretical Results

In this appendix, we provide the proofs of all the theorems and propositions.

Proof of Theorem 1

We first prove the following proposition to ensure the convergence in probability:
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Proposition 5. For ΓXΩX∗Γ∗ satisfying Assumptions 1 and 4, the i-th largest eigenvalue λi converge to

µi in probability after rescaling. More precisely, we have uniformly for all i = 1, ...,K

λi − µi trΩn
µi

trΩ
n

→ 0 in probability. (8.1)

Proof. RecallKε in Assumption 4. For any ε > 0, we write Λ =

ΛS,ε 0

0 ΛP,ε

, where ΛS,ε = diag(µ1, ..., µKε−1)

and ΛP,ε = diag(µKε , ..., µp−L). Note that the non-zero eigenvalues of ΓXΩX∗Γ∗ are the same as those of

UXΩX∗U∗Λ. By weyl’s inequality, we have∣∣∣∣∣∣σi(Λ1/2UXΩ1/2)− σi

Λ
1/2
S,ε 0

0 0

UXΩ1/2

∣∣∣∣∣∣ ≤ σ1

0 0

0 Λ
1/2
P,ε

UXΩ1/2

 ,

where σi(A) is the i-th largest singular value of A. Let Pε =

0 0

0 Λ
1/2
P,ε

UXΩ1/2.

We find that ‖PεPε
∗‖2 ≤ tr(PεPε

∗) and tr(PεPε
∗) ≤ 2

∑p−L
j=Kε

µj
tr(Ω)
n with probability tending to 1.

Then, we find that when (4.1) holds, ‖PεPε
∗‖2

µK
tr(Ω)
n

≤ ε with probability tending to 1.

Moreover, we define Sε =

Λ
1/2
S,ε 0

0 0

UXΩ1/2. By Theorem 7.1 of [5], we can show that σi(Sε)
2

µi
trΩ
n

− 1 =

op(1).

Then, we can conclude that

lim
p,n→∞

P (| λi

µi
trΩ
n

− 1| ≤ ε) = 1 (8.2)

for any ε > 0. (8.1) is proved.

We now prove CLT for a fixed λi, i ∈ {1, ...,K}. Define V1 = Λ
1/2
S U1X and V2 = Λ

1/2
P U2X. By the

definition of λi, it solves the equation

det(λiI−Λ1/2UXΩX∗U∗Λ1/2) = 0.

Together with Proposition 5, with probability tending to 1, it is equivalent to

det(λiI−V1ΩV∗1 −V1ΩV∗2(λiI−V2ΩV∗2)−1V2ΩV∗1) = 0.

It is easy to see ‖(λiI−V2ΩV ∗2 )−1‖2 = O

(
1

µK
trΩ
n

)
. Then we consider Λ

−1/2
S V1ΩV∗2V2ΩV∗1Λ

−1/2
S . Note

that

tr(Λ
−1/2
S V1ΩV∗2V2ΩV∗1Λ

−1/2
S ) = tr(U1XΩX∗U∗2ΛPU2XΩX∗U∗1) (8.3)

=

K∑
j=1

(U1XΩX∗U∗2ΛPU2XΩX∗U∗1)jj =

K∑
j=1

hj ,
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where hj = (U1XΩX∗U∗2ΛPU2XΩX∗U∗1)jj . Define the elements of uj as ujk. Write

Ehj = E(u∗jXΩX∗U∗2ΛPU2XX∗uj)

= E(u∗jXΩX∗Σ2XΩX∗uj)

=
T∑

i1,i3=1

n∑
j1,j3=1

uj,i1E(Xi1,j1Ωj1,j1Xi1,j1Σi1,i3Xi3,j3Ωj3,j3Xi3,j3)uj,i3

+
T∑

i1,i2=1

n∑
j1,j2=1

uj,i1E(Xi1,j1Ωj1,j2Xi2,j2Σi2,i1Xi1,j1Ωj1,j2Xi2,j2)uj,i2

+
T∑

i1,i2=1

n∑
j1,j2=1

uj,i1E(Xi1,j1Ωj1,j2Xi2,j2Σi2,i2Xi2,j2Ωj2,j1Xi1,j1)uj,i1

−2
T∑

i1=1

n∑
j1=1

uj,i1E(Xi1,j1Ωj1,j1Xi1,j1Σi1,i1Xi1,j1Ωj1,j1Xi1,j1)uj,i1

= I + II + III − IV. (8.4)

Here Σi1,i3 is the elements of Σ2. Note that u∗jΣ2uj = 0.

I =

T∑
i1,i3=1

n∑
j1,j3=1

uj,i1E(Xi1,j1Ωj1,j1Xi1,j1Σi1,i3Xi3,j3Ωj3,j3Xi3,j3)uj,i3 (8.5)

=
T∑

i1,i3=1

n∑
j1,j3=1

uj,i1Σi1,i3uj,i3Ωj1,j1Ωj3,j3E(X2
i1,j1X

2
i3,j3)

=
T∑

i1,i3=1

n∑
j1,j3=1

uj,i1Σi1,i3uj,i3Ωj1,j1Ωj3,j3E(X2
i1,j1)E(X2

i3,j3)

+
T∑

i1=1

n∑
j1=1

uj,i1Σi1,i1uj,i1Ωj1,j1Ωj1,j1{E(X4
i1,j1)− E(X2

i1,j1)E(X2
i1,j1)}

≤ 1

n2
uTj Σ2uj(trΩ)2 +

1

n2
tr(Ω2)tr(Σ2)(γ4 − 1) = O

(
tr(Ω2)tr(Σ2)

n2

)
.

Similarly, noting that Σi2,i1 = Σi1,i2 and Ωi2,i1 = Ωi1,i2 , we have

II =
T∑

i1,i2=1

n∑
j1,j2=1

uj,i1E(Xi1,j1Ωj1,j2Xi2,j2Σi2,i1Xi1,j1Ωj1,j2Xi2,j2)uj,i2 (8.6)

=
T∑

i1,i2=1

n∑
j1,j2=1

uj,i1Σi1,i2uj,i2Ω2
j1,j2E(X2

i1,j1X
2
i2,j2) = O

(
tr(Ω2)tr(Σ2)

n2

)
,

III =
T∑

i1,i2=1

n∑
j1,j2=1

uj,i1E(Xi1,j1Ωj1,j2Xi2,j2Σi2,i2Xi2,j2Ωj2,j1Xi1,j1)uj,i1 (8.7)

=

T∑
i1,i2=1

n∑
j1,j2=1

u2
j,i1Σi2,i2Ω2

j1,j2E(X2
i1,j1X

2
i2,j2) = O

(
tr(Ω2)tr(Σ2)

n2

)
and

IV = 2

T∑
i1=1

n∑
j1=1

uj,i1E(Xi1,j1Ωj1,j1Xi1,j1Σi1,i1Xi1,j1Ωj1,j1Xi1,j1)uj,i1 (8.8)

= 2

T∑
i1=1

n∑
j1=1

u2
j,i1Ω2

j1,j1Σi1,i1E(X4
i1,j1) = O

(
tr(Ω2)tr(Σ2)

n2

)
.
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From (8.3)-(8.8) and hj is non-negative, we conclude that

tr(Λ
−1/2
S V1ΩV∗2V2ΩV∗1Λ

−1/2
S ) = OP

(
tr(Ω2)tr(Σ2)

n2

)
. (8.9)

This, together with Assumptions 3-4, implies that

‖
√
nΛ
−1/2
S V1ΩV∗2(λiI−V2ΩV∗2)−1V2ΩV∗1Λ

−1/2
S ‖2 = OP

(
tr(Ω2)√
ntr(Ω)

)
= oP

(√
tr(Ω2)

n

)
. (8.10)

Note that the variance of every elements in Ri is tr(Ω2)
n . (8.10) implies that the part can be ignored in CLT.

Define

Q =
n√

tr(Ω2)
Λ
−1/2
S

(
V1ΩV ∗1 − diag

{
µ1

trΩ

n
, · · · , µK

trΩ

n

})
Λ
−1/2
S (8.11)

and the ni × ni matrix R which has the element

Rfg = Qmi+f,mi+g. (8.12)

By Theorem 7.2 of [5] it is not diffiuclt to conclude that

R
d→ Ri. (8.13)

Similarly, we can verify the order of the other elements in H and conclude the asymptotic independence

between λmi+f and λmj+g.

Proof of Proposition 1

Proof of Proposition 1. Assumption 4 implies that for ∀ε > 0, there is Kε, independent of n and T , such

that

µ1

tr(ΓΓ∗)
≥ µ1

Kεµ1 + ε
2µ1

=
2

ε+ 2Kε
. (8.14)

Then there exists a positive constant c so that

lim inf
T→∞

µ1

tr(ΓΓ∗)
> c. (8.15)

Similarly,

lim
n,T→∞

P

(
λ1

tr(ΓXΩX∗Γ∗)
>

λ1

2tr(ΓΓ∗) tr(Ω)
n

)
= 1, (8.16)

lim
n,T→∞

P

(
λ1

tr(ΓΓ∗) tr(Ω)
n

>
µ1

2tr(ΓΓ∗)

)
= 1 (8.17)

and (8.15) implies that there exists a positive constant c such that

lim
T→∞

P

(
λ1

tr(ΓXΩX∗Γ∗)
> c

)
= 1. (8.18)

lim
n,T→∞

(
Eλi
Eλi+1

− µi
µi+1

)
= 0 (8.19)

and the standard deviation of λi has the smaller order than Eλi. This implies (4.7).
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Proof of Theorem 2

We need to give a definition and the following two lemmas.

Definition 1. Define

µ̃i = µ̄i

a0 + 2

T−1∑
j=1

aj(−1)j cos

(
j(T − i)π

T

) , (8.20)

where as =
∑L−s

i=0 bibi+s.

Lemma 1. Under Assumption 7 and Definition 1, for any fixed i,

µi − µ̃i
µ̃i

= O

(
1

T

)
(8.21)

and

µi
µi+1

=
1 + cos

(
(T−i−1)π

T

)
1 + cos

(
(T−i)π
T

) +O

(
1

T

)
=

µ̄i
µ̄i+1

+O

(
1

T

)
. (8.22)

Moreover, for any fixed K, when T is large enough, µ1 > µ2 > · · · > µK satisfy Assumptions 2 and 4.

Lemma 2. Under Assumptions 5-7, for any fixed i,

lim
n→∞

n2

tr(Ω2)
×Var(u∗iXΩX∗ui) = 2. (8.23)

The ideas of the proofs are as follows. At first we study the eigenvalues and eigenvectors of C∗H∗HC.

Then we establish a relation between C∗H∗HC and WW∗C∗H∗HC. Note that WW∗C∗H∗HC has the

same non-zero eigenvalues as HCWW∗C∗H∗.

Lemma 3. µ̄1 > µ̄2 > · · · > µ̄T−1 are the non-zero eigenvalues of C∗H∗HC.

Lemma 4 below specifies the eigenvectors of C∗H∗HC.

Lemma 4. Let ẍk = (0, ẍk,1, · · · , ẍk,T−1)∗ be a T × 1 vector with

ẍk,i = (−1)T−i sin

(
(T − i)(T − k)π

T

)
, −T ≤ i ≤ 2T. (8.24)

Then {ẍk, 1 ≤ k ≤ T − 1} are orthogonal and satisfy for any k

C∗H∗HCẍk = µ̄kẍk. (8.25)

Lemmas 3 and 4 are proved in [40]. Now we prove Lemma 1.

Proof of Lemma 1. Note that

ẍk,i = (−1)T−i sin

(
(T − i)(T − k)π

T

)
= (−1)2T−i−k+1 sin

(
i(T − k)π

T

)
.

Then

ẍk,i = (−1)k−1ẍk,T−i = (−1)kẍk,T+i = −ẍk,2T−i = −ẍk,−i.
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ẍk,s−j + ẍk,s+j = (−1)T−s−j
(

sin

(
(T − s+ j)(T − k)π

T

)
+ sin

(
(T − s− j)(T − k)π

T

))
= 2 (−1)T−s−j sin

(
(T − s)(T − k)π

T

)
cos

(
(j)(T − k)π

T

)
= 2 (−1)j ẍk,s cos

(
j(T − k)π

T

)
. (8.26)

Now we define A = WW∗ and one can verify that the entries of A satisfy

Aij = a|i−j|.

We also define another matrix Ay with the entries

Ay,ij =


−ai+j−2 i+ j ≤ T + 1,

−a2T−j−i+2 T + 3 ≤ i+ j,

0 otherwise.

(8.27)

Then, one can verify that

(A + Ay)C∗H∗HCẍk = µ̄k

a0 + 2

T−1∑
j=1

aj(−1)j cos

(
j(T − k)π

T

) ẍk

by (8.26). From Assumption 7 and Definition 1, we can conclude that for any fixed k, the kth largest

eigenvalue of (A + Ay)C∗H∗HC is µ̃k. Note that, HCAyC∗H∗ is symmetry and

|HCAyC∗H∗|2 ≤ T max
i,j
{(HCAyC∗H∗)i,j} ≤ 2T

T−1∑
i=0

i|ai| = O(T ).

Then we can conclude that for any fixed k,

µk = µ̃k +O(T ).

Note that µ̄k has a order of T 2 with any fixed k and so we prove (8.21) and (8.22).

Since limT→∞
µ̄i
µ̄i+1

= (i+1)2

i2
for any fixed i. µ1 > µ2 > · · · > µK satisfy Assumption 2. Moreover, one

can verify Assumption 4 by calculating tr(HCWW∗C∗H∗) and
∑∞

i=1 µ̃i.

Proof of Lemma 2. Define the elements of ui as uit. Then

u∗iXΩX∗ui =

T∑
t1=1−L

T∑
t2=1−L

n∑
s1=1

n∑
s2=1

uit1xs1t1Ωs1s2xs2t2uit2 . (8.28)

It follows that

var(u∗iXΩX∗ui) =
T∑

t1=1−L

T∑
t2=1−L

n∑
s1=1

n∑
s2=1

u2
it1Ω2

s1s2u
2
it2E(x2

s1t1)E(x2
s2t2)

+
T∑

t1=1−L

T∑
t2=1−L

n∑
s1=1

n∑
s2=1

u2
it1Ωs1s2Ωs2s1u

2
it2E(x2

s1t1)E(x2
s2t2)

+
T∑

t=1−L

n∑
s=1

u4
itΩ

2
ss(E(x4

st)− E(x2
st)E(x2

st))

=
2

n2
tr(Ω2) +

T∑
t=1−L

n∑
s=1

u4
itΩ

2
ss

γ4 − 1

n2
. (8.29)
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So we only need to prove
∑T

t=1−L u
4
it = o(1). Note that

∑T
t=1−L u

2
it = 1, we only need to prove max1−L≤t≤T {|uit|} =

o(1).

Now we define fk to satisfy that ‖fk‖2 = 1 and

AC∗H∗HCfk = µkfk. (8.30)

We then need to verify that

HCAC∗H∗
HCfk
‖HCfk‖2

= µk
HCfk
‖HCfk‖2

(8.31)

and

uk =
f∗kC∗H∗HCW

‖HCfk‖2
√
µk

. (8.32)

We also define ÿk = ẍk
‖ẍk‖2 and rewrite

fk =

T∑
j=1

akjÿk (8.33)

where
T∑
j=1

a2
kj = 1. (8.34)

Then

µk =
f∗kC∗H∗HCAC∗H∗HCfk
‖f∗kC∗H∗HCfk‖2

=
f∗kC∗H∗HC(A + Ay −Ay)C∗H∗HCfk

‖f∗kC∗H∗HCfk‖22
. (8.35)

It follows that

|f∗kC∗H∗HC(A + Ay)C∗H∗HCfk| − |f∗kC∗H∗HCAyC∗H∗HCfk|
‖f∗kC∗H∗HCfk‖22

≤ µk

≤
|f∗kC∗H∗HC(A + Ay)C∗H∗HCfk|+ |f∗kC∗H∗HCAyC∗H∗HCfk|

‖f∗kC∗H∗HCfk‖22
. (8.36)

Lemma 4 and (8.33) imply that

‖HCfk‖2 =

√√√√ T∑
j=1

a2
kjµ̄j (8.37)

and

f∗kC∗H∗HC(A + Ay)C∗H∗HCfk =
T∑
j=1

a2
kjµ̃jµ̄j . (8.38)

Note that

|f∗kC∗H∗HCAyC∗H∗HCfk|
‖f∗kC∗H∗HCfk‖22

≤ ‖HCAyC∗H∗‖2 = O(T ) = O
(µk
T

)
. (8.39)

Then (8.36)-(8.39) imply that

µk =

∑T
j=1 a

2
kjµ̃jµ̄j∑T

j=1 a
2
kjµ̄j

+O
(µk
T

)
. (8.40)
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Note that for any fixed i,

lim
T→∞

µ̄i
µ̄i+1

= lim
T→∞

µ̃i
µ̃i+1

= lim
T→∞

µi
µi+1

=
(i+ 1)2

i2
.

Then one can verify that for any fixed k,

akk = 1 +O

(
1

T

)
. (8.41)

By (8.32)-(8.33) and (8.37), we can conclude that

uk =
f∗kC∗H∗HCW

‖HCfk‖2
√
µk

=

∑T
j=1 akjµ̄kÿkW√∑T

j=1 a
2
kjµ̄j µk

.

This, together with (8.41), implies that max1−L≤t≤T {|ukt|} = o(1).

Then, along with Theorem 1, Lemmas 1 and 2 conclude Theorem 2.

Proof of Propositions 3

Note that, when i is fixed,

lim
T→∞

µ̄i
µ̄i+1

= lim
T→∞

1 + cos
(

(T−i−1)π
T

)
1 + cos

(
(T−i)π
T

) =
(i+ 1)2

i2
. (8.42)

This, together with Theorem 2 and Lemma 1, implies (5.14).

Moreover, Lemma 1 implies

Tuf =
λ1

µ̄2
µ̄1
− λ2

λ2 − λ3
µ̄2
µ̄3

=
λ1

µ2
µ1
− λ2 + λ1O( 1

T )

λ2 − λ3
µ2
µ3

+ λ3O( 1
T )
. (8.43)

This, together with Theorem 2 and (5.15), implies Proposition 3.

Proof of Propositions 4

Under Assumption 8, the largest eigenvalue of the single factor model has a higher order than others and

the difference between the second and the third largest eigenvalue is bounded. Then we have Propositions

4.
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