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Abstract

This study proposes a novel hypothesis test for evaluating the statistical significance of

input variables in multi-layer perceptron (MLP) regression models. Theoretical foundations

are established through consistency results and estimation rate analysis using the sieves

method. To validate the test’s performance in complex and realistic settings, an extensive

Monte Carlo simulation is conducted. Results of the simulation reveal that the test has a

high power and low rate of false positives, making it a powerful tool for detecting true

effects in data. The test is further applied to identify the most influential predictors of

equity risk premiums, with results indicating that only a small number of characteristics

have statistical significance and all macroeconomic predictors are insignificant at the 1%

level. These findings are consistent across a variety of neural network architectures.
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1 Introduction

Why do average rates of return differ among securities? It is well-established that returns are

compensation for bearing systematic risk. However, accurately measuring systematic risk can

be a difficult task, as there are hundreds of potential factors and possible asset pricing puzzles

that have been proposed in the literature.1 A common approach used in empirical asset pricing

is linear factor models, which are used to run asset pricing tests. However, it should be noted

that these models are only approximations of the true data generating process. Despite this,

literature often sticks to linear specifications, largely due to the difficulty of explaining non-

linear models. In this paper, we aim to address this issue by exploring how to explain the

significance of variables in a non-linear, heavily parameterized asset pricing model using deep

neural networks.

Multi-layer neural networks are a powerful class of artificial intelligence algorithms that can

estimate multi-variable target functions with high accuracy (Anthony and Bartlett, 2009; Good-

fellow et al., 2016). However, their statistical properties are often not well understood due to

their non-linearity and heavy parametrization. Some recent research has begun to explore these

properties, focusing on the convergence rate of the regression function and the significance of

individual covariates, e.g., Horel and Giesecke (2020) Schmidt-Hieber et al. (2020), Kohler and

Langer (2021), Farrell et al. (2021), and Fabozzi et al. (2021). These are useful for assessing

the performance of neural network models and understanding the factors that influence the

response variable. This paper builds on this work by providing a framework for conducting

variable significance tests in the context of neural networks.

The high estimation and prediction power of neural networks make them well-suited for

explaining average returns and measuring risk premia in finance and economics. However,

their lack of statistical inference has limited their use among those who value explainability in

their models. The main goal of this paper is to facilitate the transition from linear models to

neural networks by developing significance tests. This will help to overcome the explainability

issue and make it easier to apply neural networks in these fields.

This paper contributes to the growing body of literature on the application of machine

learning in finance and economics. In particular, we focus on the use of neural networks in

asset pricing, and develop a variable significance test to address the interpretability challenges

that arise when using these models. Our work builds on that of Horel and Giesecke (2020)

(HG) and Gu et al. (2020) (GKX), who also investigate the use of machine learning methods

for measuring asset risk premia. Our contribution is to provide a framework for measuring the

1This is noted by Cochrane (2011), and more recently by Harvey et al. (2016), McLean and Pontiff (2016), Hou et al.
(2017), and Feng et al. (2019). For example, Harvey et al. (2016) is a cautionary note discussing the statistical tests
and suggest a much higher t-ratio should be achieved before a new factor is accepted. There are excellent reviews
on asset pricing such as Campbell (2000), Fama and French (2004), and Goyal (2012), among others.

1

Electronic copy available at: https://ssrn.com/abstract=3889777



statistical significance of covariates in models with severe non-linearity and heavy parametriza-

tion. This complements the findings of GKX and helps to overcome the interpretability issue

in applying machine learning methods to asset pricing.

We extend the variable significance tests from HG to smooth, multi-layer perceptrons

(MLPs) with fully connected hidden nodes. In contrast to the sigmoid single-layer

feed-forward neural networks considered in HG, our approach can be applied to a wider

range of neural network architectures. To do so, we first establish consistency results for deep

neural networks and derive an estimation rate. Farrell et al. (2021) provide important results

on inference for deep neural networks, including nonasymptotic bounds for nonparametric

estimation using various neural network architectures. We adopt a similar approach to Farrell

et al. (2021) to prove the consistency of our estimator f̂n of the target function f⋆. Consistency

is crucial because it ensures that f̂n is approximately equal to f⋆ for large sample sizes n,

allowing us to interpret statistical tests on the estimator as tests on f⋆. However, unlike Farrell

et al. (2021), we only consider smooth MLPs with a fixed depth and a differentiable activation

function that is not a polynomial. This choice allows us to construct the sieve space, which we

use to derive the asymptotic distribution of the smooth MLP estimator in a random function

sense using the theory of empirical processes (Theorem 2.11.23 in Van der Vaart and Wellner

(1996) and proof of Theorem 1 in HG). Unlike Farrell et al. (2021), we also use a scale-sensitive

measure, metric entropy, in our sieve analysis. More specifically, we make the assumption that

the weight parameters are bounded, which is necessary to apply Theorem 14.5 from Anthony

and Bartlett (2009) to bound the metric entropy integral (see Subsection A.2.2).2

To the best of our knowledge, upper bounds, consistency results, and mathematically-based

variable significance tests for fixed-depth multi-layer neural networks have not been previ-

ously reported in the literature. HG is the first paper to develop a theoretically-based statistical

test for assessing variable impact in regression using a one-layer sigmoid network as the re-

gression function. However, in practice, multi-layer networks are generally preferred over

one-layer networks or other regression functions because they tend to have superior approxi-

mative power.

Our extension of the significance tests from HG to multi-layer neural networks with smooth

activation functions broadens the range of applications for these networks. It is worth noting

that the issue of training neural networks with smooth activation functions is not as challenging

as it is often perceived by practitioners. By using a linear transformation, we can modify func-

tions such as tanh and sigmoid to have a larger range than (0, 1) or (−1, 1), while maintaining

the same steepness as the original functions. This ensures that the behavior of the transformed

2It is worth noting that Farrell et al. (2021) derive an estimation rate for causal parameters. In their work, "rates"
primarily refer to nonasymptotic bounds (see Farrell et al. (2021), page 8).
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functions is similar to the behavior of the original functions when they are trained with SGD

algorithms. The larger range is necessary to prevent the activation functions from saturating

quickly during training, which can impede the ability of SGD algorithms to effectively train the

neural network. As a result, we can effectively train smooth neural networks whose behavior

during training is not significantly different from the behavior of ReLU networks.

Measuring asset risk premia is closely tied to the structure of an asset pricing model and

is essentially a prediction problem, e.g., (Cochrane, 2009). Machine learning methods, partic-

ularly neural networks, are effective tools for making predictions. Previous research (GKX)

has found that all machine learning methods improve predictability compared to traditional

approaches, and that neural networks with a small number of hidden layers perform best.

However, GKX also notes that interpreting the results of machine learning models, particularly

neural networks, can be difficult. This paper aims to address this issue by providing a statistical

tool for discovering the factors that are statistically significant for predicting asset risk premia.

1.1 Literature review

This paper contributes to two strands of literature: neural networks and asset pricing.

1.1.1 Contribution to the neural networks

This paper addresses a gap in the current literature by extending the gradient-based statisti-

cal test developed by HG to MLPs, a more widely used and powerful architecture for neural

networks. HG’s original test statistic and its asymptotic analysis using nonparametric tech-

niques are only applicable to single-layer feedforward networks, which is inadequate for MLPs.

Our work focuses on the fully connected feed-forward neural networks where the activation

function is a general bounded, non-polynomial and infinitely differentiable (smooth) function,

which is important given the popularity of deep neural networks. Studies have shown that

adding just one more layer to a neural network can lead to a significant improvement in per-

formance when compared to increasing the number of nodes (width) (Eldan and Shamir, 2016).

And since the seminal work of Hinton et al. (2006), the machine learning community has shifted

its focus towards the use of deeper and wider networks.

To highlight our contribution relative to HG and Farrell et al. (2021), we summarize the the-

oretical results of this paper in five steps: (i) consistency; (ii) estimation rate; (iii) the asymptotic

distribution of the estimator, i.e., f̂n; (iv) the asymptotic distribution for the transformed of the

estimator, i.e., T [ f̂n], and; (v) the asymptotic distribution for the sample version of T [ f̂n], i.e.,

ρ2
n( f̂n). HG skips (i) and (ii) since it works with shallow networks and uses consistency results

and an estimation rate in Chen and Shen (1998) (Theorem 3.1 in HG). However, the estimation

rate in Chen and Shen (1998) is only valid for shallow networks. This is one of the reasons that

they restrict their analysis to a single-hidden layer network with a sigmoid activation function.
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In this paper, we prove the consistency for the smooth MLPs with fixed-depth and derive the

estimation rate. The activation function does not have to be sigmoid, but it can be any smooth,

non-polynomial functions. Note that the width of the network, Hn, increases with the sample

size, n. This is meant to make the bias of the estimation by the least square estimator decreases

as n increases. To derive the empirical function of asymptotic distribution, we work with The-

orem 2.11.23 in Van der Vaart and Wellner (1996) which requires the estimation rate. Then,

we use Theorem 3.2.2 of Van der Vaart and Wellner (1996) to show the convergence of our test

statistics, enabling us to conduct statistical testing with this statistics. Our results complement

the finding of Farrell et al. (2021) as we work with smooth MLPs instead of ReLU. Note that

similarly to classic sieve analysis and unlike Farrell et al. (2021), we use a scale sensitive mea-

sure, metric entropy. More specifically, we assume the weight parameter is bounded. Farrell

et al. (2021) do not restrict their class of network architectures to have bounded weights for

each node, which allows for a richer set of approximating possibilities. They use a localized

analysis that derives bounds based on scale insensitive compexity measure (Farrell et al., 2021,

Section A.2).

Our variable significant test has the similar spirit to the wide variety of different methods

that have been recently proposed to tackle interpretability and explainability of machine learn-

ing algorithms (Štrumbelj and Kononenko, 2014; Bach et al., 2015; Datta et al., 2016; Ribeiro

et al., 2016; Shrikumar et al., 2016; Lundberg and Lee, 2017). For example, Lundberg and Lee

(2017) propose a unified framework for interpreting predictions, SHAP (Shapley Additive ex-

planations). However, our statistical test is analogous to the t-test for linear regressions, as both

of them have rigorous theoretical foundations and are designed to focus on assessing statistical

significance of covariates.

1.1.2 Contribution to the asset pricing

Our paper contributes to the asset pricing and econometrics literature by building on several

existing research areas. We are closely aligned with the literature devoted to identifying asset

pricing factors and the vast econometrics literature that estimates factor models. Additionally,

our paper relates closely to the recent literature on the high dimensionality of cross-sectional

asset pricing models, e.g., Feng et al. (2019) and GKX, among others.

Several recent papers in the literature have applied neural networks to predict risk premi-

ums. For example, GKX conduct a comprehensive analysis of machine learning methods for

measuring asset risk premia and demonstrate that allowing for nonlinearities improves predic-

tions. Bianchi et al. (2021) evaluate and compare a range of machine learning methods for bond

return predictability and find that non-linear approaches can be effective for out-of-sample pre-

dictions of bond excess returns. Chen et al. (2023) apply deep neural networks to estimate an
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asset pricing model by using the fundamental no-arbitrage condition as a criterion function.

An important distinction between our paper and existing literature (e.g., GKX and Chen

et al. (2023)) is that we focus on the statistical evaluation of the importance of factors through

estimating an entire reduced-form asset pricing model using MLPs. Our research extends the

understanding from the existing literature by identifying specific predictors that are statistically

significant.

In Feng et al. (2019), a new method is introduced to evaluate the contribution of new factors

to asset pricing, by comparing them to a high-dimensional set of existing factors. The model

selection approach accounts for potential mistakes in variable selection that can lead to bias,

unlike traditional methods. When applied to a set of factors found in recent literature, the

method finds that most factors are redundant, but a small number have a statistically signifi-

cant explanatory power beyond the many factors previously proposed. Our research supports

these findings as we also found that only a limited number of covariates out of about 800 are

statistically significant in predicting asset risk premia. It is important to note that while Feng

et al. (2019) uses the model selection approach to identify relevant factors, our approach is

focused on identifying statistically significant predictors, assuming the model is already given.

The structure of the paper is as follows: In Section 2, we establish the regression framework

and present the smooth MLPs that we study. The main theoretical contribution of the paper is

outlined in Section 3, which covers the inferences based on these MLPs. Specifically, Subsection

3.1 discusses the probabilistic convergence of the smooth MLPs and the estimation rate of the

regression target function. This convergence rate serves as a basis for constructing the statistical

test in Subsection 3.2, which is presented along with its limiting distribution. In Section 4, we

evaluate the theoretical results through simulations. In Section 5, we compare neural networks

for measuring asset risk premiums through an empirical analysis. Finally, we conclude the

paper in Section 6.

2 The setting

In this section, we discuss the regression framework, hypothesis test, and architecture of deep

neural networks. Table A1 introduces the notation we use throughout.

Insert Table A1 about here

2.1 Regression framework and visual structure of target function

Fix a probability space (Ω,F , P) and assume Y is related to covariates XXX ∈ X := [−1, 1]d

through the following regression model

Y = f⋆(XXX) + ε. (1)
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Assumption 2.1. Assume that the response variable Y whose absolute value is bounded above by an

arbitrary positive parameter MY, covariate vector XXX is continuously distributed according to P, the

joint law of both XXX and ε, which is absolutely continuous with respect to the Lebesgue measure ∆. The

error variable ε satisfies the following assumptions: ε are independent of XXX, E[ε] = 0, |ε| ≤ 1, and

E[ε2] = σ2 < ∞.

Note that f⋆ is the true mean of the response variable Y. We assume

∥ f⋆∥∞ + ∑
α⃗∈(N∪{0})d

∥⃗α∥1=1

∥∇α⃗ f⋆∥∞ ≤ 2M (2)

where α⃗ is a multi-index notation and M is an arbitrary large positive constant. We use classic

vector notation to indicate a multi-index. Bold letters (small bold letters if they are determinis-

tic, and capital bold letters if they are random) are used for vectors. The upper bounds of ε and

f⋆ imply |Y| < 2M + 1.

The assumption of a bounded response variable, Y, in our regression model is not sig-

nificantly more restrictive than the usual assumptions made in such models, which typically

include compact support for the predictor variables, XXX, boundedness of f∗, and finite moments

for the error term, ε, see (Farrell et al., 2021, Assumption 1). In many cases, the assumption of

bounded outcomes is necessary for the analysis to be meaningful, for example, when lagged

outcomes are used as predictors. The use of continuously distributed covariates is typical in

these types of analyses. From a theoretical perspective, when covariates only take on a few

values, they can be treated as if they were continuous by considering their averages, which

does not affect the rate of convergence. When covariates take on many discrete values, it may

be more accurate to treat them as if they were continuous, which may result in slower conver-

gence rates.

To ensure that the error term is bounded in our model, we can normalize the response

values by dividing them by a large constant, MY. This will produce a new error term, ε
MY

, that

is bounded between −1 and 1. For example, in the regression model given by equation (1), we

can write: ∣∣∣∣ Y
MY

∣∣∣∣ = ∣∣∣∣ f⋆(XXX) + ε

MY

∣∣∣∣ ≤ ∣∣∣∣ f⋆(XXX)

MY

∣∣∣∣+ ∣∣∣∣ ε

MY

∣∣∣∣ ≤ 1.

This equation tells us that the absolute value of the normalized response values is always less

than or equal to 1. This implies that the absolute value of the normalized error term,
∣∣∣ ε

MY

∣∣∣, must

also be less than or equal to 1. In other words, the normalization process produces a new error

term, ε
MY

, that is bounded above by 1. This means that our assumption of a bounded error term

is reasonable in this case due to the normalization by dividing Y by a large constant.

Assumption 2.2. Assume target function f⋆ ∈ C⌊d/2⌋+2 ([−1, 1]d
)
∩ H⌊d/2⌋+2,2 ([−1, 1]d

)
, where

H⌊d/2⌋+2,2 ([−1, 1]d
)

indicates the Sobolev space with weak differentiation order equal to ⌊d/2⌋ + 2
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and the weak derivatives of the functions in this space is in L2 ([−1, 1]d
)
.

Assumption 2.3. Assume target function f⋆ have a binary tree visual structure as in Poggio et al.

(2017) with certain depth and number of nodes.

The notation H⌊d/2⌋+2,2 ([−1, 1]d
)

refers to the Sobolev space of functions with weak dif-

ferentiation order equal to ⌊d/2⌋ + 2, where the weak derivatives of the functions in this

space are in L2 ([−1, 1]d
)
. It is important to note that the intersection of C⌊d/2⌋+2 ([−1, 1]d

)
and H⌊d/2⌋+2,2 ([−1, 1]d

)
is not dense in H⌊d/2⌋+2,2 ([−1, 1]d

)
. For example, a constant function

on the real line belongs to C⌊d/2⌋+2(R) but is not a member of H⌊d/2⌋+2,2(R). Additional infor-

mation about the Sobolev, Hölder, and Besov spaces can be found in Giné and Nickl (2021). In

order to bound the integral of the entropy number of F (see Section 3.2 for the construction of

F ), we require f⋆ to belong to the Sobolev space H⌊d/2⌋+2,2 ([−1, 1]d
)

(see Corollary 4 of Nickl

and Pötscher (2007)).

To emphasize that f⋆ must be a differentiable function, we assume that it belongs to the

space C⌊d/2⌋+2 ([−1, 1]d
)
. Note that the differentiation order that we impose here is much

higher than those in (2), where the order is just 1 (which can be seen from the restriction

∥α∥1 = 1). This requirement is necessary because the differentiation order of f⋆ must be at

least ⌊d/2⌋ + 2 in order to use Corollary 4 of Nickl and Pötscher (2007) in our proof (see the

bound on the metric entropy integral in Appendix D). Additionally, in order to use Theorem 2

of Poggio et al. (2017), we need Assumption 2.3 to hold.

The assumptions outlined in 2.2 and 2.3 are in line with commonly used asset pricing mod-

els that employ linear factor models, e.g., Fama (1970), Fama and French (1993), Fama and

French (2015), and Cochrane (2009). Linear factor models are a popular choice in finance as

they offer a useful tool for understanding the underlying structure of financial markets and

the relationships between different assets. These models posit that the return of a portfolio or

individual asset can be represented as a linear combination of a small number of underlying

factors, which are often chosen for their economic interpretability, such as the market return,

the value premium, and the size premium.

We next discuss a binary tree visual structure assumption.

A hierarchical binary tree is a tree in which every child node has exactly two parents (see

Figure A1 ). The tree structure here is only a visual representation of the mathematical oper-

ations inside the target function f⋆. It is not related to the tree structure in computer science

or machine learning. Hierarchical function composition has been used to understand why and

when one should use deep networks instead of shallow networks, e.g., (Poggio et al., 2015,

2017).

We are using Assumption 2.3 to utilize Theorem 1 and 2 from Poggio et al. (2017). This
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assumption is more general than it may appear, as many functions can be represented using a

binary tree structure, such as linear combinations and basic one-variable functions like trigono-

metric, exponential, and logarithmic functions, e.g., (Poggio et al., 2017, Figure 1). We are not

intending to exclude any specific functions with this assumption. In fact, a binary tree visual

structure can approximate smooth functions well, at least on a compact domain. To represent

a linear combination with an even number of variables, we can follow these steps: take the in-

dependent variables and place them at the base nodes, create pairs of these variables, take the

weighted summation of each pair and place the result at a higher level, and repeat this process

until all variables are summed. If the number of variables is odd, we can add another variable

with a value of zero to the tree to make the number of variables even. Similarly, to represent a

multiplication of multiple variables, we can replace the weighted summation with multiplica-

tion and follow the same steps. If the number of variables is odd, we can add a new variable

with a value of 1 instead of 0. As a concrete example, function sin(X1 + X2)+ X3 can be restruc-

tured into binary tree where depth Ld = 3 with four nodes in the bottom level, two nodes in

the second level, and one node in the top level. The four nodes in the bottom represent X1, X2,

X3, and 0. For the nodes in the second level, it represents sin(X1 + X2) and X3 + 0 = X3. The

top node represents the function sin(X1 + X2) + X3 itself. As a specific example, we provide a

binary tree depiction of the function sin(X1 + X2 + X3 + X4 + X5) below

Insert Figure A1 about here

The binary tree visual structure is only needed for the target function f⋆ not the least-square

estimator f̂n. The least-square estimator is obtained by minimizing sum of squared errors (see

Subsection 2.3 for the detailed explanation). In this paper, this estimator is in the form of deep

neural networks. Note that, in Poggio et al. (2017), it is directly stated that "the deep network does

not need to have the same compositional architecture as the compositional function to be approximated.

It is sufficient that the acyclic graph representing the structure of the function is a subgraph of the graph

representing the structure of the deep network".

We assume that the complexity (number of nodes in the binary tree visualization in target

function), N f , and depth, Ld of target function f⋆ is fixed. This assumption is not restrictive.

For a function with a certain binary tree structure, we can always expand the depth. If we

want to increase the depth of the binary tree by one, for instance, then we can do it by simply

adding the output of the original tree with the output of the new function with the exact same

binary tree structure. The new function has a separate, identical binary tree representation, but

it simply takes zeros for all of its inputs and the mathematical operation in each node of non-

input layers is single addition – the new function is thus equal to zero. The addition of these

two output nodes means that the two binary trees are combined together to form a new binary
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tree whose depth is L′
d = Ld + 1, and the output is the addition between the original function

output and zero (from the new function), and thus preserving the original binary tree output.

Therefore, what is really required is Ld to be sufficiently large. If it is then N f will automatically

be sufficiently large (see (Poggio et al., 2017)).

We need the complexity of deep networks to derive the estimation rate for deep neural net-

works (see Theorem 3.2.3 and its proof). Note that HG do not consider classes of functions

with the hierarchical binary tree compositions, since they work with the single-layer feedfor-

ward neural network (shallow networks) and use the estimation rate results of Chen and Shen

(1998).3 However, the estimation rate in Chen and Shen (1998) is only valid for shallow net-

works (Chen and Shen, 1998, Equation (2.4)).

2.2 The hypotheses testing

The objective of the proposed statistical testing is to test whether a chosen covariate, e.g., xj,

significantly influences Y through function f⋆. In line with HG, the proposed importance test

is based on the expected value of the partial derivative square taken in the probability space

(Ω,F , P). We say that covariate xj is not significant if the stated expected value is zero. This

statement forms the null hypothesis of our statistical testing which is given by

H0 : ζ j = E

[(
∂ f⋆ (xxx)

∂xj

)2
]
=

∫
X

(
∂ f⋆ (xxx)

∂xj

)2

dP(xxx) = 0 (3)

H1 : ζ j ̸= 0.

The null hypothesis H0 is an extension of the classical variable significance tests H0 : β j = 0

for linear regression with linear functions f (xxx) = β0 +
d

∑
i=1

βixi. Intuitively, the partial derivative

∂ f⋆ (xxx)
∂xj

assesses the influence of jth covariate on f⋆. If it is "large enough", then we can say

that jth covariate is "significant" to the variation of f⋆ values. Otherwise, jth covariate is "not

significant". The square of the partial derivative is taken to avoid compensation of positive

and negatives values, ensure differentiability, and help discriminate between large and small

values.

2.3 Deep neural networks

This section covers the mathematical foundation of deep neural networks. For a more in-depth

understanding, we recommend consulting the works of Anthony and Bartlett (2009) and Good-

fellow et al. (2016). Farrell et al. (2021) also offer a thorough discussion on deep neural networks

and their relationship to nonparametric estimation.

In this work, we approximate the target function f⋆ using deep neural networks, which can

be thought of as analogues to classical nonparametric techniques such as smoothing splines

3See rn in Theorem 3.1 of HG.
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and kernel regression. A key aspect of working with neural networks is deciding on the net-

work architecture or class. This choice is similar to selecting the smoothing and tuning pa-

rameters for a smoothing spline in nonparametric techniques. A neural network has an input

layer with d units, an output layer, and one or more hidden layers (a shallow network has one

hidden layer, while a deep network has multiple hidden layers). Each hidden layer has one

or more nodes, also known as units or neurons, and an activation function ψ(.) : R → R is

applied to each hidden node. The neural network used in this paper is a feedforward neural

network (FFN), which means that there are no connections between units that form a cycle and

no connections between hidden nodes within the same hidden layer. Additionally, all hidden

layers in the FFN have the same number of nodes, making it an example of a Multi-Layer Per-

ceptron (MLP). In this study, we always use MLPs with equal numbers of hidden nodes in each

hidden layer. Throughout the following discussions, we use the terms MLP and deep neural

network (DNN) interchangeably to refer to the class of neural networks under consideration.

Figure 1 provides an illustration of an MLP architecture. The network consists of d = 2

input units, corresponding to covariates xxx ∈ Rd, one output unit for outcome y. Hidden units

are grouped in a sequence of Ld = 2 layers where a node is in layer l = 1, 2, ..., Ld if it has a

predecessor in layer l − 1 and no predecessor in any layer l′ ≥ l. Ld is referred by the depth

of network. The number of units in a hidden layer is called the width of layer, denoted by

Hl = Hn. Note that we index H with the sample size to show the dependency of H with n. The

activation function ψ(.) : R → R is applied to all hidden nodes. For the MLP architecture, all

hidden layers have the same number of nodes, i.e., Hn. Thereby, the complexity of the network

is U = O(HnLd). As a note on exposition, to be consistent with Poggio et al. (2017), if f denotes

the neural networks architecture, we would refer to the complexity of f by N f .

Insert Figure 1 about here

Let Ld and Hn represent the number of hidden layers and nodes in each layer, respectively,

where n is the sample size. The depth of the MLP is indexed by the input size d to show that it

is not dependent on n, but may depend on d.

We now construct a class of MLPs with depth Ld and Hn hidden nodes per layer, which is

defined by

FDNN,Hn = {zLd+1,1(xxx) | xxx ∈ X}

where zl,j(xxx) is the output of the jth node of the layer l in the neural network with input xxx,

l = 0 or l = Ld + 1 correspond to the input and output layers, respectively, and 1 ≤ l ≤ Ld

correspond to the lth hidden layer. Also, j ∈ {1, 2, . . . , Hn,l}, where Hn,l is the number of nodes

in the lth layer, Hn,0 = d, Hn,Ld+1 = 1. Note that all hidden layers have Hn nodes. For 1 ≤ l ≤
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Ld, the formula zl,j(xxx) is

zl,j(xxx) = ψ

(
Hn,l−1

∑
k=1

γl,j,k · zl−1,k(xxx) + γl,j,0

)
where z0,k(xxx) = xk, the kth element of xxx, γu,j,k and γu,j,0 denote the weight and bias parameters

of the node u = (l, j), and ψ is an activation function and defined as

ψ : R → [−b, b]

where b > 1 and ψ ∈ C∞ is smooth and non-polynomial function.

When l = Ld + 1, function zLd+1,1(xxx) is

zLd+1,1(xxx) =
Hn,Ld

∑
k=1

γLd+1,1,k · zLd,k(xxx) + γLd+1,1,0. (4)

From (4), it is clear that the activation function is not applied in the output node. We set j = 1

for the output layer as there is only one node. The output of a neural network can be thought

of as a type of sieve estimation where the basis functions are flexibly learned from the data.

Equation (4) can then be rewritten as

fDNN,Hn(xxx) =
HLd

∑
k=1

γLd+1,1,k · zLd,k(xxx) + γLd+1,1,0 (5)

= γLd+1 · zLd(xxx) + γLd+1,0.

We assume that γu,j,k is bounded with the ℓ1 upper bound ∥γu,j,k∥1 ≤ Mb, where M is the

same arbitrary positive parameter as in (2). The function class FDNN,Hn can thus be seen as the

set of all bounded-weight, deep neural network functions fDNN,Hn whose mathematical form

is described in (4) (or equivalently (5)).

Remark 2.3.1. The assumption of the boundedness for weight parameters is crucial, since we use (An-

thony and Bartlett, 2009, Theorem 14.5) for bounding metric entropy integral in Subsection A.2.2. HG

have also the same assumption of weights, see (Horel and Giesecke, 2020, Equation (11)). Note that

Farrell et al. (2021) do not restrict their class of network architectures to have bounded weights for each

node, which allows for a richer set of approximating possibilities. They use the arbitrary upper bound

on the neural network class from which they take their estimators (Farrell et al., 2021, Equation 2.3.),

and this leads to a more flexible bounds on the weight parameters. However, since we work with smooth

activation function, not ReLU activation function, we need (Anthony and Bartlett, 2009, Theorem 14.5)

that requires bounded weight parameter assumption. Therefore, we cannot employ Farrell et al. (2021)’s

approach.

We use tanh as the activation function in training, e.g., ψ ≡ tanh. We prefer tanh to other

common non-polynomial activation function such as sigmoid or negative sigmoid, because

it has a more expansive function range (−1, 1) instead of (0, 1) and (−1, 0) for sigmoid or

negative sigmoid, respectively. Theoretically, this larger range gives tanh a better performance

11

Electronic copy available at: https://ssrn.com/abstract=3889777



in training when compared to them. Also, to work with (Poggio et al., 2017, Theorem 2), the

infinite differentiability of the neural network w.r.t. each of its weight parameter is required.

Hence, we cannot use the neural networks with non-differentiable activation functions such

as ReLU (the activation function that is used in Farrell et al. (2021)) or its variants such as

Leaky/Parametric ReLU – LReLU(x) = αx + (1 − α)max(0, x), and Exponential Linear (see

Clevert et al. (2015)).

All in all, for a user-chosen architecture, encompassing the choice of ψ(.), Hn, Ld, and the

graph structure, the least square estimator belonging to FDNN,Hn is defined by f̂n and obtained

from

f̂n = arg min
f∈FDNN,Hn

n

∑
i=1

ℓ ( f , xxxi, yi) (6)

where (xxxi, yi) is the samples from n observations of (XXX, Y), and

ℓ ( f , xxxi, yi) :=
1
2
(yi − f (xxxi))

2 =
1
2
( f⋆(xxxi) + ε i − f (xxxi))

2 . (7)

The ℓ(.) function is referred to as the loss or cost function.

3 Inferences for smooth MLPs

In this section, we: (i) provide the consistency of our least square estimator, i.e., f̂n; (ii) derive

the distribution of the test statistic under the null hypothesis using delta method, and; (iii)

discuss a discretization approach to compute the asymptotic distribution of the test statistic.

The consistency of the least square estimator estimation is guaranteed by an oP(1) upper bound

of both ∥ · ∥L2(P) and the semi-norm

ρn(g(xxx)) :=

√
1
n

n

∑
i=1

(g(xixixi))
2

where xixixi, i = 1, . . . , n are empirical samples of xxx. Readers who are interested in the proofs may

refer to Appendixes.

3.1 Consistency of smooth MLPs

To conduct hypotheses testing described in Subsection 2.2, we first show that our least square

estimator f̂n is a consistent estimator of f⋆. The consistency plays an important role. Because

it guarantees that the estimator f̂n is approximately equal to f⋆ for large n. Thus the statistical

test conducted on the estimator can be seen as the test on f⋆. Unlike Farrell et al. (2021), we

only work with smooth MLPs. The main reason for this choice is that we need the parallel

containment of smooth MLPs to construct the sieve space.4 We use the sieve space to derive

the asymptotic distribution of the smooth MLP estimator in a random function sense using the

theory of empirical processes (Van der Vaart and Wellner, 1996, Theorem 2.11.23) and (Horel

4The term "parallel containment" means any two smooth MLPs S1 and S2 with the same depth Ld can be combined
together to form a new, single smooth MLP S3. The weights of hidden nodes in S3 that connect the hidden nodes
from S1 to S2 (or vice versa) are zero.
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and Giesecke, 2020, Theorem 1).

Before stating our next assumption, we provide a discussion about an approximation error

of the DNN under the estimation of ∥ · ∥∞. Define the ∥ · ∥∞-minimizer of FDNN,Hn and related

∥ · ∥∞ distance to f⋆ by

fn := arg min
f∈FDNN,Hn

∥ f − f⋆∥∞ (8)

ϵn := ∥ fn − f⋆∥∞

where ϵn represents the approximation error of f⋆ by fn and is directly related to the upper

bound rate of Theorem 3.1.1. It is also obvious that fn is different from f̂n, since the former

indicates the optimal ∥ · ∥∞-approximator and latter is the least square approximator.

Note that ϵn involves the the upper bound in the consistency Theorem 3.1.1. Farrell et al.

(2021) prove the upper bound of ϵn by using (Yarotsky, 2017, Theorem 1). Since (Yarotsky, 2017,

Theorem 1) is only valid for ReLU networks, we cannot use it. Instead, we use similar results

from Poggio et al. (2017) for neural networks with smooth, non-polynomial activation function.

To this ends, we need the following assumption.

Assumption 3.1. The weight restrictions of γu,j,k, the weight parameters of FDNN,Hn , does not affect

the usage of Theorem 1 and Theorem 2 of Poggio et al. (2017).

Assumption 3.1 is not as strict as it might seem. Upper and lower bounds of the weights

of neural networks inside FDNN,Hn depend on parameter M, where it can be made arbitrary

large. For sufficiently large M, we can construct FDNN,Hn such that has ∥ · ∥∞-approximator as

described in (Poggio et al., 2017, Theorem 2).

Under Assumptions 2.1, 2.2, 2.3, and 3.1, we obtain the following result.

Theorem 3.1.1. (Consistency and Upper Bound of Estimation) Let f̂n be the least square estimator

defined by (6), for a loss function obeying (7), with width Hn and depth Ld. Then with probability at

least 1 − e−p, for n large enough,

∥ f̂n − f⋆∥L2(P) ≤ U(C′, ϵn) := C′

√H2
nL2

d ln(HnLdn)
n

+

√
ln(ln(n)) + p

n
+ ϵn


where the order of p = p(n) must be less than H2

nL2
d ln(HnLdn) and C′ > 0 independent of n but might

depend on d, M, and other fixed constants. Furthermore, the same upper bound applies for ρn(( f̂n −

f⋆)(xxx)).

Several aspects of this result warrant discussion. Theorem 3.1.1 is an extension of

(Farrell et al., 2021, Theorem 2) in the context of smooth neural networks. Similar to

(Farrell et al., 2021, Theorem 2), this theorem gives a flexibility in controlling the upper

bound U(C′, ϵn) by using Hn – the number of hidden nodes in each of hidden layers in
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the network belonging to FDNN,Hn . We can also adjust values of p to get the required

convergence rate, as long as p = p(n) = o(H2
nL2

d ln(HnLdn)). Note that this implies U(C′, ϵn) =

O
(
n−1 (H2

nL2
d ln(HnLdn) + ln(ln(n))

))
→ 0 as n → ∞.

Recall that f⋆ is a function with a binary tree visual representation that has continuous

partial derivatives (order one is enough here). By Theorem 2 of Poggio et al. (2017), we have

that N fn = O(dϵ−2
n ), where N fn is the number of hidden nodes that exist in fn. This theorem

(Poggio et al., 2017, Theorem 2) enables us to choose ϵn. This in turn allows us to choose the

number of nodes in fn, which is needed to approximate f⋆ with approximation error at least ϵn.

The fact fn ∈ FDNN,Hn implies that fn is a neural network with Ld hidden layers and Hn hidden

nodes in each of hidden layer. Hence, we have N fn = O(HnLd). Finally, since N fn = O(HnLd)

and N fn = O(dϵ−2
n ), we can deduce that

Hn = O
(

d
Ld

ϵ−2
n

)
.

Take ϵn such that

o(1) = ϵn = ω(n−0.25) (9)

with an = ω(bn) indicates lim
n→∞

an

bn
= ∞. Statement (9) together with the upper bound from

Theorem 3.1.1 give us

o(1) = U(C′, ϵn) = ω(n−0.25). (10)

Note that we need both ϵn and U(C′, ϵn) to be of order ω(n−0.25) to prove Theorem 3.2.3.5

Remark 3.1.1. Our methodology is closely aligned with the strategies pursued by Farrell et al. (2021)

and Horel and Giesecke (2020), both addressing similar challenges. Notably, these approaches do not

explicitly account for time dependency, as emphasized in Assumption 1 by Farrell Farrell et al. (2021).

Additionally, it is essential to highlight that the methods introduced by Chen and Shen (1998) are de-

signed for handling weakly dependent data over time, and similarly, the techniques outlined by Chen

and White (1999) operate within this context. However, these methods predominantly center around

shallow, sigmoid-based networks, unlike our approach that employs deep, tanh-based networks.

Chen and Shen (1998) present a comprehensive theoretical framework that addresses the convergence

rate of sieve extremum estimates and establishes the root-n asymptotic normality of "plug-in" sieve

estimates for smooth functionals in the context of time series stationary β-mixing observations. Under a

set of sufficient conditions akin to those delineated by Shen and Wong (1994) for i.i.d. data, the authors

attain parallel convergence rates for β-mixing data when compared to the rates for i.i.d. data.

The rate result for β-mixing observations is established through a two-step process. First, a rigor-

ous uniform exponential probability inequality is established for empirical processes indexed by a wide-

ranging class of functions. This inequality serves as the foundation for establishing stochastic equicon-

5Any power of na where −0.25 < a < 0 that satisfies equation (9) can be chosen such that ϵn is of order na. One can
take ϵn = n−0.17, for example, to get one specific sequence of ϵn. See Appendix D for details.
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tinuity with the desired rate. This, in turn, facilitates the extension of Shen (1997)’s result on root-n

asymptotic normality for i.i.d. data to encompass β-mixing data.

In our sieve analysis, we employ a localized approach to bounding empirical processes. This approach

is grounded in scale-sensitive metrics, specifically metric entropy (see localization analysis in Section A).

Our methodology is influenced by the work of Farrell et al. (2021), which draws from concepts outlined

by Koltchinskii and Panchenko (2000), Bartlett et al. (2005), and the related work of Koltchinskii (2006).

Intuitively, Rademacher complexity gauges the flexibility of the function class in predicting random

signs. By calculating the expectation of Rademacher complexity conditioned on the data, we derive the

empirical Rademacher complexity. This expectation, taken over both the data and the draws, gives rise

to the Rademacher complexity.

3.2 Asymptotic distribution of test statistic

Before deriving the asymptotic distribution of the test statistic, we define a working function

space with its sieve space. Specifically, we construct a function space and a sieve space inside it

such that is related to FDNN,Hn . We need a function space which is both convex and ∥ · ∥L2(P)-

compact. The convexity is required for the proof of Theorem 3.2.2, where we use (Römisch,

2004, Theorem 2).

Suppose that FDNN is a smooth neural network space which is composed of all fixed-depth

smooth MLPs with depth Ld, finite numbers of nodes per layer and finite weight assignments,

equal number of hidden nodes for each of hidden layers, and ψ as its activation function. Note

that the number of hidden nodes per layer has no upper bound in this case. We assume that

the weights of the computation nodes of FDNN is bounded above with the same upper bound

as FDNN,Hn under the same norm. This ensures FDNN,Hn ⊆ FDNN .

Remark 3.2.1. It is possible to find a neural network v′1 in the set FDNN,Hn and a natural number N1

such that, for any n ≥ N1, the neural network v is equivalent to v′1. This is true because: (i) the set

of smooth MLPs is parallel and contained within FDNN , and; (ii) the weight parameters of nodes that

do not exist in the smaller MLP are zero. Additionally, it is clear that the set FDNN is closed under

addition. To see this, consider two neural networks S1 and S2 that belong to FDNN. If we combine

these networks into a third network S3 using the following rules: (i) the weight parameters of S3 that

connect the input layer or hidden layers from S1 to S2 are zero, except for the output layer; (ii) the weight

parameters of S3 that connect the input layer or hidden layers from S2 to S1 are zero for the output layer;

(iii) S3 = S1 + S2. Then it follows that S3 also belongs to FDNN , because FDNN is composed of neural

networks with an equal number of hidden layers.

We next define the function space F from which we construct our sieve space. Take the

equivalence class [ f⋆] such that ∀ f ∈ [ f⋆], ∃t > 0 such that f = t f⋆. Then, we construct a

function set [ f⋆] + FDNN := {c1 f⋆ + c2v | v ∈ FDNN , c1, c2 ∈ R}. It is clear that [ f⋆] + FDNN is
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convex. To have ∥ · ∥L2(P)-compactness, we define

F :=
{

f ∈ [ f⋆] +FDNN : ∥ f ∥H⌊d/2⌋+2,2 ≤ B, ∥ f ∥L2(P) ≤ M11

}
. (11)

The ∥ · ∥L2(P)-compactness of F is guaranteed by the following facts: (i) F is

∥ · ∥L2(P)-closed,F ⊆ F := {C1(X) | ∥ f ∥H⌊d/2⌋+2,2 ≤ B} and F is proven to be ∥ · ∥L2(P)-compact

in Freyberger and Masten (2015). In fact, we design F in this way to make sure that it is

∥ · ∥L2(P) compact. Because we use (Kim et al., 1990, Lemma 2.6.) in Appendix B.2, whose one

of its requirements is the compactness of the index space of the related Gaussian process,

where the index space itself is F .6

We now define the sieve space, which is given by

Fn :=
{

t1v′1 + t2v′2 ∈ F | v′1, v′2 ∈ FDNN,Hn , t1, t2 ∈ R s.t. sup
V1∈v′1

∥t1 · w1(V1)∥1, (12)

sup
V2∈v′2

∥t2 · w2(V2)∥1 ≤ M22b
}

where w1 and w2 are weights of computation nodes V1 and V2, respectively. The fact that FDNN

is closed with respect to the addition allows the existence of two arbitrary elements of FDNN,Hn ,

v′1 and v′2, whose linear combination belongs to F .

Remark 3.2.2. Note that M11, M22, b, and B in (11) and (12) can be chosen arbitrarily. Although

f̂n ∈ FDNN,Hn , we can construct F and Fn that satisfy f̂n ∈ Fn ⊆ F , ∀n by adjusting the arbitrary

parameters M, M11, M22, b, and B. However, it is required that M11 ≪ M, M22 ≪ M and M11 ≪

M22. The first two inequalities are needed to make sure that we can use M as the largest arbitrary positive

constant. The third inequality is to ensure the denseness of Fn. We can do this since their values are

taken after we have f⋆. As these parameters can be set arbitrarily large, the realistic algorithm such

as unbounded SGD-based algorithm can be used to train the neural network that yields a least-square

estimator belonging to Fn.

Remark 3.2.1, the way fn is defined in (8), and the requirement M11 ≪ M22 from Remark

3.2.2 show that every t1 f⋆ + t2v ∈ F has a related converging sequence of functions t1 fn +

t2v ∈ Fn that satisfies ∥(t1 f⋆ + t2v)− (t1 fn + t2v)∥∞ = ∥(t1 f⋆ − t1 fn)∥∞ ≤ t1ϵn. Therefore, the

sequence of functions t′1 fn + t2v is the guarantor of the denseness of Fn in F , which justifies

the usage of Fn as a sieve space of F .

We are now ready to state the limiting distribution of f̂n.

Theorem 3.2.1. (Asymptotic distribution of f̂n). Suppose that H2
nL2

d ln(HnLdn), ln(ln(n)) + p(n),

and ϵn from Theorem 3.1.1 are all o(n). Then,

U(C′, ϵn)
−1( f̂n − f⋆)

d−→ h(max) in (F , ∥ · ∥L2(P))

6Please see the proof in Appendix B.2 for more details about this lemma and how it is applied.
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where h(max) is the unique arg max of the Gaussian process
{

G f : f ∈ F
}

with E[G f ] = 0 and

Cov(G f1 , G f2) = 4σ2EXXX[ f1(XXX) f2(XXX)].

Since Theorem 3.2.1 provides the asymptotic distribution of the weighted version of

f̂n − f⋆, it enables the construction of test statistic involving f⋆. However, since statistic

U(C′, ϵn)−1( f̂n − f⋆) does not involve any relation to covariates xj, it cannot provide any

assessment to variable significance tests. Thus, we need to develop a statistic that involve the

covariates and does not have explicit expression of f⋆. Following HG and (3), the test statistic

under consideration is Tj[ f̂n] = T [ f̂n], where T is the functional

T [ f∗] =

∫
X

(
∂ f∗ (xxx)

∂xj

)2

dP(xxx). (13)

The statistic Tj[ f̂n] is the quantification of the significance of xj to the values of f̂n, because it

takes the square of the partial derivatives of f̂n w.r.t. xj. Since f̂n is the consistent estimator of

f∗, Tj[ f̂n] can also be seen as the "representative" of Tj[ f∗]. Note that Tj[ f∗] cannot be directly

calculated because the exact functional form of f∗ is unknown. Next, we derive the asymptotic

distribution of Tj[ f̂n].

Theorem 3.2.2. (Asymptotic distribution of Tj[ f̂n]). Under the conditions of Theorem 3.2.1 and null

hypothesis (3), we obtain

U(C′, ϵn)
−2Tj[ f̂n]

d−→ Tj[h(max)]

and Tj[h(max)] is defined similar to (13).

Note that the randomness of T comes from the members of F themselves. Since we work

with samples, and ρ2
n

(
∂ f̂n

∂xj
(XXX)

)
=

1
n

n

∑
i=1

(
∂ f̂n(xixixi)

∂xj

)2

can be seen as empirical functional of

Tj[ f̂n]. Thus, it is natural to work with ρ2
n

(
∂ f̂n

∂xj
(XXX)

)
.

We close this section by providing the asymptotic distribution of ρ2
n

(
∂ f̂n

∂xj
(XXX)

)
.

Theorem 3.2.3. (Asymptotic distribution of ρ2
n

(
∂ f̂n

∂xj
(XXX)

)
). Suppose that all hypotheses of Theo-

rem 3.2.2 are satisfied. Then, we have

U(C′, ϵn)
−2ρ2

n

(
∂ f̂n

∂xj
(XXX)

)
d−→ Tj[h(max)].

3.3 Computing the asymptotic distribution

In this subsection, we discuss a discretization approach to compute the asymptotic distribu-

tion of test statistic U(C′, ϵn)−2ρ2
n

(
∂ f̂n
∂xj

(XXX)
)

, i.e., Tj[h(max)]. A discrete approximation of the

Gaussian process G paths can be obtained by sampling a multivariate normal distribution
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with: (i) dimension C, where C is the cardinality of ζ-cover { f1, . . . , fC} of F ; (ii) mean vec-

tor 000, and; (iii) a covariance matrix whose elements in lth row and kth column are given by

cl,k = E(( fl fk)(XXX)), ∀l, k ∈ {1, . . . , C}. Because ∀a > 0, G(h(max)(ϕ), ϕ) > G( f (ϕ), ϕ) ⇐⇒

a · G(h(max)(ϕ), ϕ) > a · G( f (ϕ), ϕ), the constant 4σ2 in the covariance matrix can be ignored in

the implementation. Note that since computing the exact ζ-cover of F for a specific value of ζ

is challenging, we replace the explicit ζ-cover with an approximate cover.

The discretization approach can be summarized into the following three steps:

Step 1. Approximating ζ-cover of F :

Sample m neural networks, ( f1, f2, · · · , fm), either with the same architecture as

the trained model or other types of neural network that can serve as the "correct

approximator",7 by sampling its weight parameters from a Glorot normal distribution –

a truncated normal distribution centered at 0 with standard deviation
√

2/(d + 1). This

collection of neural network is the approximate ζ-cover of F .

Step 2. Simulate a sample from a multivariate normal and find ĥ(max):

Take a sample from a multivariate normal of dimension m which has mean vector 000 and

covariance matrix with elements in lth row and kth column are approximated by ĉl,k =
1
n

n

∑
i=1

( fl fk)(xxxi) – the empirical covariance or variance of the function fl fk.

– The index of the maximum value of this multivariate normal corresponds to the one-

layer network that serves as an approximate arg max of G, and denote it by ĥ(max).

This is true as the arg max h(max) of G satisfies G(h(max)(ϕ), ϕ) > G( f (ϕ), ϕ), ∀ϕ ∈

Ω, ∀ f ∈ F .

Step 3. Generate one approximate sample of Tj[h(max)]:

Generate one approximate sample of Tj[h(max)] by taking ρ2
n

(
∂ĥ(max)

∂xj
(XXX)

)
.

Repeating these three steps np times gives ĥ(max)
1 , . . . , ĥ(max)

np to generate np samples of

Tj[h(max)]. After simulating np samples of the asymptotic distribution Tj[h(max)], the testing

is conducted at 100α% significance level by comparing the values of the test statistics

U(C′, ϵn)−2ρ2
n

(
∂ f̂n

∂xj
(XXX)

)
to the 100(1 − α)% quantile of np samples of Tj[h(max)], denote by

q
Tj[h(max)]

(1−α)
.

Next, the following standard procedure is performed:

• If U(C′, ϵn)−2ρ2
n

(
∂ f̂n

∂xj
(XXX)

)
> q

Tj[h(max)]

(1−α)
, then we reject H0 in favor of H1 at 100α% level.

7Being the "correct approximator" means the bias of the approximation of each member of the related function
space decreases as the number of hidden nodes in each of the neural networks composing the approximate ζ-cover
is increased.
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• Otherwise, we fail to reject H0.

Note that for an iteration of the discretization, one member of the the ξ−cover is used as

the argmax of the Gaussian process to derive the following sample

ρ2
n

(
∂ĥ(max)

∂xj
(XXX)

)
=

1
n

n

∑
i=1

(
∂ĥ(max)(xixixi)

∂xj

)2

(14)

where XXX is the training sample. Given a sample test, as we consider np iteration, we derive np

samples per predictor/covariate using (14). For each predictor, we have (possibly) np different

samples which is used to derive the p-values by calculating sample quantiles. Hence, in each

iteration ĥ(max) is the same across all predictors, however, the sensitivity of it respect to each

predictor can be different through the partial derivative in (14).

The discretization of the asymptotic distribution has three main adjustable parameters: (i)

the architecture (the number of hidden layers and nodes) of the neural networks used for ap-

proximating ζ-cover of F ; (ii) the dimension of the Gaussian process, m, and; (iii) the number

of samples for the asymptotic distribution, np. Note that the values of m, np and the number

of hidden layers and nodes of the approximating neural network must be "in tandem" with

each other. Increasing np without changing the the architecture and/or m can give redundant

samples of Tj

[
h(max)

]
whose values are not close to its true values. Increasing the network’s

hidden layer and/or hidden node numbers without increasing np can result in unsatisfactory

variation of the samples of Tj

[
h(max)

]
, and we have the same problem if m is increased while

the other parameters are fixed. To ensure that these parameters are proportionally adjusted,

we consider a combination of these parameters.

For additional clarification in simpler terms, you can refer to Section F in the Online Ap-

pendix.

4 Monte Carlo simulations

In this section, we describe the procedure for generating the data in the Monte Carlo study. We

start by explaining the steps involved in data generation. We then detail the calculation of test

statistics and the estimation of the quantiles of the asymptotic distribution. Finally, we assess

the ability of the proposed significance test in identifying true covariates.

4.1 The data generating process

To effectively evaluate the proposed significance test in a more realistic setting, the simulated

data should closely resemble real-world financial data, such as stock returns and characteris-

tics. To achieve this, we adopt a similar approach to GKX by simulating data in a scenario that

includes: (i) a high-dimensional set of covariates relative to the sample size; (ii) covariates that

exhibit strong temporal dependencies and high correlation, and; (iii) a relatively low signal-to-

noise ratio. These conditions provide a suitable framework to evaluate the performance of the
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proposed test under realistic scenarios, in terms of its size and power.

We simulate the firm i’s characteristic j at time t, ci,j,t, as follows:

c̄i,j,t = ϱj c̄i,j,t−1 + δi,j,t, i = 1, 2, .., N, j = 1, 2, ..., Pc, t = 1, 2, ..., T

ci,j,t =
2

N + 1
CSrank(c̄i,j,t)− 1

where N, Pc, and T are the number of firms, characteristics, and time periods, respectively.

The parameter ϱj is drawn from a uniform distribution on the interval [0.9, 1] and δi,j,t is drawn

from a normal distribution with mean 0 and standard deviation
√

1 − ϱ2
j . The CSrank is a cross-

sectional ranking function that ranks each characteristic across all firms at a given time period.

We then simulate a common factor at time t, mt, as follows:

mt = 0.95mt−1 + µt

where µt ∼ N (0, 1 − 0.952).

We finally simulate excess returns ri,t+1 for firm i at time t from the following latent three-

factor model:

ri,t+1 = φ⋆(xi,txi,txi,t) + ηi,tηi,tηi,tνt+1νt+1νt+1 + ςi,t+1, where xi,txi,txi,t = [1, mt]⊗ ci,tci,tci,t

φ⋆(xi,txi,txi,t) = 0.02(ci,1,t + ci,2,t + ci,3,t × mt)

where ci,tci,tci,t = [ci,1,t, ci,2,t, ..., ci,Pc,t] is a vector of firm i’s characteristics at time t,

xi,txi,txi,t = [ci,1,t, ci,2,t, ..., ci,Pc,t, ci,1,t × mt, ci,2,t × mt, ..., ci,Pc,t × mt] is a vector of covariates for

firm i at time t, ηi,tηi,tηi,t = [ci,1,t, ci,2,t, ci,3,t] is a vector of three firm i’s characteristics at time t,

νt+1νt+1νt+1 = [ν1,t+1, ν2,t+1, ν3,t+1]
′ is a vector of factors at time t and it follows the distribution

N (0, 0.0052 × 13), and ςi,t+1 ∼ t5(0, 0.052) is the idiosyncratic error for firm i at time t.8

In order to investigate how the number of covariates and sample size affect the performance

of the significance test, we consider two different values for Pc, Pc = 50 and Pc = 100, and

three different pairs of (N, T), which are (200,180), (200,120), and (100,180), resulting in a total

of 36,000, 24,000, and 18,000 observations, respectively. We use a sample splitting approach,

where for each Monte Carlo repetition, we divide the data into three sets: a training set, a

validation set, and a testing set, each consisting of a third of the total number of months. We

simulate covariates and excess returns for each value of Pc and each pair of (N, T) for 100 Monte

Carlo repetitions.

4.2 Fitting Neural Networks

Determining the optimal architecture for a neural network can be a time-consuming and

computationally intensive task, requiring the evaluation of numerous potential configurations

8We incorporate dependence of the error term ei,t+1 on certain covariates in the simulation to evaluate the perfor-
mance of the proposed significance test in a more realistic scenario, where the assumption of independence between
errors and covariates may not hold. To test the performance under the assumption of independence, one can set
νt+1νt+1νt+1 to 0 in the simulation, which may lead to improved performance of the proposed significance test.
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through cross-validation. However, for our purpose of performing a significance test using a

neural network with a satisfactory level of predictive performance, it is not necessary to

exhaustively search for the best possible architecture.

We consider five Neural Network (NN) models with varying architectures. The number

of hidden layers is increased from 1 to 5 and the number of neurons in each hidden layer is

decreased following the pyramid rule (Masters, 1993). For example, NN1 has a single hidden

layer with 32 nodes, NN3 has three hidden layers with 32, 16, and 8 neurons respectively, and

NN5 has five hidden layers with 32, 16, 8, 4, and 2 neurons respectively. For each NN model,

the number of neurons in the input layer is the same as the number of covariates and the output

layer has only one neuron. The activation function in each hidden layer is hyperbolic tangent

(tanh) and the activation function in the output layer is a linear function.

We adopt a strategy to fit NNs that includes the use of the Adam optimizer and four regu-

larization techniques to avoid overfitting: l1 penalty, early stopping, batch normalization, and

ensembles. To ensure stability and reduce variance, we use an ensemble approach where we

initialize 10 models with the same NN architecture but from different random seeds, and fit

these models to the same training and validation sample. We then construct the final predic-

tions by averaging the predictions from these 10 fitted models (Dietterich, 2000). The learning

rate for the Adam optimizer is set to 0.001, and the batch size is set to 10,000 for all NN models.

The l1 penalty is tuned within the range [0.0001, 0.003], the number of epochs is in the range

[350, 900], and the patience range is determined by the value of the number of epochs.

We measure the predictive accuracy of the neural network models using in-sample (IS) and

out-of-sample (OOS) R2 metrics. For each Monte Carlo repetition, we calculate the in-sample

R2 as:

R2
IS = 1 −

∑(i,t)∈Λ1
(ri,t+1 − r̂i,t+1)

2

∑(i,t)∈Λ1
(ri,t+1 − r̄)2

where r̂i,t+1 is the predicted excess return for firm i at time t + 1. Λ1 represents the training

sample, and r̄ is the mean of excess return in the training sample. Similarly, the out-of-sample

R2 is calculated as:

R2
OOS = 1 −

∑(i,t)∈Λ3
(ri,t+1 − r̂i,t+1)

2

∑(i,t)∈Λ3
(ri,t+1 − r̄)2

where Λ3 represents the testing sample. We then average the 100 R2
ISs and the 100 R2

OOSs to

measure the the overall IS and OOS predictive performance, respectively.

In Table 1, we present the overall IS and OOS R2 for each NN model and the Oracle model (a

pooled linear regression on the true covariates) when Pc = 50 and Pc = 100. The results indicate

that: (i) as the number of hidden layers in the NN models increases, the OOS R2 decreases,

indicating that shallow NNs perform better than deep NNs;9 (ii) the IS R2 is higher when

9As reported by GKX, shallow NNs with fewer hidden layers tend to perform better in terms of predictive perfor-
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Pc = 100 and the OOS R2 is higher when Pc = 50 for NN models. This suggests that the IS R2

increases with Pc and the OOS R2 decreases with Pc, and; (iii) for the (N = 200, T = 180) case,

all the NN models have a higher IS R2 than the Oracle model, while for (N = 100, T = 180) and

(N = 200, T = 120), only a few NN models have a higher IS R2 than the Oracle model. These

results are consistent with a smaller OOS R2 and a higher IS R2 in the Oracle model compared

to GKX.

Insert Table 1 about here

4.3 Variable significance tests

In this section, we first present the summary statistics of the test statistics for several covariates,

obtained from the analysis of five neural networks. We then provide a graphical representation

of the simulated test statistic samples and the estimated quantiles, Tj[h(max)]. Lastly, we present

the results of our significance test at different levels of statistical significance, under various

simulation and discretization settings.

4.3.1 Test statistic

We compute test statistic for covariate xj as the mean of squared partial derivatives of the fitted

model φ̂n to that covariate within the training sample Λ1

ρ2
n

(
∂φ̂n

∂xj
(XXX)

)
=

1
n ∑

(i,t)∈Λ1

(
∂φ̂n(xi,txi,txi,t)

∂xj

)2

where n is the number of observations in the training sample.

Tables A2 and A3 present the summary statistics of the scaled test statistics for various

covariates for five different neural networks, in the simulation scenario with (N = 200, T =

180) and varying levels of Pc, where Pc is 50 and 100, respectively. As expected, the most

influential covariates are found to be ci,1,t, ci,2,t, and ci,3,t × mt, while the second most impactful

are ci,1,t ×mt, ci,2,t ×mt, and ci,3,t, which are related to the true covariates and contain redundant

information for excess return prediction. On the other hand, the remaining 2Pc − 6 covariates,

which do not carry any useful information for forecasting excess returns, have test statistics

close to zero. This result holds true across all five NN models and is consistent for the two

other simulation scenarios of (N = 200, T = 120) and (N = 100, T = 180).

4.3.2 Quantile estimation

We use the discretization method outlined in Section 3.3 to first generate 1,000 samples of

Tj[h(max)] for each of the 100 Monte Carlo repetitions, given the simulation parameters (N, T)

mance compared to deeper NNs. However, this result is based on a specific set of hyperparameter values and a
limited number of architectures considered. Further tuning and exploring different architectures could potentially
yield different results, but this is beyond the scope of our current study.
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and discretization parameters (m, #layers, np). Each simulation of Tj[h(max)] for all covariates

takes about 10 to 15 minutes on a standard computer, with the time varying depending on the

value of Pc (which is either 50 or 100). To reduce the computing time, we can run the simula-

tions in parallel. For example, we utilized 400 CPUs from cluster machines, which reduced the

overall simulation time to 2 to 3 days for a given set of simulation and discretization parame-

ters.

4.3.3 Aggregated results of significance tests

To get a comprehensive insight into the dynamics of the asymptotic distribution and evaluate

the proposed test, we first conduct the significance test for each covariate by averaging the test

statistics and combining the Tj[h(max)] samples from all Monte Carlo repetitions. It is possible to

generate a different set of neural networks for each Monte Carlo repetition at each iteration of

the discretization process. However, in this paper, we generate the same set of neural networks

for each Monte Carlo repetition. For instance, at iteration it, we generate the same m neural

networks, ( f it
1 , f it

2 , ..., f it
m), across all Monte Carlo repetitions. Since all Monte Carlo repetitions

are generated from the same data generating process, and given a large enough sample size, the

empirical covariance ĉl,k =
1
n

n

∑
i=1

( f it
l f it

k )(xxxi) is highly consistent across repetitions. As a result,

the simulated ĥ(max)
it values are also consistent across repetitions, as is the case for other itera-

tions. This consistency enables us to average the test statistics for all Monte Carlo repetitions

and perform the significance test on the combined sample of the Tj[h(max)].

Figure 2 displays the results of the significance test when the simulation parameters are set

to (N = 200, T = 180) and the discretization parameters are set to (m = 500, one layer, np =

1, 000) and Pc = 100. The distribution of the aggregated Tj[h(max)] samples shows a heavy right

tail that is similar to the χ2 distribution for all covariates. In line with the findings in Table

A3, true covariates exhibit significantly higher test statistics compared to the other covariates

in all five models. The true covariates also exhibit higher test statistics in NN1, NN2, and

NN3 compared to NN4 and NN5, possibly because shallow neural networks perform better

in prediction than deep neural networks. For all five NN models, the test statistics of true

covariates are above the 99% quantile line, while the test statistics of other covariates are below

the 90% quantile line, indicating that true covariates are significant at the 1% level, while other

covariates are not significant even at the 10% level. These results suggest that, regardless of the

neural network architecture, the proposed significance test is able to effectively distinguish true

covariates from a large number of covariates, e.g., (or "factor zoo", that may include strongly

correlated variables and multiple sources of noise.

Insert Figure 2 about here
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4.3.4 Significance test results from individual Monte Carlo runs

We conduct 100 significance tests for each covariate by performing the significance test for each

Monte Carlo repetition individually. The variable significance frequency for each covariate is

calculated as the proportion of times that the covariate is identified as significant in the 100

significance tests. Table 2 presents the variable significance frequencies at three levels of sig-

nificance, 10%, 5%, and 1%, across five different discretization settings. Panel A shows the

results for the discretization choice of (m = 500, one layer, np = 1, 000). At the 10% significance

level, true covariates are identified as significant in 76%-88% of the tests, while only 17%-26%

of tests identify other covariates as significant. At the 5% level, the variable significance fre-

quency decreases slightly to 69%-82% for true covariates and 12%-20% for other covariates.

Even at the 1% level, the variable significance frequency remains above 58% for true covariates

and below 13% for other covariates. Although the variable significance frequency decreases

as the significance level decreases, the significance test still performs well: at any of the three

significance levels, the variable significance frequency is consistently higher than 58% for true

covariates and lower than 27% for other covariates. Panels B and C present the variable sig-

nificance frequencies for the discretization choice of (m = 300, one layer, np = 1, 000) and

(m = 500, one layer, np = 2, 000), respectively. The results are similar to those in Panel A,

indicating that the value of m or np has little impact on the performance of the significance test.

Insert Table 2 about here

The results of the variable significance frequency for the discretization choices

(m = 500, two layers, np = 1, 000) and (m = 500, three layers, np = 1, 000) are shown in Panels

D and E, respectively. While true covariates still have a higher variable significance frequency

than other covariates, there are some differences from the results in the previous three panels.

Firstly, the overall variable significance frequency decreases. For example, when Pc = 100,

the variable significance frequency of ci,1,t at 10% level drops from above 78% in Panel A to

below 73% in both Panel D and E. Secondly, in contrast to the previous three panels, the

variable significance frequency of true covariates does not consistently stay above 50%. For

instance, when Pc = 100, the variable significance frequency of ci,3,t × mt at the 1% level is

less than 50% in NN4 and NN5 in both Panel D and E. This suggests that the performance

of the significance test deteriorates when using neural networks with two or three hidden

layers for the discretization. This might be due to the fact that using more hidden layers

for approximating the ζ-cover of F leads to a larger set of weights to estimate, resulting in

increased model uncertainty and thus greater variation in the Tj[h(max)] samples.

In addition to assessing the statistical significance of the covariates at specified significance

levels, we also calculate their p-values based on the ρ2
n

(
∂φ̂n

∂xj
(XXX)

)
and the 1,000 Tj[h(max)] sam-
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ples from each Monte Carlo repetition. As a result, each covariate has a total of 100 p-values.

Figure 3 displays the distribution of the 100 p-values for the simulation choice (N = 200, T =

180) and the discretization choice (m = 500, one layer, np = 1, 000). Panel (a) shows the p-value

distribution for Pc = 50. For all five neural network models, the median p-values of the true co-

variates are smaller than 0.003, while the median p-values of the other covariates are larger than

0.3.10 This indicates that at least half of the significance tests indicate that the true covariates

are highly statistically significant, for instance, at the 0.3% level, and that the other covariates

are not statistically significant even at the most relaxed level, the 10% level. This trend also

holds in panel (b) with Pc = 100, suggesting that increasing the number of covariates does not

diminish the strength of the significance test.

Insert Figure 3 about here

4.3.5 Robustness and the multiple comparisons

In this section, we examine the robustness of the proposed test to variations in the parameters

of the Monte Carlo simulation. Additionally, we examine the impact of multiple comparison

adjustments, such as the Bonferroni correction, on the conclusions drawn about various vari-

ables.

The results of Figure A2, for the simulation choice (N = 200, T = 120) and (N = 100, T =

180), are in line with those of Figure 3 (a). The median p-values of true covariates indicate that

at least half of the significance tests show that they are statistically significant (at least at the 10%

level), while the other covariates are not. However, there is a noticeable trend that the median

p-values of true covariates decrease as the sample size increases. For instance, when comparing

NN5 in Panel (b) and Panel (a), the median p-values for true covariates drop from between

0.053 and 0.084 to between 0.019 and 0.047. This reduction in p-values is more pronounced in

Figure 3 (a), where the median p-values for true covariates are 0.000. These results suggest that

the power of the significance test increases with sample size, as a larger sample size allows for

a better estimation of the covariance matrix and a more accurate approximation of the ζ−cover

of F , leading to improved performance of the significance test.

Figure A3 presents the results of the significance test for four different discretization

choices: (m = 500, one layer, np = 2, 000), (m = 300, one layer, np = 1, 000), (m =

500, two layers, np = 1, 000) and (m = 500, three layers, np = 1, 000) in Panel (a), (b), (c), and

(d), respectively. The results are consistent with those in Figure 3 (b), with at least half of the

significance tests indicating that true covariates are statistically significant (at a 10% level or

lower) and the other covariates being not statistically significant. The median p-values for

10The median p-values of the remaining covariates have all been rounded to 1.000, so they are not presented here.
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true covariates remain largely unchanged with changes in the values of m or np, but tend to

increase when the neural network used in discretization has more hidden layers. For instance,

in NN4 and NN5, the median p-values for ci,3,t × mt are 0.001 in Panel (a) and (b), 0.018

in Panel (c), and around 0.03 in Panel (d). These results are consistent with Table 2, which

suggests that the performance of the significance test is not greatly impacted by the values of

m or np, and that the best results are achieved with a neural network with one hidden layer

for discretization.

We assess the robustness of our proposed test under multiple comparison scenarios. To ac-

count for potential multiple comparison problems, we use the conservative Bonferroni correc-

tion. The results of this correction are shown in Table A4, which reports the variable selection

frequencies after the correction has been applied, for the simulation choice (N = 200, T = 180)

and Pc = 100.

Compared to the results shown in Table 2, the variable selection frequency decreases in all

panels after the correction has been applied. This is expected, as the correction is designed to

account for multiple comparisons, and the significance level is adjusted to be very strict, at the

0.0025% level. Nevertheless, the significance test still performs well for NN1, NN2, and NN3,

as the variable selection frequency for true covariates remains above 50% in most cases.

In conclusion, the results of the multiple comparison correction validate the power of the

significance test in identifying true covariates in shallow neural networks.

5 An empirical analysis of U.S. equities

In this section, we put the proposed variable significance test to use by applying it to a com-

prehensive set of factors, or predictors, that have been previously considered in the literature

(Green et al., 2017; Kelly et al., 2019; Freyberger et al., 2020; Gu et al., 2020). Our analysis begins

with a examination of the out-of-sample performance of multi-layer perceptrons (MLPs) in as-

sessing risk premia. We then use the proposed test to identify the predictors that are statistically

significant.

5.1 Data

We obtained monthly total individual equity returns from the Center for Research in Security

Prices (CRSP) for firms listed on the NYSE, AMEX, and NASDAQ. The sample period covers

53 years, from January 1, 1967 to December 31, 2019. This start date is similar to the one used

in the study by Chen et al. (2023).

To measure risk premia, we used the Treasury-bill rate as an approximation of the risk-free

rate and calculated the monthly excess returns.11 We divided the data into three sections: 20

years of training data (1967-1986), 5 years of validation data (1987-1991), and 28 years of out-of-

11The monthly Treasury-bill rate is from Amit Goyal’s Web site.
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sample testing data (1992-2019). Our sample includes 26,300 stocks, with an average of around

4,400 stocks per month.

To build a collection of stock-level predictive characteristics, we followed the literature on

cross-section of stock returns, such as Green et al. (2017) and Kelly et al. (2019), among others.

We initially constructed 94 stock-level predictive characteristics from variables in Compustat

and CRSP, as described in detail in Table A5.12 However, not all stocks had complete infor-

mation for all characteristics in each month, so we only included stocks with all characteristic

information available in a given month.13 This resulted in dropping 16 characteristics and re-

ducing our sample to 4,826 stocks with an average of around 814 stocks per month. For each

characteristic in a given month, we cross-sectionally rank the values of that characteristic and

map these ranks into the [−0.5, 0.5] interval similarly to Kelly et al. (2019).

In addition to stock-level characteristics, we also constructed 8 macroeconomic predictors

based on Welch and Goyal (2008), including the dividend-price ratio (dp), earnings-price ra-

tio (ep), book-to-market ratio (bm), net equity expansion (ntis), Treasury-bill rate (tbl), term

spread (tms), default spread (dfy), and stock variance (svar). We transformed these macroe-

conomic predictors to remove non-stationarity, as described in McCracken and Ng (2016), and

normalized them using the mean and standard deviation calculated from the training data.

The transformations and normalizations are described in detail in Table A6.

As an illustration, we show the time series (top panel), transformation (middel panel), and

normalization (bottom panel) of three macroeconomic predictors in Figure A4. A visual inspec-

tion reveals that neither of time series are stationary while applying the standard transforma-

tions solve non-stationarity in these predictors. Note that neither the firm characteristics nor

the macroeconomic predictors have to be independent and identically distributed (i.i.d.), as we

have not imposed this assumption for the predictors.

5.2 Equity premium prediction: the overarching model

The equity premium, or excess return, is calculated as the difference between the equity re-

turns on a given asset i at time t + 1, represented as ri,t+1, and the risk-free rate at time t + 1,

represented as r f
t+1. The equation is expressed as:

Equity Premium(t) = re
i,t+1 = ri,t+1 − r f

t+1.

Excess returns are modeled as:

re
i,t+1 = Et[re

i,t+1] + ε i,t+1 = f⋆(xxxi,t) + ε i,t+1

where f⋆ is a multivariate function that depends on the feature variables xxxi,t, and ε i,t+1 repre-

12We construct these characteristics based on Green et al. (2017). We adapt the SAS code available from Jeremiah
Green’s Web site and extend the sample to December 31, 2019.
13To predict the return at month t + 1, we calculate the monthly characteristics at the end of month t, assuming
that monthly accounting data is available at that time. We calculate the annually characteristics at the end of month
t − 6, assuming that the annually data is released at least six months before the end of month t.
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sents the error term. The goal is to approximate the f⋆ function using a multi-layer perceptron

(MLP) that maximizes the out-of-sample explanatory power for the realized excess returns.

To predict the excess return of stock i in the next month t + 1, two stock-level covariates are

constructed that incorporate the interaction between stock characteristics and macroeconomic

predictors. The first covariate is represented as:

xxxi,t = cmi,t = [ci,t, mt]

where ci,t is a matrix of Pc characteristics for each stock i, and mt is a vector of Pm macroeco-

nomic predictors. The second covariate is represented as:

xxxi,t = zi,t = ci,t ⊗ [1, mt]

where zi,t is a vector of P = PcPm features for predicting individual stock returns. The to-

tal number of covariates for cmi,t and zi,t are 86 and 702, respectively. The proposed method

can be applied to other neural network architectures similarly to prior research (Bianchi et al.,

2021). For simplicity, the two sets of predictors will be referred to as CpM (characteristics plus

macroeconomics) and CtM (characteristics times macroeconomics) in the remainder of the dis-

cussion.

It is worth noting that prior research has shown that neural networks are among the best

performing algorithms for predicting equity risk premiums. The aim of the present analysis is

to complement these findings by identifying the statistically significant covariates and "opening

the black-box". Unlike prior research, the proposed method trains all models only once for

the entire test sample, rather than recursively refitting models (Bianchi et al., 2021; Gu et al.,

2020) each month or year, due to the high computational cost of training neural networks.

However, if one were to use the recursively refitting methodology, separate tests would need

to be conducted for each month or year, as the proposed test can be applied to a trained ML

5.3 Performance evaluation

The performance of equity premium forecasts is evaluated using the explained variation in

individual asset returns, denoted as EV, which is calculated as follows:

EV = 1 −
1
T ∑T

t=1
1

Nt
∑Nt

i=1(r
e
i,t+1 − r̂e

i,t+1)
2

1
T ∑T

t=1
1

Nt
∑Nt

i=1(r
e
i,t+1)

2

where T is the number of months in the sample and Nt is the number of available assets

in month t. r̂e
i,t+1 is the predicted excess return for asset i at time t + 1. This prediction is the

average of the predicted excess returns from nine independently trained models with the same

neural network architecture but different initializations, i.e., r̂e
i,t+1 = f̂n(xi,txi,txi,t) = 1

9

9

∑
k=1

f̂n
k(xi,txi,txi,t).

The formula and nine assesmbles are based on the methodology from Chen et al. (2023).

In the calculation of the EV metric, the denominator is the sum of squared excess returns
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without demeaning, which uses the naive zero forecast. This approach was adopted to coun-

teract the potential for noisy estimation of historical mean stock returns. By benchmarking the

EV against a naive forecast, the bar for acceptable prediction performance is not artificially

lowered. Additionally, similar to Chen et al. (2023), other performance evaluation metrics such

as the Sharp ratio and cross-sectional R2 were calculated, but are not reported in this paper due

to space constraints. These metrics are available upon request.

5.4 Model uncertainty

Table 3 reports monthly out-of-sample prediction performance in terms of EV measure for both

CpM and CtM predictors for three sets of assets. We compare five different models for each

universe of predictors, CpM and CtM, totalling 10 models.

Insert Table 3 about here

Table 3 highlights two key insights. Firstly, all the models surpass the performance of the

naive zero forecast in terms of the EV metric. The minimum monthly EV is around 9.9% (for

the CtM predictors) while the maximum is approximately 12.2% (for the CpM predictors). This

outcome aligns with the results reported in GKX and is expected. It confirms the superiority

of the neural network models compared to the naive zero forecast in predicting excess returns.

The neural network’s ability to capture complex and non-linear relationships among the pre-

dictors is a significant advantage over the simplistic naive zero forecast.

Secondly, the shallow network on the CpM predictors effectively captures interaction effects

among predictors. Increasing the complexity of the model, for instance by adding more nodes

or layers to the MLPs, or by incorporating more predictors, can result in a more complex model.

As seen in Table 3, the shallowest network (NN1) on the CpM predictors performs comparably

to the deepest network (NN5) on the CtM predictors. Additionally, NN models on the CpM

predictors outperform their counterparts (with the same architecture) on the CtM, indicating

that the neural network architecture effectively captures interaction effects among predictors.

The second and third rows of Table 3 break out predictability for large stocks (the top-100

stocks by market equity each month) and small stocks (the bottom-100 stocks each month).

This is based on the full estimated model (using all stocks in training), but focuses on fits of

trained models among the two subsamples. Similarly to GKX, neural networks are successful

among large stocks, with EV ranging from 23.1% to 27.8%.

Table 3 provides a quantitative comparison of models’ predictive performance, while Table

4 offers the statistical significance of differences among models at the monthly frequency. It

reports Diebold-Mariano test statistics for pairwise comparisons of a column model versus a

row model.14 Similar to GKX, the null hypothesis is that there is no difference between models.

14Detailed information about the Diebold-Mariano test and its modification can be found in Section 1.8 of GKX.
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Positive numbers indicate the column model outperforms the row model.

Insert Table 4 about here

The results from Table 3 indicate that deeper neural networks outperform shallower ones.

For instance, the NN5 model shows better performance compared to NN1 to NN4 for both sets

of predictors. It’s important to note that the study follows the approach of previous research,

such as Kelly et al. (2019), Freyberger et al. (2020), and Chen et al. (2023), in that it only includes

stocks with complete characteristic information for a given month and does not replace missing

values with cross-sectional medians or means. Additionally, the study deviates from the rolling

or expanding window approach and instead uses a single trained model to make predictions

for the entire out-of-sample testing period, similar to Chen et al. (2023).

5.5 Which predictors matter?

In this section, we focus on our primary objective of identifying statistically significant predic-

tors. To ensure robust results, we follow the approach of GKX by also reporting LOOM. To rank

the covariates in terms of their influence, we calculate their values within each model and then

average the rankings across the five NN models to obtain an overall ranking for each metric.

The hypothesis test involves two important components: the test statistic, also referred to

as the t-statistic, and the p-value. The t-statistic measures the sensitivity of the model to a

particular predictor and provides insight into its significance, while the p-value indicates the

statistical significance of the t-statistic

Following Theorem 3.2.3, the t-statistic is given by

ρ2
n

(
∂ f̂n

∂xj
(XXX)

)
=

1
n

n

∑
i=1

(
∂ f̂n(xixixi)

∂xj

)2

where xj is the jth covariate, xxxi is the ith sample in the training set, and n is the number of train-

ing samples, f̂n is the trained NN model. Consistent with the theoretical findings, Theorems

3.1.1 and 3.2.3, we scale all t-statistics within a model with the same scaling number, however,

we use different scaling factor for each NN model.

To obtain a p-value, we employ the discretization method described in Subsection 3.3. The

method involves setting m = 100, np = 10, 000, and randomly selecting 1,000 stocks from the

entire training sample in each iteration. The selection of only 1,000 stocks is done to reduce

computational cost. However, we also evaluated the results on the entire sample and with

different selection methods, such as randomly selecting 10 stocks from each percentile based

on a stock characteristic, such as market value. The results were consistent and comparable to

those obtained from randomly selecting 1,000 stocks from the entire training sample.

As a demonstration, Figure A5 shows the approximation of asymptotic distributions for

two predictors drawn from the CpM universe. The top and bottom left (right) panels of Figure
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A5 display the probability density function (pdf) and cumulative distribution function (cdf),

respectively, of the approximated asymptotic distribution of the 1-month momentum (R&D

increase) predictor. The figure highlights several key observations. First, the asymptotic dis-

tributions of the two predictors are distinct, as expected based on (14) and its accompanying

discussion. Second, it is evident that the 1-month momentum predictor is significant at the

5% level (its scale t-statistic exceeds the 95% quantile), while the R&D increase predictor is not

significant (its scaled test statistic is below the 95% quantile). Additionally, Figure A6 shows

the approximated asymptotic distributions for two predictors from the CtM universe. A com-

parison of the asymptotic distributions of the CpM and CtM predictors reveals that the pdfs

of CpM predictors have higher kurtosis and smaller variance. Furthermore, all asymptotic

distributions exhibit positive skewness, which is consistent with the one-tailed hypothesis.15

Tables 5 and A7 present the results of the significance tests for all stock characteristics and

NN models, where the universes of predictors are the CpM and CtM, respectively. The charac-

teristics are sorted based on their t-statistic values within each model, and an overall influence

in terms of test statistic is calculated by averaging the predictors’ rankings across the five NN

models. The scaled test statistics for all models are listed in front of each predictor, and their

corresponding p-values are shown underneath. Red color is used for predictors with a p-value

less than 10%, while green color is used for predictors with a p-value greater than 10%. The

darkness of the red or green color indicates the level of significance.16.

Insert Tables 5 about here

Table 5 provides several significant insights. Firstly, the top-5 most influential predictors,

based on their test statistic values, are 1-month momentum (mom1m), volatility of liquid-

ity (std−turn), share turnover (turn), dollar trading volume (dolvol), and change in 6-month

momentum (chmom). On the other hand, the bottom-5 predictors are depreciation (depr),

industry-adjusted change in profit margin (chpmia), industry-adjusted change in capital ex-

penditures (pchcapx−ia), R&D increase (rd), and industry sales concentration (herf). Secondly,

it is worth to note that only a limited number of characteristics are statistically significant at

99% level across all NN models, with only a few of the 78 characteristics being significant.

Lastly, it is worth mentioning that all macroeconomic predictors are statistically insignificant,

although their results have not been reported in the interest of space.

Comparing Tables 5 and A7 reveals that the relative importance of characteristics is almost

identical across the two universes of predictors. Given the strong out-of-sample performance

15Tables A10, A11, and A13 present the 95% quantile of 78 characteristics for all models on the CpM, CtM, and
top-34 common interactions that exist in each NN model’s top 100 interactions, respectively.
16For additional information regarding the variable significance test, all p-values are reported. Alternatively, in line
with conventional asset pricing literature, one can use *, **, and *** to denote 10%, 5%, and 1% significant levels.
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of the NN models on both CpM and CtM predictors, it can be concluded that the NN mod-

els effectively capture non-linear interactions among predictors in predicting individual stock

excess returns, which is consistent across all NN models.

Tables A8 and A9 provide the variable significant test results for the top-34 and bottom-

48 common interaction predictors, respectively, of NN models with the universe of predictors

being CtM. An inspection of these tables shows two key findings. Firstly, the most influen-

tial common interaction predictors are based on the product of a characteristic with either the

dividend-price ratio (dp) or earning-price ratio (ep). Secondly, in contrast to the CpM universe,

there are more statistically significant predictors at the 99% level for the CtM universe, which

is not surprising given the higher number of predictors (702) in the case of CtM.

The empirical study section concludes with a robustness check of the variable significant

test by considering the leave-one-out-metric (LOOM). This involved setting the values of a

given predictor to zero to generate a new training sample, and calculating the LOOM as the

absolute difference between the expected value based on all covariates and the expected value

based on all covariates except the predictor being tested. The results of the LOOM were gen-

erally positive and a large reduction indicated the large influence of the predictor. Figures

showed the overall rankings of predictors based on the sum of their ranks across all models,

with the most influential predictors on the top and the least influential on the bottom. The

comparison between test statistic and LOOM showed that the models agreed on the most in-

fluential predictors.17

6 Conclusion

This study has proposed a novel variable significance test for evaluating the statistical signif-

icance of input variables in multi-layer perceptron (MLP) regression models. By providing a

robust and reliable method for variable selection, this test can help practitioners and researchers

better understand the underlying relationships in their data and make more informed decisions

based on their findings.

The theoretical foundations of the test were established through consistency results and es-

timation rate analysis using the sieves method. This provides a solid theoretical basis for the

test’s performance and ensures that the test’s results are both accurate and reliable. Addition-

ally, an extensive Monte Carlo simulation was conducted to validate the test’s performance in

complex and realistic settings. The simulation results showed that the test has a high power

and low rate of false positives, making it a powerful tool for detecting true effects in data.

The test was also applied to identify the most influential predictors of equity risk premiums,

with results indicating that only a small number of characteristics have statistical significance

17For further insight on the LOOM, refer to Figures A8 to A11.
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and all macroeconomic predictors are insignificant at the 1% level. This highlights the impor-

tance of a robust variable selection method for identifying true effects in data and can have

important implications for practitioners and researchers working in the field of finance.

The study opens up exciting and unexplored avenues for further research. One possibil-

ity is to extend the variable significance test to other classes of neural networks such as long

short-term memory (LSTM) networks, which have been shown to be useful for financial appli-

cations, such as capturing the time-variation of the stochastic discount factor with a recurrent

LSTM network (Chen et al., 2023). To do so, one might leverage on Chen and Shen (1998) and

Chen and White (1999) on sieves for dependent data. Furthermore, this study focused on eval-

uating the statistical significance of covariates, given a trained model, by fixing the training

sample. It would be interesting to explore the time dimension of significant predictors and

their financial implication by considering different training samples (Gu et al., 2020; Bianchi

et al., 2021). Additionally, by assuming neural networks as nonparametric estimators, it would

be valuable to explore model misspecification tests in future research.
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Table 1: Predictive R2 for neural networks (NNs) and Simulation Choices. This table reports
the average in-sample (IS) R2s and the average out-of-sample (OOS) R2 of 100 Monte Carlo
repetitions for five architectures of neural networks (NN1...NN5) and Oracle model, when Pc =
50 and Pc = 100. From NN1 to NN5, the number of hidden layers increases from 1 to 5 and the
number of neurons in each hidden layer decreases from 32 to 2 according to the pyramid rule.
Oracle model is a pooled ordinary least square (OLS) regression with the regressors being the
true covariates. We consider three pairs of the number of firms N and the number of months T
in simulation: (N = 200, T = 180), (N = 200, T = 120), and (N = 100, T = 180), and report
the results in Panel A, B, and C, respectively.

Parameter PC=50 PC=100
R2(%) IS OOS IS OOS

Panel A: N=200, T=180

NN1 6.85 3.87 7.14 3.85
NN2 6.83 3.77 7.14 3.71
NN3 6.77 3.67 7.23 3.61
NN4 6.85 3.65 7.19 3.56
NN5 6.97 3.63 7.01 3.42

Oracle 6.43 4.86 6.43 4.86

Panel B: N=200, T=120

NN1 6.66 2.80 6.92 2.74
NN2 6.51 2.52 6.70 2.43
NN3 6.15 2.35 6.29 2.14
NN4 6.37 2.20 6.59 1.92
NN5 6.17 2.18 6.46 1.70

Oracle 6.53 4.15 6.53 4.15

Panel C: N=100, T=180

NN1 6.79 3.76 7.10 3.66
NN2 6.70 3.54 6.93 3.24
NN3 6.92 3.19 6.57 2.77
NN4 6.49 3.15 6.54 2.64
NN5 6.17 3.02 6.21 2.41

Oracle 6.44 4.84 6.44 4.84
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Table 2: Variable Significance Frequencies for neural networks (NNs) and Discretization
Choices. This table reports the variable selection frequencies for 6 covariates for five neural
networks (NN1...NN5) for Pc = 50 and Pc = 100, when the simulation choice is (N = 200, T =
180). The variable significance frequency of a covariate is calculated as the proportion of signif-
icance test results showing that the covariate is significant at the [10%, 5%, 1%] level, out of 100
Monte Carlo repetitions. ci,1,t, ci,2,t, and ci,3,t × mt are true covariates. ci,1,t × mt, ci,2,t × mt, and
ci,3,t are covariates that are correlated to one of the three true covariates. From NN1 to NN5, the
number of hidden layers increases from 1 to 5 and the number of neurons in each hidden layer
decreases from 32 to 2 according to the pyramid rule. We consider five discretization choices:
(m = 500, one layer, np = 1, 000), (m = 300, one layer, np = 1, 000), (m = 500, one layer, np =
2, 000), (m = 500, two layers, np = 1, 000), and (m = 500, three layers, np = 1, 000). Their results
are reported in Panel A, B, C, D, and E, respectively.

Panel A: m = 500, one layer, np = 1, 000

Parameter Method ci,1,t ci,2,t ci,3,t × mt ci,1,t × mt ci,2,t × mt ci,3,t

Pc = 50 NN1 [80, 73, 70] [81, 80, 65] [76, 72, 64] [21, 19, 8] [17, 12, 7] [18, 12, 7]
NN2 [81, 74, 67] [81, 77, 63] [78, 70, 61] [20, 15, 7] [17, 12, 7] [17, 13, 7]
NN3 [82, 76, 67] [82, 79, 62] [79, 72, 59] [20, 14, 8] [19, 14, 6] [19, 12, 6]
NN4 [85, 79, 74] [83, 79, 68] [83, 75, 67] [24, 20, 10] [26, 18, 12] [22, 14, 8]
NN5 [88, 82, 75] [84, 81, 70] [85, 79, 70] [26, 20, 10] [25, 21, 12] [20, 18, 9]

Pc = 100 NN1 [85, 80, 72] [84, 81, 75] [79, 76, 68] [24, 20, 10] [21, 15, 9] [22, 17, 9]
NN2 [82, 77, 67] [83, 79, 70] [77, 74, 65] [23, 19, 9] [22, 14, 7] [19, 16, 8]
NN3 [87, 79, 72] [83, 81, 73] [83, 76, 67] [25, 20, 8] [25, 18, 10] [21, 17, 12]
NN4 [79, 74, 66] [79, 76, 64] [79, 69, 65] [24, 18, 7] [21, 14, 5] [20, 15, 12]
NN5 [81, 76, 69] [80, 70, 64] [79, 70, 66] [22, 15, 8] [24, 14, 5] [19, 17, 10]

Panel B: m = 300, one layer, np = 1, 000

Parameter Method ci,1,t ci,2,t ci,3,t × mt ci,1,t × mt ci,2,t × mt ci,3,t

Pc = 50 NN1 [81, 74, 69] [83, 79, 64] [76, 72, 64] [21, 18, 8] [17, 13, 6] [17, 12, 7]
NN2 [81, 76, 67] [82, 77, 62] [76, 70, 62] [21, 16, 7] [18, 12, 7] [16, 12, 7]
NN3 [82, 76, 67] [82, 75, 62] [79, 74, 57] [20, 14, 8] [19, 14, 7] [18, 12, 6]
NN4 [85, 78, 74] [83, 78, 67] [82, 75, 67] [23, 19, 9] [26, 20, 9] [20, 14, 8]
NN5 [89, 82, 74] [85, 81, 70] [86, 79, 70] [26, 20, 9] [25, 22, 11] [20, 18, 9]

Pc = 100 NN1 [87, 79, 72] [84, 81, 75] [80, 76, 66] [24, 21, 8] [20, 14, 9] [22, 17, 8]
NN2 [83, 76, 66] [83, 79, 71] [77, 74, 65] [23, 19, 9] [22, 14, 7] [20, 15, 8]
NN3 [89, 81, 72] [84, 80, 73] [84, 81, 65] [24, 20, 8] [25, 17, 10] [21, 16, 10]
NN4 [80, 75, 64] [79, 76, 65] [79, 74, 64] [23, 20, 7] [22, 14, 6] [19, 13, 9]
NN5 [81, 76, 68] [81, 71, 66] [79, 75, 62] [24, 14, 9] [24, 13, 5] [17, 15, 9]
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Table 2 Continue.

Panel C: m = 500, one layer, np = 2, 000

Parameter Method ci,1,t ci,2,t ci,3,t × mt ci,1,t × mt ci,2,t × mt ci,3,t

Pc = 50 NN1 [81, 73, 70] [82, 80, 67] [76, 72, 64] [21, 19, 10] [17, 12, 7] [18, 12, 7]
NN2 [81, 75, 66] [81, 77, 63] [76, 70, 61] [20, 15, 7] [18, 12, 7] [17, 13, 7]
NN3 [82, 76, 67] [82, 77, 63] [79, 72, 57] [20, 14, 8] [19, 14, 6] [19, 12, 6]
NN4 [85, 78, 74] [83, 78, 70] [82, 75, 67] [23, 20, 10] [26, 18, 12] [21, 14, 10]
NN5 [88, 82, 74] [84, 81, 72] [85, 78, 70] [25, 20, 11] [25, 21, 12] [20, 18, 11]

Pc = 100 NN1 [86, 79, 72] [84, 81, 74] [80, 76, 67] [24, 21, 10] [21, 14, 9] [22, 17, 9]
NN2 [82, 76, 67] [83, 79, 70] [77, 74, 66] [23, 20, 9] [22, 14, 7] [20, 15, 9]
NN3 [87, 79, 73] [83, 81, 72] [83, 81, 67] [25, 20, 8] [25, 17, 9] [21, 16, 12]
NN4 [79, 75, 66] [79, 76, 63] [79, 71, 65] [23, 18, 8] [22, 14, 5] [20, 14, 11]
NN5 [81, 75, 70] [80, 70, 64] [79, 71, 65] [22, 15, 9] [24, 13, 5] [19, 16, 10]

Panel D: m = 500, two layers, np = 1, 000

Parameter Method ci,1,t ci,2,t ci,3,t × mt ci,1,t × mt ci,2,t × mt ci,3,t

Pc = 50 NN1 [73, 71, 69] [81, 81, 75] [73, 72, 64] [21, 18, 8] [16, 9, 5] [12, 10, 7]
NN2 [72, 69, 64] [81, 78, 71] [74, 71, 63] [19, 15, 7] [13, 9, 7] [12, 10, 6]
NN3 [73, 70, 67] [80, 80, 67] [77, 73, 62] [18, 13, 8] [18, 10, 6] [12, 10, 6]
NN4 [78, 75, 70] [83, 82, 77] [79, 76, 68] [23, 19, 9] [21, 13, 9] [14, 13, 7]
NN5 [79, 75, 72] [83, 83, 79] [80, 78, 72] [23, 20, 9] [25, 15, 9] [18, 15, 8]

Pc = 100 NN1 [72, 68, 65] [79, 77, 69] [70, 66, 51] [16, 11, 4] [13, 11, 6] [10, 8, 3]
NN2 [65, 64, 61] [76, 73, 60] [65, 65, 48] [14, 9, 4] [13, 9, 4] [9, 8, 5]
NN3 [69, 66, 61] [78, 72, 65] [67, 65, 46] [14, 10, 6] [13, 11, 8] [12, 10, 5]
NN4 [61, 59, 54] [69, 66, 61] [65, 62, 42] [8, 8, 5] [10, 8, 4] [12, 8, 5]
NN5 [59, 56, 53] [68, 67, 56] [68, 61, 40] [9, 9, 6] [11, 8, 5] [11, 8, 4]

Panel E: m = 500, three layers, np = 1, 000

Parameter Method ci,1,t ci,2,t ci,3,t × mt ci,1,t × mt ci,2,t × mt ci,3,t

Pc = 50 NN1 [73, 72, 63] [81, 79, 73] [75, 72, 64] [21, 16, 12] [13, 9, 9] [16, 14, 10]
NN2 [74, 73, 61] [78, 76, 66] [74, 70, 64] [17, 12, 11] [13, 12, 11] [16, 14, 11]
NN3 [76, 72, 62] [80, 78, 64] [76, 73, 62] [15, 10, 9] [13, 11, 10] [17, 13, 11]
NN4 [79, 77, 66] [81, 78, 73] [80, 77, 69] [20, 15, 12] [19, 13, 12] [18, 17, 13]
NN5 [81, 78, 70] [83, 81, 77] [81, 79, 72] [21, 14, 13] [22, 17, 13] [19, 19, 16]

Pc = 100 NN1 [72, 71, 61] [78, 74, 66] [74, 65, 59] [16, 12, 10] [13, 8, 4] [15, 10, 8]
NN2 [68, 65, 60] [75, 69, 61] [70, 65, 55] [14, 10, 9] [11, 4, 2] [15, 11, 7]
NN3 [72, 69, 57] [75, 71, 65] [77, 65, 55] [14, 10, 8] [13, 8, 6] [16, 12, 8]
NN4 [66, 61, 52] [67, 63, 59] [69, 61, 49] [8, 8, 8] [10, 4, 2] [13, 12, 8]
NN5 [70, 57, 46] [67, 63, 56] [69, 61, 44] [9, 9, 9] [10, 5, 2] [14, 11, 8]
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Table 3: Monthly out-of-sample stock-level prediction performance (EV).

There are two sets of predictors: CpM and CtM. CpM: characteristics plus macroeconomics.

CtM: characteristics times macroeconomics. EV is given by: EV = 1 − ∑T
t=1

1
Nt

∑
Nt
i=1(ϵ̂i,t+1)

2

∑T
t=1

1
Nt

∑
Nt
i=1(r

e
i,t+1)

2
where

T is the number of months in the sample, Nt is the number of available stocks in month t, re
t+1,i

is the excess return of stock i at month t + 1, and ϵ̂i,t+1 =
(

INt − β̂t(β̂⊤
t β̂t)−1 β̂⊤

t
)

re
i,t+1 where

β̂t is the output of a trained neural network. We also report these EV within subsamples that
include only the top-100 stocks or bottom-100 stocks by market value (mve). The lower panel
provides a visual comparison of the EV statistics in the table. NNi: a multi-layer perceptron
with i-hidden layer.

CpM CtM
NN1 NN2 NN3 NN4 NN5 NN1 NN2 NN3 NN4 NN5

All 0.115 0.121 0.114 0.117 0.122 0.095 0.099 0.099 0.107 0.108
Top 100 0.259 0.278 0.272 0.269 0.273 0.231 0.237 0.236 0.255 0.261
Bottom 100 0.076 0.077 0.076 0.077 0.077 0.062 0.064 0.066 0.069 0.068

NN1 NN2 NN3 NN4 NN5
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Table 4: Comparison of monthly out-of-sample prediction using Diebold-Mariano tests.

This table reports pairwise Diebold-Mariano test statistics comparing the out-of-sample stock-
level prediction performance among five models. Positive numbers indicate the column model
outperforms the row model. Superscripts ***, ** and * indicate statistical significance at the 1%,
5% and 10% level, respectively. NNi: a multi-layer perceptron with i-hidden layer.

CpM CtM
NN2 NN3 NN4 NN5 NN2 NN3 NN4 NN5

NN1 2.472*** -0.123 0.641 2.096** 3.009*** 5.315*** 4.553*** 4.090***
NN2 -1.399 -1.972 0.878 -0.244 2.592*** 2.288**
NN3 0.563 1.983** 3.429*** 3.308***
NN4 2.287** 0.605
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Table 5: Variable significant test results of characteristics where the universe of predictors is CpM.

Predictors are sorted based on their t-stat values within each model, and averaging the predictors rankings among the five NN models to obtain an
overall influence in terms of t-stat. In front of each predictor, the scaled t-stats for each model are reported, while their corresponding p-values are
underneath of them. We use the red (green) color for predictors that their p-value is less (larger) than 10%. The darkness of red (green) color represents
its significant (insignificant) level. See Table A5 for the definitions of stock characteristics. NNi: a multi-layer perceptron with i-hidden layer.

Predictor NN1 NN2 NN3 NN4 NN5 Predictor NN1 NN2 NN3 NN4 NN5 Predictor NN1 NN2 NN3 NN4 NN5

mom1m 0.287 0.169 0.211 0.187 0.093 invest 0.079 0.077 0.077 0.069 0.052 chcsho 0.073 0.075 0.073 0.066 0.051
0.000 0.009 0.005 0.008 0.024 0.089 0.089 0.087 0.090 0.090 0.101 0.101 0.094 0.093 0.094

std_turn 0.209 0.126 0.133 0.122 0.065 agr 0.084 0.077 0.074 0.071 0.051 divo 0.077 0.075 0.073 0.064 0.051
0.004 0.027 0.020 0.021 0.055 0.076 0.090 0.089 0.080 0.091 0.097 0.100 0.103 0.100 0.098

turn 0.146 0.112 0.110 0.123 0.063 cfp 0.080 0.077 0.080 0.068 0.051 mve_ia 0.075 0.074 0.072 0.064 0.052
0.014 0.034 0.035 0.019 0.058 0.091 0.091 0.083 0.089 0.095 0.099 0.101 0.099 0.098 0.088

dolvol 0.245 0.117 0.126 0.079 0.057 lev 0.078 0.081 0.074 0.067 0.053 ps 0.075 0.076 0.073 0.064 0.050
0.001 0.033 0.025 0.064 0.074 0.090 0.085 0.092 0.087 0.086 0.100 0.092 0.099 0.099 0.094

chmom 0.101 0.085 0.093 0.083 0.055 pchsale_pchinvt 0.077 0.077 0.076 0.068 0.054 grltnoa 0.073 0.075 0.074 0.064 0.050
0.046 0.076 0.053 0.056 0.081 0.093 0.091 0.087 0.086 0.085 0.103 0.100 0.090 0.100 0.103

divi 0.099 0.087 0.087 0.077 0.057 pchquick 0.078 0.076 0.076 0.070 0.052 chempia 0.074 0.075 0.072 0.067 0.049
0.049 0.072 0.066 0.073 0.076 0.094 0.095 0.089 0.081 0.088 0.101 0.106 0.098 0.091 0.102

indmom 0.091 0.083 0.090 0.084 0.057 bm_ia 0.083 0.079 0.078 0.066 0.050 age 0.075 0.074 0.071 0.064 0.051
0.064 0.078 0.059 0.052 0.073 0.076 0.095 0.080 0.092 0.099 0.096 0.097 0.096 0.101 0.091

ill 0.101 0.092 0.084 0.072 0.053 retvol 0.085 0.081 0.076 0.063 0.051 pchgm_pchsale 0.075 0.073 0.072 0.064 0.050
0.050 0.059 0.067 0.078 0.089 0.074 0.083 0.092 0.108 0.093 0.100 0.102 0.102 0.099 0.097

betasq 0.126 0.191 0.078 0.067 0.057 maxret 0.082 0.078 0.077 0.066 0.051 tang 0.075 0.073 0.073 0.064 0.049
0.025 0.006 0.081 0.089 0.075 0.087 0.089 0.088 0.095 0.093 0.094 0.098 0.095 0.098 0.102

gma 0.099 0.081 0.080 0.075 0.054 egr 0.083 0.076 0.077 0.067 0.050 mom36m 0.073 0.073 0.072 0.065 0.049
0.051 0.086 0.083 0.071 0.087 0.080 0.087 0.085 0.098 0.092 0.096 0.105 0.099 0.099 0.097

bm 0.096 0.086 0.083 0.070 0.053 chatoia 0.080 0.077 0.076 0.066 0.051 grcapx 0.072 0.075 0.072 0.063 0.050
0.057 0.073 0.073 0.079 0.087 0.090 0.093 0.086 0.094 0.092 0.099 0.098 0.103 0.104 0.099

sp 0.083 0.079 0.090 0.078 0.054 acc 0.078 0.078 0.072 0.068 0.053 cfp_ia 0.071 0.074 0.072 0.064 0.049
0.077 0.093 0.054 0.061 0.088 0.087 0.096 0.099 0.087 0.088 0.111 0.100 0.102 0.098 0.102

operprof 0.113 0.083 0.085 0.082 0.050 cashpr 0.077 0.075 0.076 0.068 0.053 saleinv 0.075 0.074 0.072 0.063 0.049
0.038 0.077 0.065 0.059 0.100 0.092 0.094 0.088 0.087 0.087 0.097 0.100 0.096 0.104 0.101

cashdebt 0.086 0.080 0.077 0.072 0.054 currat 0.081 0.077 0.075 0.068 0.050 pchsale_pchxsga 0.075 0.073 0.071 0.064 0.049
0.069 0.091 0.086 0.078 0.081 0.084 0.091 0.088 0.085 0.096 0.093 0.108 0.098 0.101 0.100

BETA 0.128 0.200 0.077 0.066 0.054 pchcurrat 0.077 0.076 0.076 0.066 0.053 salerec 0.070 0.073 0.071 0.063 0.050
0.028 0.005 0.086 0.098 0.081 0.091 0.094 0.087 0.094 0.087 0.117 0.101 0.101 0.105 0.102

sgr 0.092 0.080 0.079 0.071 0.053 dy 0.077 0.076 0.075 0.067 0.052 pricedelay 0.068 0.072 0.070 0.066 0.049
0.060 0.089 0.084 0.077 0.088 0.090 0.091 0.094 0.093 0.089 0.117 0.107 0.108 0.096 0.101
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Table 5 (cont.)

Predictor NN1 NN2 NN3 NN4 NN5 Predictor NN1 NN2 NN3 NN4 NN5 Predictor NN1 NN2 NN3 NN4 NN5

mve 0.092 0.079 0.077 0.068 0.055 convind 0.079 0.075 0.077 0.070 0.050 pchsale_pchrect 0.074 0.072 0.071 0.064 0.049
0.063 0.087 0.091 0.087 0.079 0.090 0.098 0.086 0.085 0.097 0.100 0.103 0.103 0.104 0.097

roic 0.084 0.078 0.078 0.074 0.053 chinv 0.079 0.078 0.074 0.064 0.052 absacc 0.070 0.072 0.070 0.064 0.050
0.078 0.090 0.085 0.074 0.086 0.084 0.088 0.094 0.102 0.089 0.113 0.103 0.109 0.099 0.096

mom12m 0.080 0.080 0.080 0.069 0.054 rd_mve 0.077 0.076 0.074 0.069 0.051 pchdepr 0.069 0.072 0.071 0.062 0.050
0.083 0.084 0.080 0.086 0.086 0.092 0.091 0.094 0.084 0.096 0.106 0.107 0.101 0.109 0.097

sin 0.078 0.081 0.081 0.067 0.055 pctacc 0.079 0.076 0.075 0.066 0.051 securedind 0.069 0.073 0.072 0.063 0.049
0.090 0.080 0.076 0.088 0.076 0.093 0.093 0.092 0.094 0.092 0.118 0.100 0.099 0.107 0.102

pchsaleinv 0.083 0.080 0.079 0.067 0.055 salecash 0.077 0.076 0.075 0.066 0.051 tb 0.069 0.073 0.070 0.064 0.049
0.082 0.081 0.081 0.094 0.080 0.091 0.094 0.093 0.090 0.090 0.116 0.098 0.107 0.100 0.101

lgr 0.084 0.078 0.080 0.073 0.051 baspread 0.076 0.077 0.075 0.064 0.051 depr 0.070 0.072 0.071 0.063 0.049
0.071 0.087 0.083 0.075 0.092 0.091 0.095 0.096 0.106 0.095 0.115 0.108 0.100 0.107 0.104

std_dolvol 0.090 0.078 0.080 0.069 0.051 rd_sale 0.075 0.076 0.077 0.066 0.051 chpmia 0.072 0.071 0.069 0.064 0.048
0.065 0.091 0.080 0.083 0.092 0.097 0.093 0.082 0.097 0.093 0.106 0.115 0.109 0.100 0.104

mom6m 0.085 0.079 0.080 0.070 0.050 ep 0.076 0.075 0.072 0.065 0.053 pchcapx_ia 0.070 0.073 0.071 0.063 0.049
0.074 0.086 0.080 0.086 0.091 0.100 0.095 0.097 0.095 0.087 0.114 0.101 0.101 0.105 0.104

idiovol 0.080 0.077 0.080 0.070 0.053 hire 0.076 0.078 0.073 0.067 0.049 rd 0.069 0.072 0.071 0.062 0.049
0.086 0.093 0.082 0.082 0.084 0.093 0.091 0.102 0.095 0.098 0.114 0.104 0.105 0.111 0.101

quick 0.082 0.079 0.076 0.072 0.052 orgcap 0.077 0.076 0.073 0.066 0.049 herf 0.071 0.070 0.070 0.061 0.048
0.084 0.091 0.090 0.077 0.091 0.092 0.092 0.095 0.095 0.103 0.108 0.116 0.105 0.109 0.105

scaling factor 206.450 106.355 167.857 188.426 156.299
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Figure 1: Architecture of a fully connected feed-forward network with two hidden layers in
form of a multi-layer perceptron (MLP).

An example of a feed-forward network (FFN) in form of a multi-layer perceptron (MLP) that
is used as an estimator in this project. This MLP has two hidden layers with two inputs, three
nodes in each hidden layer, and a single output node. Under the mathematical formulation
in Subsection 2.3, this means Ld = 2, Hn,0 = 2, Hn,1 = Hn,2 = 3, and Hn,3 = 1. The neural
network is called FFN because it is a directed graph in which the arrows only point forward to
the graph in the next layer. The reason it is named an MLP is each hidden node is connected to
all nodes in the nodes of the adjacent layers, but not others. Mathematically, a hidden node in
a hidden layer acts as a node where linear aggregation operation is performed. This operation
takes input from all nodes in the previous layer. Then, the hidden node applies an activation
function to the linear aggregation and send it as an input to next layer. The final output node
does not apply any activation function. Using the framework of Section 2, this output per node
corresponds to the function zu,j(xxx), with ψ as the activation function. This paper specifically
focus on smooth activation function, but other function such as ReLU can also be applied. Note
that this can be seen as a deciding process for the activation of the hidden node if we look at
the MLP as a model of a biological neural network. If the activation yields positive value,
for example, then the hidden node is activated and it sends that activating signal to the next
forward-connected neural nodes.
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Figure 2: Distribution of Tj[h(max)]Tj[h(max)]Tj[h(max)] samples and the test statistics for covariates. This figure shows the distributions of 100,000 Tj[h(max)] samples and
the averaged test statistics for 9 covariates for five neural networks, when the simulation choice is (N = 200, T = 180), the discretization choice is
(m = 500, one layer, np = 1, 000), and Pc = 100. The 100,000 Tj[h(max)] samples include the 1,000 Tj[h(max)] samples from each of the 100 Monte Carlo
repetitions. The averaged test statistic is the average of the scaled test statistics from the 100 Monte Carlo repetitions. The blue part shows the distribution
of Tj[h(max)] samples. The magenta, yellow, green, black, and cyan dashed lines represent the average test statistics for NN1, NN2, NN3, NN4, and NN5,
respectively. The red dotted, dashdotted, and densely dashdotted lines represent the 90%, 95%, and 99% quantiles of the 100,000 Tj[h(max)] samples,
respectively. ci,1,t, ci,2,t, and ci,3,t × mt are the true covariates. ci,1,t × mt, ci,2,t × mt, and ci,3,t are covariates that are correlated to one of the true covariates.
ci,4,t, ci,58,t, and ci,81,t × mt are noise. The test statistics are scaled by (n−0.215)−2, where n = N × T/3.
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Figure 3: Distribution of p-values for covariates. This figure presents the distribution of 100
p-values for 6 covariates for five neural networks, when the simulation choice is (N = 200, T =
180) and the discretization choice is (m = 500, one layer, np = 1, 000). Panel (a) and (b) show
the distribution for Pc = 50 and Pc = 100, respectively. ci,1,t, ci,2,t, and ci,3,t × mt are the true
covariates. ci,1,t × mt, ci,2,t × mt, and ci,3,t are covariates that are correlated to one of the true
covariates. For each Monte Carlo repetition, we compute the p-value for each covariate based
on its scaled test statistic and the 1,000 Tj[h(max)] samples. Thus, a total of 100 Monte Carlo
repetitions lead to a total of 100 p-values for each covariate. The red line marks the median
level of the 100 p-values. The number underneath the red line is the median p-value, rounded
to three-digits. From NN1 to NN5, the number of hidden layers increases from 1 to 5 and
the number of neurons in each hidden layer decreases from 32 to 2 according to the pyramid
rule. The test statistics are scaled by (n−0.245)−2 in Panel (a) and (n−0.215)−2 in Panel (b), where
n = N × T/3.
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A Proof of Theorem 3.1.1

The proof follows the proving strategies from Farrell et al. (2021). Let En be the empirical mean

operator. That is, for i.i.d. draws of random variables Ti, . . . , Tn, En (T) := 1
n

n

∑
i=1

Ti. Note that if

Ti are positive i.i.d. random variables, then we have En (T) = ρ2
n

(√
T
)

.

A.1 Main Decomposition and Bias Term

Because of the obvious fact En(ℓ( f̂n, ZZZ)) ≤ En(ℓ( fn, ZZZ)) and Lemma 9 from Farrell et al. (2021),

we have
1
2
∥ f̂n − f⋆∥2

L2(P) ≤ E(ℓ( f̂n, ZZZ))− E(ℓ( f⋆, ZZZ))

≤ E(ℓ( f̂n, ZZZ))− E(ℓ( f⋆, ZZZ)) + En(ℓ( fn, ZZZ))− En(ℓ( f̂n, ZZZ))

≤ (E − En)
(
ℓ( f̂n, ZZZ)− ℓ( f⋆, ZZZ)

)
+ En (ℓ( fn, ZZZ)− ℓ( f⋆, ZZZ))

(A.1)

The Subsection A.2 will treat the empirical process term (E−En)
(
ℓ( f̂n, ZZZ)− ℓ( f⋆, ZZZ)

)
. For

En

(
ℓ( f̂n, ZZZ)− ℓ( f⋆, ZZZ)

)
, Bernstein’s inequality (see the Additional Theorems secion), Lemma

10 of Farrell et al. (2021) to get the following with probability at least 1 − 2e−γ

En (ℓ( fn, ZZZ)− ℓ( f⋆, ZZZ)) ≤ E (ℓ( fn, ZZZ)− ℓ( f⋆, ZZZ)) +

√
2M2∥ fn − f⋆∥∞γ

n
+

14M2γ

3n

≤ 2E
(
∥ fn − f⋆∥2

∞
)
+

√
2M2∥ fn − f⋆∥∞γ

n
+

14M2γ

3n

≤ 2ϵ2
n + ϵn

√
2M2γ

n
+

14M2γ

3n

(A.2)

We need to have γ = γ(n) = o(n) for fulfilling the Bernstein’s inequality requirement

for γ. Note that for the context of the usage of the Bernstein’s inequality, we have di =(
ℓ( f̂n, ZZZi)− ℓ( f⋆, ZZZi)

)
− E

(
ℓ( f̂n, ZZZ)− ℓ( f⋆, ZZZ)

)
. The term

√
2M2∥ fn − f⋆∥∞γ

n
comes from the

term
√

2A2γ

n

[
1 +

A4γ

6A2
2

]
in the original inequality statement that has been divided by n. As

A4

A2

is of O(1), A2 = O(n), and γ = o(n), we then have
[

1 +
A4γ

6A2
2

]
≤

√
M for sufficiently large M.

Also, as
√

2A2γ

n
is of O

(
1√
n

)
, the statement

√
2A2γ

n
≤
√

2M∥ fn − f⋆∥∞γ

n
holds if M is taken

sufficiently large. The term
14M2γ

3n
is derived from the term

A3γ

3A2n
of the original inequality

statement (after division by n). It is obvious that from the facts that M can be made arbitrarily

large and
A3

A2
= O(1), we have

A3γ

3A2n
≤ 14M2γ

3n
. This is how the first inequality in (A.2) is

derived. Lemma 10 of Farrell et al. (2021) is used in the second inequality. Once the empiri-

cal process term is controlled, the two bounds will be brought back together in Subsubsection

A.2.4.
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A.2 Localized Analysis

Given i.i.d. Rademacher draws ξi = ±1, with equal probability independent of the data the

random variable RnF for a function class F is defined as

RnF := sup
f∈F

1
n

n

∑
i=1

ξi f (xixixi),

and we write E(RnF ) and Eξ(RnF ) for denoting the Rademacher complexity and empirical

Rademacher complexity, respectively. In the case of the former, the expectation is taken over

both data and ξi, whereas in the latter it is taken only on ξi conditioned on the data.

A.2.1 Step I: Quadratic Processes

In this section, it is going to be shown that ρn( f − f⋆) is at most twice the ∥ · ∥L2(P) bound, for

certain function f outside a certain critical radius. This fact will be used later on.

Consider the quadratic process ρ2
n( f − f⋆)− ∥ f − f⋆∥2

L2(P). Let g = ( f − f⋆)2 be a function

restricted to a radius ∥ f − f⋆∥L2(P) ≤ r. This function g has bounded variance as

Var(g) ≤ E(g2) ≤ E(( f − f⋆)4) ≤ 4M2r2.

Because ∥ f⋆∥∞ + ∑
α⃗∈(N∪{0})d

∥⃗α∥1=1

∥∇α⃗ f⋆∥∞ ≤ 2M, we have | f − f⋆| ≤ 2M and | f + f⋆| ≤ 2M. As

g = ( f − f⋆)( f + f⋆), it is clear that |g| ≤ 4M2. Using Theorem 2.1. from Bartlett et al. (2005),

Lemma 2 from Farrell et al. (2021), and the fact that | f − f⋆| ≤ 2M, we can deduce that the

following holds with probability at least 1 − e−γ, for any f ∈ F with ∥ f − f⋆∥L2(P) ≤ r,

ρ2
n( f − f⋆)− E(( f − f⋆)2) ≤ 3E

(
Rn

{
g = ( f − f⋆)2 : f ∈ F , ∥ f − f⋆∥L2(P) ≤ r

})
+ 2Mr

√
2γ

n
+

16M2γ

3n

≤ 6ME
(

Rn

{
f − f⋆ : f ∈ F , ∥ f − f⋆∥L2(P) ≤ r

})
+ 2Mr

√
2γ

n
+

16M2γ

3n
.

(A.3)

Suppose the radius r is taken in such way so that it satisfies both

r2 ≥ 6ME
(

Rn

{
f − f⋆ : f ∈ F , ∥ f − f⋆∥L2(P) ≤ r

})
, (A.4)

and

r2 ≥ 8M2γ

n
(A.5)
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Then from statement (A.3) we have

ρ2
n( f − f⋆) ≤ E

(
( f − f⋆)2)+ r2 + 2Mr

√
2γ

n
+

16M2γ

3n

≤ 2r2 + 2Mr

√
2γ

n
+

16M2γ

3n

≤ (2r)2.

(A.6)

This means that for r above the "critical radius" (that is, r that satisfies both (A.4) and (A.5). It

is used in Subsubsection A.2.3), the semi-norm ρn(·) is at most twice ∥ · ∥L2(P) with probability

at least 1 − e−γ.

A.2.2 Step II: One Step Improvement

We are going to show that for a given bound on ∥ f̂n − f ∥L2(P) we can use this bound as in-

formation to obtain a "tighter" bound. Suppose that ∃r0 > 0 such that ∥ f̂n − f⋆∥L2(P), and, by

the statement (A.6), ρn( f̂n − f⋆) ≤ 2r0. Given ∥ f⋆∥∞ + ∑
α⃗∈(N∪{0})d

∥⃗α∥1=1

∥∇α⃗ f⋆∥∞ ≤ 2M and the fact

that both ρn(·) and ∥ · ∥L2(P) are bounded above by ∥ · ∥∞, we can take r0 = 2M. By applying

Theorem 2.1. from Bartlett et al. (2005) on

G :=
{

g = ℓ( f , zzz)− ℓ( f⋆, zzz) : f ∈ FDNN,Hn , ∥ f − f⋆∥L2(P) ≤ 2r0

}
,

we find that with probability at least 1 − 2e−γ, the empirical process term

(E − En)
(
ℓ( f̂n, ZZZ)− ℓ( f⋆, ZZZ)

)
from statement (A.1) is bounded above in this way

(E − En)
(
ℓ( f̂n, ZZZ)− ℓ( f⋆, ZZZ)

)
≤ 6Eξ(RnG) +

√
2Var (g) γ

n
+

23 sup
g∈G

|g| γ

3n

≤ 6Eξ(RnG) +

√
2M2r0γ

n
+

46M2γ

3n

(A.7)

where the middle term in the RHS of (A.7) is due to the following variance calculation with

Lemma 10 from Farrell et al. (2021)

Var(g) ≤ E(g2) = E((ℓ( f , zzz)− ℓ( f⋆, zzz))2) ≤ M2E(( f − f⋆)2) ≤ M2r2
0

and the final inequality term of the RHS of (A.7) follows because the right side of Lemma 10

from Farrell et al. (2021) is bounded by M2. Here the facts that Theorem 2.1. from Bartlett

et al. (2005) is variance dependent, and that variance depends on the radius r0, are important.

It is this property which enables a sharpening of the rate with step-by-step reductions in the

variance bound, as in Subsection A.2.4.

For dealing with the empirical Rademacher complexity term, note that the statement (A.7),

the fact that the semi-norm ρn(·) is at most twice of ∥ · ∥L2(P) with probability at least 1 − e−γ

for r above the critical radius, Lemma 2 and 3 from Farrell et al. (2021) yield

Eξ(RnG) = Eξ

(
Rn

{
g : g = ℓ( f , zzz)− ℓ( f⋆, zzz), f ∈ FDNN,Hn , ∥ f − f⋆∥L2(P) ≤ r0

})
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≤ M · Eξ

(
Rn

{
f − f⋆ : f ∈ FDNN,Hn , ∥ f − f⋆∥L2(P) ≤ r0

})
≤ M · Eξ (Rn { f − f⋆ : f ∈ FDNN,Hn , ρn( f − f⋆) ≤ 2r0})

≤ M · inf
0<α<2r0

4α +
12√

n

∫
α

2r0√
log(N (δ,FDNN,Hn |x1,...,xn , ρn(·)))dδ


≤ M · inf

0<α<2r0

4α +
12√

n

∫
α

2r0√
log(N (δ,FDNN,Hn |x1,...,xn , ∥ · ∥ℓ∞))dδ

 .

From Theorem 14.5 of Anthony and Bartlett (2009) and the way FDNN,Hn is constructed, we

have the following for sufficiently large n,

inf
0<α<2r0

4α +
12√

n

∫
α

2r0√
log(N (δ,FDNN,Hn |x1,...,xn , ∥ · ∥ℓ∞))dδ


≤ inf

0<α<2r0

4α +
12
√

Wn√
n

∫
α

2r0√
log
(

4en(MHnb)Wn(MHnb)Ld+1

δ(MHnb − 1)

)
dδ


≤ inf

0<α<2r0

4α +
12
√

Wn√
n

∫
α

2r0√
log
(

4en(MHnb)Wn(MHnb)2Ld

δ(MHnb − 1)
· 4r0

δ

)
dδ


≤ inf

0<α<2r0

4α +
12
√

WnLd√
n

∫
α

2r0√
log
(

4en(MHnb)Wn(MHnb)2

δr0(MHnb − 1)

)
+ log

(
4r0

δ

)
dδ


≤ 8r0 + inf

0<α<2r0

12
√

WnLd√
n

∫
α

2r0√
log
(

4en(MHnb)Wn(MHnb)2

δr0(MHnb − 1)

)
+ log

(
4r0

δ

)
dδ


≤ 8r0 + inf

0<α<2r0

12
√

WnLd√
n

∫
α

2r0√
log
(

4en(MHnb)Wn(MHnb)2

r0(MHnb − 1)

)
+ log (4r0) + log

(
1
δ2

)
dδ


≤ 8r0

√
WnLd

n
+ 48

√
2

√
WnLd

n

√
log
(

2eM2b2

r0

)
+ log (nWnH2

n)

≤ 8r0

√
WnLd

n
+ 48

√
2

√
WnLd

n

√
log
(

2eM2b2

r0

)
+ 3 log (nWnHn).

where the second-last inequality comes from the fact that to get the infimum value of the second

term in the RHS of the third-last inequality, we can take α as close to 2r0 as possible. If n is taken

large enough to satisfy r0 >
1

nWnHn
and (nWnHn)2 > 2eM2b2, then we get

Eξ (Rn { f − f⋆ : f ∈ FDNN,Hn , ρn( f − f⋆) ≤ 2r0})
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≤ inf
0<α<2r0

4α +
12√

n

∫
α

2r0√
log(N (δ,FDNN,Hn |x1,...,xn , ∥ · ∥ℓ∞))dδ


≤ 104

√
3r0

√
WnLd log(WnLdn)

n
.

This leads to Eξ(RnG) ≤ 104
√

3Mr0

√
WnLd log(WnHnn)

n
. Take positive K such that K ≤

104
√

3M. Then, applying the last inequality to statement (A.7), the empirical process term

satisfies the following inequality with the probability at least 1 − 2e−γ

(E − En)
(
ℓ( f̂n, zzz)− ℓ( f⋆, zzz)

)
≤ Kr0

√
WnLd log(WnHnn)

n
+ r0

√
2M2γ

n
+

46M2γ

3n
(A.8)

We go back to the main decomposition (A.1) now. By plugging in inequalities (A.8) and

(A.2) into (A.1), the following hold with probability at least 1 − 3e−γ,
1
2
∥ f̂n − f⋆∥2

L2(P)

≤ Kr0

√
WnLd log(WnHnn)

n
+ r0

√
2M2γ

n
+

46M2γ

3n
+ 2ϵ2

n + ϵn

√
2M2γ

n
+

14M2γ

3n

≤ r0

K

√
WnLd log(WnHnn)

n
+

√
2M2γ

n

+ 2ϵ2
n + ϵn

√
2M2γ

n
+

20M2γ

n
.

(A.9)

The last inequality above shows that if we take γ = γ(n) to be ω(1) = γ(n) = o(n),

the upper bound of ∥ f̂n − f⋆∥L2(P) decreases as n increases. Hence, whenever ϵn ≪ r0 and√
WnLd log(WnHnn)

n
≪ r0, the knowledge ∥ f̂n − f⋆∥L2(P) ≤ r0, r0 = 2M, and (A.9) imply

(with high probability that becomes higher for larger values of n) that ∃r1 ≪ r0 such that

∥ f̂n − f⋆∥L2(P) ≤ r1. Therefore one can recursively improve the bound r to a fixed point/radius

r∗, which describes the fundamental difficulty of the problem treated in the next subsubsection.

A.2.3 Step III: Critical Radius

Define the critical radius r∗ to be the largest fixed point

r∗ := inf
{

r > 0 : 6ME
(

Rn

{
f − f⋆ : f ∈ FDNN,Hn∥ f − f⋆∥L2(P) ≤ u

})
< u2, ∀u ≥ r

}
.

By construction the radius u here obeys the statement (A.4), and thus so does 2r∗.

Denote the event E (depending on the data) to be

E =
{

ρn( f − f⋆) ≤ 4r∗, for all f ∈ F and ∥ f − f⋆∥L2(P) ≤ 2r∗
}

,

where 1E is the indicator the event E holds. We know from the logic of Subsubsection A.2.1,

specifically using the statement (A.6), P(1E = 1) ≥ 1 − e−γ provided that r∗ ≥
√

8M

√
γ(n)

n

and γ = γ(n). The lower bound
√

8M

√
γ(n)

n
for r∗ is needed to satisfy (A.5).

To derive the upper bound of r∗, note that from the definition of r∗, the law of double

expectation, the fact that 1E is measurable with respect to the data, and the inequality (A.6), we
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have

r2
∗ ≤ 6ME

(
Rn

{
f − f⋆ : f ∈ FDNN,Hn , ∥ f − f⋆∥L2(P) ≤ r∗

})
≤ 6ME

(
Eξ

(
Rn

{
f − f⋆ : f ∈ FDNN,Hn , ∥ f − f⋆∥L2(P) ≤ 2r∗

}))
≤ 6ME

(
Eξ

(
Rn

{
f − f⋆ : f ∈ FDNN,Hn , ∥ f − f⋆∥L2(P) ≤ 2r∗

}
1E

))
+ 6ME

(
Eξ

(
Rn

{
f − f⋆ : f ∈ FDNN,Hn , ∥ f − f⋆∥L2(P) ≤ 2r∗

})
(1 − 1E)

)
≤ 6ME

(
Eξ (Rn { f − f⋆ : f ∈ FDNN,Hn , ρn( f − f⋆) ≤ 4r∗})

)
+ 6ME

(
Eξ (Rn { f − f⋆ : f ∈ FDNN,Hn , ρn( f − f⋆) ≤ 4r∗}) (1 − 1E)

)
.

Then, we can follow the same steps as in Subsubsection A.2.2, the upper bounds of each of

the two empirical Rademacher complexity terms in the last inequality can be derived and yield

r2
∗ ≤ 2MKr∗

√
WnLd log(WnHnn)

n

(
1 +

1
n

)
and thus we get

√
8M

√
γ(n)

n
≤ r∗ ≤ 3MK

√
WnLd log(WnHnn)

n
. (A.10)

Note that the bounding of r∗ in (A.10) is meant to be the smallest radius that allows the

satisfaction of both (A.4) and (A.5). The lower bound of r∗ can be seen as the upper bound

with the smallest order for both the L2(P) and ρn distances between f̂n and f⋆. Note also that

we must take γ(n) such that its complexity order must be at most WnLd log(WnHnn) to make

(A.10) valid.

A.2.4 Step IV: Localization

Divide FDNN,Hn into spherical segments of increasing radius by the following ball intersections

BL2(P) ( f⋆, r) , BL2(P) ( f⋆, 2r) \ BL2(P) ( f⋆, r) , . . . , BL2(P)

(
f⋆, 2lr

)
\ BL2(P)

(
f⋆, 2l−1r

)
,

where l ≤ log2

(
2M√

log(n)/n

)
. Suppose r > r∗. Then, for each shell, Subsubsection A.2.1

implies that with probability at least 1 − 2leγ, for a suitable choice of j,

∥ f − f⋆∥L2(P) ≤ 2jr =⇒ ρn( f − f⋆) ≤ 2j+1r.

Suppose that for some j ≤ l,

f̂n ∈ BL2(P)

(
f⋆, 2jr

)
\ BL2(P)

(
f⋆, 2j−1r

)
.

Then, applying Subsubsection A.2.2 logic (note again that the variance dependence of Theorem

2.1. of Bartlett et al. (2005) is crucial, as it enables accuracy sharpening by reducing r), especially

the statement (A.9), the following holds with probability at least 1 − 3e−γ,

∥ f̂n − f⋆∥2
L2(P) ≤ 2

2jr

K

√
WnLd log(WnHnn)

n
+

√
2M2γ

n

+ ϵ2
n + ϵn

√
2M2γ

n
+

20M2γ

n


≤ 22j−2r,
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if the following two conditions are satisfied

2

K

√
WnLd log(WnHnn)

n
+

√
2M2γ

n

 ≤ 1
8

2jr̄

2

ϵ2
n + ϵn

√
2M2γ

n
+

20M2γ

n

 ≤ 1
8

2jr̄2.

These two hold for any j if we choose

r = 16

K

√
WnLd log(WnHnn)

n
+

√
2M2γ

n

+

√
32ϵn +

√
416M2γ

n

+ r∗. (A.11)

It is clear that r already satisfies both (A.4) and (A.5). Therefore with probability larger than 1−

5le−γ, we can perform step-by-step argument for each subsequent spherical segment starting

from the biggest segment to combine the results in Subsubsections A.2.1 and A.2.2 to get

∥ f̂n − f⋆∥L2(P) ≤ 2lr and ρn( f̂n − f⋆) ≤ 2l+1r

implies ∥ f̂n − f⋆∥L2(P) ≤ 2l−1r and ρn( f̂n − f⋆) ≤ 2lr

. . .

implies ∥ f̂n − f⋆∥L2(P) ≤ r and ρn( f̂n − f⋆) ≤ 2r,

and note that the "and" parts are proven by using Subsubsection A.2.1 and the implication parts

are proven by using Subsubsection A.2.2. Thus with probability larger 1 − 5le−γ,

∥ f̂n − f⋆∥L2(P) ≤ r, (A.12)

ρn( f̂n − f⋆) ≤ 2r. (A.13)

Hence, by choosing γ = log(5l) + γ′ and using both (A.12) and (A.13) above, the equality

(A.11), and the upper bound of r∗ in the statement (A.10), the following is true with

probability larger than 1 − e−γ′
(the expression 1 − e−γ′

is obtained after plugging in

l = log2

(
2M√

log(n)/n

)
to the expression 1 − 5le−γ) and some constant C1 > 0,

r ≤ 16

K

√
WnLd log(WnHnn)

n
+

√
2M2C1(log(log(n)) + γ′)

n


+

√
32ϵn +

√
416M2C1(log(log(n)) + γ′)

n

+ r∗

≤ C′
(√

WnLd log(WnHnn)
n

+

√
log(log(n)) + γ′

n
+ ϵn

)
for some absolute constant C′ > 0. We can thus conclude by taking p = γ′ that ∃C′′ > 0 such

that we have this inequality with probability at least 1 − e−p,

∥ f̂n − f⋆∥L2(P), ρn( f̂n − f⋆) ≤ C′′
(√

WnLd log(WnHnn)
n

+

√
log(log(n)) + p

n
+ ϵn

)
where the order of p = p(n) must be less than WnLd log(WnHnn) to validate (A.10). As the
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order of Wn is less than O
(

H2
nLd
)
, we can simply replace Wn with H2

n in the term above. This

completes the proof.

B Proof of Theorem 3.2.1

The proof follows the logic of the proof of Theorem 3.1. in HG. The key difference here is that

we have already obtained the estimation rate, i.e., U(C′, ϵn). Thereby, the proof proceeds in two

steps. First, by justifying all conditions of Theorem 2.11.23 in Van der Vaart and Wellner (1996),

we show that a rescaled and shifted version of the empirical criterion function converges in

distribution to a Gaussian process. Second, we apply the argmax continuous mapping theorem,

i.e., Theorem 3.2.2. in Van der Vaart and Wellner (1996).

B.1 Gaussian Process as Limit

In this subsection, the main goal is that to prove all hypotheses of Theorem 2.11.23 from Van der

Vaart and Wellner (1996) are satisfied. We construct a random sequence hn = U(C′, ϵn)−1( f̂n −

f⋆), where f⋆ ∈ F and f̂n ∈ Fn, where F and Fn are defined in (11) and (12), respectively.

Note that Remark 3.2.1 guarantees that both Theorem 3.1.1 and the ϵn-order (9) hold for every

f⋆ ∈ FDNN being estimated by f̂n ∈ Fn. The expression of U(C′, ϵn) remains the same with

different constant C′, as we have Fn ⊆ FDNN,2Hn instead of FDNN,Hn .

From the least square estimator ℓ( f , zzzi) = −1
2
(yi − f (xxxi))

2, define the function

ℓ f (XXX, ε) = 2( f − f⋆)(XXX)ε − ( f⋆ − f )2(XXX) by using (1). Consider the set{
U(C′, ϵn)−1(ℓ f⋆+U(C′,ϵn)h − ℓ f⋆) : h ∈ K

}
, where K is an arbitrary ∥ · ∥L2(P)-compact subset of

F , which implies ∥ · ∥L2(P)-total boundedness.

Define also the criterion function

en,h := U(C′, ϵn)
−1(ℓ f⋆+U(C′,ϵn)h − ℓ f⋆) = 2h(XXX)ε − U(C′, ϵn)h2(XXX),

and the related function class

En := {en,h : h ∈ K} . (B.1)

The envelope functions En of En satisfy ∀h ∈ K, en,h(XXX, ε) ≤ En(XXX, ε). We now have to

construct appropriate envelope functions. By Lemma 2 of Chen and Shen (1998),

∥h∥∞ <˜ ∥h∥2/(2+d)
L2(P) . By ∥ · ∥L2(P)-compactness of K, as a compact set in a metric space is

always bounded, ∃1 < M2 < ∞ such that ∀h ∈ K, ∥h∥L2(P) < M2. This leads to

|en,h| ≤ 2|ε||h(xxx)|+ U(C′, ϵn)|h(xxx)|2 ≤ 2|ε|M2 + U(C′, ϵn)M2
2,

and thus we can choose the following function as the envelope

En(XXX, ε) = 2|ε|M2 + 2U(C′, ϵn)M2
2,

where the constant 2 is added to help simplifying the metric entropy calculation.

From the way En is defined and the fact E(ε) = σ2 < ∞ (bounded second moment), we
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have

E(E2
n(XXX, ε)) = O(1), and E(E2

n1{En>η
√

n}) → 0, ∀η > 0. (B.2)

Note also that

(en,h1 − en,h2)
2 =

[(
2ε − U(C′, ϵn)(h1 + h2)

)
(h1 − h2)

]2

≤
[∣∣2|ε|+ 2U(C′, ϵn)M2

∣∣ (h1 − h2)
]2

where the last inequality comes from the simple fact that

|2ε − U(C′, ϵn)(h1 + h2)| ≤ |2|ε|+ 2U(C′, ϵn)M2|. Therefore, by taking the expectation on both

sides, we obtain

E((en,h1 − en,h2)
2) <˜ E((h1 − h2)

2),

which leads to

sup
∥h1−h2∥L2(P)<δn

E((en,h1 − en,h2)
2) ≤ O(δn) → 0, ∀δn ↓ 0. (B.3)

(B.2) and (B.3) lead to the satisfaction of the first three conditions of Theorem 2.11.23. of

Van der Vaart and Wellner (1996). The second thing we need to prove is∫ δn

0

√
log(N (z∥En∥L2(P), En, L2(P)))dz → 0, ∀δn ↓ 0. (B.4)

First, it is going to be shown that the ∥ · ∥L2(P) metric entropy associated with En is bounded

with respect to the ∥ · ∥∞ metric entropy of F . By simple arithmetic,

|en,h1 − en,h2 | = |h1 − h2|
∣∣2ε − U(C′, ϵn)(h1 + h2)

∣∣ ,

=⇒ |en,h1 − en,h2 | ≤ |h1 − h2|
∣∣2|ε|+ 2U(C′, ϵn)M2

∣∣ ,

=⇒ |en,h1 − en,h2 | ≤ ∥h1 − h2∥∞En(xxx, ε),

and the last inequality implies that there exists a constant c′ > 0 such that

N (z∥En∥L2(P), En, L2(P)) ≤ N
(
c′z,F , ∥ · ∥∞

)
. (B.5)

Because F is a subset of the weighted Sobolev space H⌊d/2⌋+2,2(Rd, ⟨x⟩3) | X being re-

stricted to X, the first statement of Corollary 4 from Nickl and Pötscher (2007) gives us

log
(
N
(
c′z,F , ∥ · ∥∞

))
<˜
(

1
c′z

) d
⌊0.5d⌋+2

(B.6)

and both (B.5) and (B.6) together give∫ 1

0

√
log
(
N (z∥En∥L2(P), En, L2(P))

)
dz < ∞, ∀n

which means that (B.4) is satisfied.

The last hypothesis that has to be proven is the pointwise convergence of the covariance

functions Pen,sen,t − Pen,sPen,t on K × K. Note that for any s, t ∈ K

Pen,sen,t = E
((

2s(XXX)ε − U(C′, ϵn)s2(XXX)
) (

2t(XXX)ε − U(C′, ϵn)t2(XXX)
)) n→∞−−−→ 4σ2E (s(XXX)t(XXX))
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Pen,sPen,t = E
((

2s(XXX)ε − U(C′, ϵn)s2(XXX)
))

E
((

2t(XXX)ε − U(C′, ϵn)t2(XXX)
)) n→∞−−−→ 0

and hence

Pen,sen,t − Pen,sPen,t
n→∞−−−→ 4σ2E (s(XXX)t(XXX)) pointwise. (B.7)

From the fact that En in (B.1) is indexed by an ∥ · ∥L2(P)-totally bounded function space

K ⊆ F , (B.2), (B.3), (B.4) and (B.7), we deduce using Theorem 2.11.23 from Van der Vaart and

Wellner (1996) that the sequence of empirical processes {Gn(en,h) : h ∈ K}, where Gn(en,h) :=
1√
n

n

∑
i=1

(en,h(XXXi)− Pen,h), is asymptotically tight in ℓ∞(K) and converges in distribution to a

tight mean zero Gaussian process G with covariance 4σ2E (s(XXX)t(XXX)).

B.2 Sample Path Upper Semi Continuity and a Unique Maximum of Gaussian Pro-

cess

We are going to show that two required conditions from Theorem 3.2.2 of Van der Vaart and

Wellner (1996) hold; every sample path of h 7→ G(h) is upper semi continuous and

{G( f ) : f ∈ K ⊆ F} has a unique maximum h∗, which is a tight random map.

To prove the first condition, the key tool is Corollary 4.15 from Adler (1990), a centered

Gaussian process G is continuous if; its domain (the index space) K is totally bounded with

respect to dG(s, t) :=
√

E ((G(s)− G(t))2), and;∫ ∞

0

√
log (N (z, K, dG))dz < ∞. (B.8)

First of all, note that

dG(s, t) =
√

E ((G(s)− G(t))2)

=
√

E (G2(s)) + E (G2(t))− 2E (G(s)G(t))

=
√

4σ2E (s2) + 4σ2E (t2)− 8σ2E (st)

= 2σ∥s − t∥L2(P),

and thus ∥ · ∥L2(P)-compactness of K implies it also has dG-total-boundedness. We are left with

(B.8). By the fact that K ⊆ F , the way F is defined in (11), and Corollary 4 of Nickl and Pötscher

(2007), we have

log
(
N
(

z,F , ∥ · ∥L2(P)

))
<˜
(

1
z

)α

, for α < 2,

which together with the fact that dG(s, t) = 2σ∥s − t∥L2(P) gives (B.8). This leads to the conti-

nuity (and hence upper semi continuity) of G.

To prove the arg max uniqueness of G, the main tool is Lemma 2.6 from Kim et al. (1990),

which states that sufficient conditions of the unique arg max h∗ of a Gaussian process t 7→ G(t)

are; sample path continuity; index space compactness, and; ∀s ̸= t, Var (G(s)− G(t)) ̸= 0.

The continuity of G is already proven in the previous subsection. The compactness of
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K is obvious. Note that the continuity of G over the compact index space K also implies

the existence of its arg max h(max). For the last requirement, note that Var (G(s)− G(t)) =

4σ2E
(
s2 + t2)− 8σ2E (st) = 4σ2E

(
(s − t)2) ̸= 0. We thus have the uniqueness of h(max).

It is clear that en,h uniformly converges to 2h(XXX)ε uniformly for every compact K ⊆ F , as

we have U(C′, ϵn) = o(1). In page 286 of Van der Vaart and Wellner (1996), it is stated that

the uniform convergence of the criterion function en,h in compacta is a sufficient condition for

uniform tightness of hn. Now, to fully apply Theorem 3.2.2. of Van der Vaart and Wellner (1996),

we need to prove that Gn(en,hn) ≥ sup
h∈F

Gn(en,h). Now, note that from the fact (en,h1 − en,h2)
2 ≤

[|2ε + 2U(C′, ϵn)M2| (h1 − h2)]
2, ∀h1, h2 and (B.3), we can deduce that

U(C′, ϵn)−1
√

n

n

∑
i=1

(
ℓ f̂n

(XXXi, ε i)− E
[
ℓ f̂n

(XXX, ε)
])

≥

sup
h∈F

U(C′, ϵn)−1
√

n

n

∑
i=1

(
ℓ f⋆+ h

rn
(XXXi, ε i)− E

[
ℓ f⋆+ h

rn
(XXX, ε)

])
− oP(1)

for U(C′, ϵn)−1 = o(
√

n) (which holds following the fact that o(1) = U(C′, ϵn) = ω(n−0.25),

which is an implication of (9)). As it has been discussed in Horel and Giesecke (2020), the

condition above is equivalent to Gn (en,hn) ≥ sup
h∈F

Gn (en,h)− oP(1). Hence, we can use Theorem

3.2.2. of Van der Vaart and Wellner (1996) to deduce Theorem 3.2.1 above.

C Proof of Theorem 3.2.2

To prove this theorem, both Theorem 3.2.1 and Theorem 2. from Römisch (2004) are utilized.

The statistical test functional T : F → F can be viewed as a mapping between two metrizable

function spaces. Hence, we can compute the second-order Hadamard directional derivative of

T at u⋆ in the direction ψ tangential to F , which has the following form

T ′′
u⋆
[ψ] = lim

t↓0,n→∞

T [u⋆ + tψn]− T [u⋆]− tT ′
u⋆
[ψn]

1
2

t2
,

where T ′
u⋆
[ψ] indicates the first-order Hadamard directional derivative with the same direction

point and tangential space, written as

T ′
u⋆
[ψ] = lim

t↓0,n→∞

T [u⋆ + tψn]− T [u⋆]

t
,

and both derivatives are defined for every sequence ψn → ψ and t > 0 satisfying u⋆ + tψn ∈ F .

By the simple limit calculation, we have

T ′
u⋆
[ψ] = 2

∫
X

(
∂u⋆

∂xj
· ∂ψ

∂xj

)
(XXX)dP(XXX)

and replacing ψ with ψn and plugging the explicit form of T ′
u⋆
[ψn] to the limit expression of

T ′′
u⋆
[ψ] give T ′′

u⋆
[ψ] = 2T [ψ].

We now return to our estimation context. By Theorem 3.2.1 and the simple fact
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U(C′, ϵn)−1 → ∞, we can use Theorem 2. from Römisch (2004) to get

U(C′, ϵn)
−2
(
T [ f̂n]− T [ f⋆]− T ′

f⋆ [ f̂n − f⋆]
)

d−→ T [h(max)].

Note that the randomness in the context of F estimation comes from members of F themselves,

as different choices of F members definitely lead to different mapping results by T . Under the

null hypothesis (3), T [ f⋆] = 0. As the continuous mapping theorem and Theorem 3.2.1 give

T ′
f⋆ [ f̂n − f⋆]

p−→ 0, the conclusion of Theorem 3.2.2 is proved by the Slutsky’s Theorem.

D Proof of Theorem 3.2.3

First of all, define ∂2,j( f ) :=
(

∂ f
∂xj

)2

(note that E
(
∂2,j( f )

)
= T [ f ]). Write

U(C′, ϵn)
−2
(

ρ2
n

(
∂2,j( f̂n)

)
− E

(
∂2,j( f⋆)

))
=

U(C′, ϵn)
−2ρ2

n

(
∂2,j( f̂n)

)
=

U(C′, ϵn)
−2
(

1√
n

Mn

(
∂2,j( f̂n)− ∂2,j( f⋆)

)
+

1√
n

Mn
(
∂2,j( f⋆)

)
+
(
T [ f̂n]

))
(D.1)

under the null hypothesis (3), where Mn is the empirical process operator defined as Mn( f ) :=
√

n(ρ2
n − E)( f ). By the way ϵn-order is taken in (9), we have U(C′, ϵn)−2 = o(n1/2). Note

also that by the CLT, Mn(∂2,j( f⋆))
d−→ N

(
0, Var

(
∂2,j( f⋆)

))
= 0 almost surely under the null

hypothesis. Hence, U(C′,ϵn)−2
√

n Mn
(
∂2,j( f⋆)

) p−→ 0.

To deal with the first term of (D.1), we will use Theorem 2.11.23. from Van der Vaart

and Wellner (1996) to show that the process {Mnen,h : h ∈ K ⊆ F}, for an arbitrary ∥ · ∥L2(P)-

compact K and index space En = {en,h : h ∈ K}. Take an index function en,h := ∂2,j( f⋆ +

U(C′, ϵn)h)− ∂2,j( f⋆) = U(C′, ϵn)∂2,j(h) converging to a tight Gaussian process, where the last

equality for en,h holds under the null hypothesis. By the way F is defined in (11), ∃M3 > 0

such that ∀h ∈ K,
∥∥∥ ∂h

∂xj

∥∥∥
L2(P)

≤ M3. Because ∂h
∂xj

∈ C1(X), Lemma 2. from Chen and Shen (1998)

gives ∃M3 > 0 such that ∀h ∈ K, ∂h
∂xj

≤ M3.

Then, the envelope function En can be defined as

En := 2M3U(C′, ϵn)
2,

which satisfies

E(E2
n) = O(1), and, E(E2

n1En>η
√

n) → 0, ∀η > 0.

As en,s − en,t = U(C′, ϵn)2(∂2,j(s)− ∂2,j(t)) → 0 pointwise for any s, t ∈ K × K, we have

sup
∥s−t∥L2(P)≤δn

E
(
(en,s − en,t)

2)→ 0, ∀ sequence δn → 0,

and also,

|en,s − en,t| ≤ U(C′, ϵn)
2(∂2,j(s)− ∂2,j(t))

=⇒ |en,s − en,t| ≤ |En(xxx)|
∣∣∣∣∂(s − t)

∂xj

∣∣∣∣ .
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Thus we can use the same reasoning as in Lemma 3.2.1 proof to get

N
(

ε∥En∥L2(P), En, L2(P)
)
≤ N

( ε

2
,F ′, ∥ · ∥∞

)
<˜
(

2
ε

) d
⌊0.5d⌋+1

,

where F ′ =
{

∂ f
∂xj

: f ∈ F
}

⊂ H⌊0.5d⌋+1,2(Rd, ⟨x⟩) | X , and the last asymptotic inequality

comes from Corollary 4. of Nickl and Pötscher (2007). This implies∫ δn

0

√
log
(
N
(

ε∥En∥L2(P), En, L2(P)
))

dε → 0, ∀ sequence δn ↓ 0.

Hence, by the conclusion of Theorem 2.11.23 from Van der Vaart and Wellner (1996),

Mn

(
∂2,j( f̂n)− ∂2,j( f⋆)

)
is asymptotically tight in ℓ∞(K) and converges to a tight centered

Gaussian process. This leads to U(C′,ϵn)−2
√

n Mn

(
∂2,j( f̂n)− ∂2,j( f⋆)

) p−→ 0 (this holds as we have

o(1) = U(C′, ϵn) = ω(n−0.25) from the statement (10), which implies

ω(1) = U(C′, ϵn)−2 = o(n0.5)). By the Slutsky’s Theorem, the last term of (D.1), and Theorem

3.2.2, U(C′, ϵn)−2ρ2
n

(
∂2,j( f̂n)

)
d−→ U(C′, ϵn)−2T [ f̂n]

d−→ T [h(max)].
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E Additional Theorems

In this section, we use some of the theorems or the formulas that (i) are central in the proving

section, or; (ii) have different versions so the specific version being used in this paper has to be

written down here (such as the Bernstein’s Inequality).

Theorem 14.5 of Anthony and Bartlett (2009) Suppose that a feed-forward real-output multi-layer

network has the following properties

• The network has l ≥ 2 layers, with connections only between adjacent layers.

• There are W weights in the network.

• For some b, each computation unit maps into the interval [−b, b] and each computation unit in

the first layer has a non-decreasing activation function.

• There are constants V > 0 and L > 1/V, so that for each unit in all but the first layer of the network,

the vector w of weights associated with that unit has ∥w∥1 ≤ V, and the unit’s activation function

s : R → [−b, b] satisfies the Lipschitz condition |s (α1)− s (α2)| ≤ L |α1 − α2| for all α1, α2 ∈

R. (Here, ∥w∥1 is the sum of absolute values of the entries of w.)

For the class F of functions computed by the network described above, if ϵ ≤ 2b, then

N∞ (ϵ,F , m) ≤
(

4embW(LV)l

ϵ(LV − 1)

)W

.

.

Bernstein’s Inequality Let d1, . . . , dn be independent, zero-mean random variables. Suppose that

E
(∣∣∣dk

i

∣∣∣) ≤ k!
4!

(
L
5

)k−4

, for all integer k > 3.

Define Ak :=
n

∑
i=1

E
(

dk
i

)
. Then, for 0 <

√
γ ≤ 5

√
2A2

4L
, the following holds with probability larger

than 1 − 2e−γ ∣∣∣∣∣ n

∑
i=1

di −
A3γ

3A2

∣∣∣∣∣ < √2A2γ

[
1 +

A4γ

6A2
2

]
Theorem 2.11.23 of Van der Vaart and Wellner (1996) For each n, let En = {en,t : t ∈ T} be a

class of measurable functions indexed by a totally bounded semimetric space (T, ρ). Suppose that given

envelope functions En, assume that

E
(
E2

n
)
= O(1),

E
(

E2
n1{Enη

√
n}
)
→ 0, ∀η → 0,

sup
ρ(s,t)<δn

E
(
(en,s − en,t)

2
)
→ 0, ∀δn ↓ 0.
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Suppose also that ∫ δn

0

√
log(N (z∥En∥L2(P), En, L2(P)))dz → 0, ∀δn ↓ 0.

Then, the sequence {Gnen,t : t ∈ T}, with Gnen,t := n−1/2
n

∑
i=1

(en,t (XXXi, ε i)− E (en,t)), is

asymptotically tight in ℓ∞(T) and converges in distribution to a tight Gaussian process provided that

the sequence of covariance functions E (en,sen,t)− E (en,s) E (en,t) converges pointwise on T × T.

Theorem 3.2.2 of Van der Vaart and Wellner (1996) Let Gn, G be stochastic processes indexed

by a metric space F such that Gn
d−→ G in ℓ∞(K) for every compact K ⊆ F . Suppose that almost

all sample paths h 7→ G(h) are upper semicontinuous and possess a unique maximum at a (random)

point ĥ, which as a random map in F is tight. If the sequence ĥn is uniformly tight and satisfies

Gn(ĥn) ≥ sup
h

Gn(h)− oP(1), then ĥn
d−→ ĥ in F .
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F Conducting Significance Tests: Further Elaboration

The provided discussion presents a discretization methodology structured around three core

phases, strategically developed to evaluate the statistical significance of neural network models

when approximating a distinct unknown function. Additional comprehensive information can

be located in Section 3.3. The ensuing elaboration expounds upon these consecutive stages:

Step 1: Approximating ζ-cover of F

• This step involves creating an approximate set of neural networks that can effectively

approximate a given function space F .

• A number of neural networks are sampled, either with the same architecture as the

trained model or other types that serve as "correct approximators."

• The weight parameters for these neural networks are sampled from a specific distribution

called Glorot normal distribution.

• The collection of these neural networks forms an approximate ζ-cover of the function

space F .

Step 2: Simulate a sample from a multivariate normal and find ĥ(max)

• A sample is drawn from a multivariate normal distribution with specific properties.

• Using this sample, empirical covariance or variance values are computed for pairs of

neural networks from the set created in Step 1.

• The neural network with the highest value from this multivariate normal sample is iden-

tified as an approximate arg max of a certain function G.

• This network is denoted as ĥ(max).

Step 3: Generate one approximate sample of Tj[h(max)]

• Using the neural network ĥ(max) identified in Step 2, an approximate sample of a certain

value Tj[h(max)] is generated.

• This sample is obtained by applying a specific calculation involving partial derivatives

and a coefficient ρ2
n.

Final Testing Process:

• The whole process of the three steps is repeated a certain number of times denoted as np.

• This repetition generates multiple samples of Tj[h(max)].
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• After obtaining these samples, a significance testing is conducted at a specified confidence

level (α).

• The values of a test statistic involving the neural network’s derivatives are compared to

the quantile of the samples of Tj[h(max)]. It is important to note that the test statistic is

computed utilizing the trained model and its derivative on the training data-set.

• If the test statistic value exceeds the quantile value, a null hypothesis H0 is rejected in

favor of an alternative hypothesis H1 at the given confidence level.

• If the test statistic value doesn’t exceed the quantile value, the null hypothesis is not

rejected.

In essence, this methodology entails the construction of neural network approximations,

the simulation of samples, and a comparative analysis of derivatives. This collective process

serves to quantify the neural network’s efficacy in approximating a distinct unknown func-

tion. Repetition of this procedure numerous times underpins the establishment of statistical

significance.
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G Details of the Training Procedure for the Empirical Study

The estimation/training of the neural networks means finding the weights and biases, γu,j,k

and γu,j,0, respectively, by minimizing a loss function, which in our case is the least square

estimator (6). Due to high degree of non-linearity, non-convexity, and rich parametrization

in neural networks, minimizing objective function (6) is a challenging task which requires a

high degree of regularizations. A common approach to tackle this problem is to use stochastic

gradient descent (SGD) to train a neural network. The SGD does not use the entire sample to

calculate the gradient at each iteration, instead, it evaluates the gradient from a small subset of

data.18

Specifying the neural network architecture is the first step of training. Guided by GKX,

we consider five models where the shallowest network, denoted by NN1, has a single hidden

layer of 32 nodes, respectively; NN2 has two hidden layers with 32 and 16 neurons for each

successive layer, respectively; NN3 has three hidden layers with 32, 16, and 8 neurons, respec-

tively; NN4 has four hidden layers with 32, 16, 8, and 4 neurons, respectively; and NN5 has

five hidden layers with 32, 16, 8, 4, and 2 neurons, respectively.

Like GKX, we use the same optimizer and learning rate in our model. However, we use

dropout regularization instead of l1 regularization to prevent overfitting. In each hidden layer,

we apply dropout with a retention probability of 0.95 after the tanh transformation. Dropout is

a regularization technique in neural network training that involves randomly setting a fraction

of input units to zero during training. This has the effect of reducing overfitting and improving

the generalization ability of the model (Srivastava et al., 2014).

We also follow the ensemble approach adopted by GKX to produce stable prediction results

and reduce prediction variance due to the stochastic nature of the optimization. We first ran-

domly initialize 9 models with the same NN architecture. We then train these models with the

training sample separately in parallel. The hyperparameters of these models are tuned with

the validation sample. We fit each model for 1024 epochs and save the fitted model only if

the validation loss decreases in this epoch. We finally construct predictions by averaging the

forecasts from these 9 model fits (Dietterich, 2000).

We do not consider using a rolling or extended window. Instead, similar to Chen et al.

(2023), we use a single trained model to make predictions for the entire out-of-sample testing

period. For example, to predict excess returns in January 2000, we take a trained model -

which was obtained by using the training data from January 1975 to December 1986, and the

validation data from January 1987 to December 1991 - and use the information up to December

1999.

18See GKX and Bianchi et al. (2021) for a detailed discussion about the training of a neural network and necessary
regularization techniques of training.
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Figure A1: The binary tree visualization of sin(X1 + X2 + X3 + X4 + X5)

This binary tree visual representation illustrates the function sin(X1 + X2 + X3 + X4 + X5). The
lowest layer contains 8 nodes, representing the inputs X1, X2, X3, X4, X5, and the other three
nodes representing 0 (X6 = X7 = X8 = 0). The second layer, located above the lowest layer, has
4 nodes that represent the sum functions f1(X1, X2) = X1 + X2, f2(X3, X4) = X3 + X4, f3(X5, X6)
= X5 + 0 = X5, and f4(X7, X8) = 0+ 0 = 0. These second-layer nodes take input from the nodes
in the bottom layer. The third layer, above the second layer, has 2 nodes that represent the sum
functions taking input from the second layer nodes, f5( f1(X1, X2), f2(X3, X4)) = f1(X1, X2) +
f2(X3, X4) = X1 + X2 + X3 + X4 and f6( f3(X5, X6), f4(X7, X8)) = f3(X5, X6) + f4(X7, X8) = X5.
The topmost layer, the output layer, has a single node that represents the composition func-
tion f7( f5( f1(X1, X2), f2(X3, X4)), f6( f3(X5, X6), f4(X7, X8))) = sin( f5( f1(X1, X2), f2(X3, X4)) +
f6( f3(X5, X6), f4(X7, X8))) = sin(X1 + X2 + X3 + X4 + X5).
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Figure A2: Distribution of p-values for covariates across simulation choices. This figure
presents the distribution of 100 p-values for 6 covariates for five neural networks when Pc = 50
and the discretization choice is (m = 500, one layer, np = 1, 000). Panel (a) and (b) show the
distribution for the simulation choice (N = 200, T = 120) and (N = 100, T = 180), respectively.
ci,1,t, ci,2,t, and ci,3,t × mt are the true covariates. ci,1,t × mt, ci,2,t × mt, and ci,3,t are covariates that
are correlated to one of the true covariates. For each Monte Carlo repetition, we compute the
p-value for each covariate based on its test statistic scaled by ((N × T/3)−0.245)−2, and the
1,000 Tj[h(max)] samples. Thus, a total of 100 Monte Carlo repetitions lead to a total of 100 p-
values for each covariate. The red line marks the median level of the 100 p-values. The number
underneath the red line is the median p-value, rounded to three-digits. From NN1 to NN5, the
number of hidden layers increases from 1 to 5 and the number of neurons in each hidden layer
decreases from 32 to 2 according to the pyramid rule.
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(b) (m = 300, one layer, np = 1, 000)
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Figure A3: Distribution of p-values for covariates across discretization choices. This figure
presents the distribution of 100 p-values for 6 covariates for five neural networks when Pc =
100 and the simulation choice is (N = 200, T = 180). Panel (a), (b), (c), and (d) show the distri-
bution for the discretization choice (m = 500, one layer, np = 2, 000), (m = 300, one layer, np =
1, 000), (m = 500, two layers, np = 1, 000), and (m = 500, three layers, np = 1, 000), respectively.
ci,1,t, ci,2,t, and ci,3,t × mt are the true covariates. ci,1,t × mt, ci,2,t × mt, and ci,3,t are covariates
that are correlated to one of the true covariates. For each Monte Carlo repetition, we compute
the p-value for each covariate based on its test statistic and the 1,000 Tj[h(max)] samples. Thus,
a total of 100 Monte Carlo repetitions lead to a total of 100 p-values for each covariate. The
red line marks the median level of the 100 p-values. The number underneath the red line is
the median p-value, rounded to three-digits. From NN1 to NN5, the number of hidden layers
increases from 1 to 5 and the number of neurons in each hidden layer decreases from 32 to 2
according to the pyramid rule.
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Figure A4: The times series of three predictors

The macro variables are first transformed and then normalised using the mean and standard
deviation of training sample (1967-1986). See Table A6 for the definitions of these predictors.
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Figure A5: The approximation of asymptotic distributions for CpM predictors.

The neural network has three-hidden layers with 32, 16, and 8 neurons. Top panel shows ap-
proximated probability density functions while bottom exhibits cumulative distribution func-
tions. mom1m: 1-month momentum. rd: R&D increase. cdf: cumulative distribution function.
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Figure A6: The approximation of asymptotic distributions for CtM predictors.

The neural network has three-hidden layers with 32, 16, and 8 neurons. Top panel shows ap-
proximated probability density functions while bottom exhibits cumulative distribution func-
tions. mom6m: 6-month momentum. dp: dividend-price ratio. tbl: treasury-bill rate. herf:
industry sales concentration. cdf: cumulative distribution function.
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Figure A7: The importance of macroeconomic predictors where the CpM is the universe of
predictors.

Rankings of 8 macroeconomic predictors in terms of overall model contribution. Predictors are
ordered based on the sum of their ranks over all models, with the most influential predictors on
the top and the least influential on the bottom. Columns correspond to the individual models,
and the color gradients within each column indicate the most influential (dark blue) to the least
influential (white) variables. See Table A5 for the definitions of stock characteristics. tstat: test
statistic. LOOM: leave-one-out-metric.
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Table A1: The notation and abbreviation table.

Notation Description

capital letters Random variables

small letters Realization of random variables/deterministic variables or functions

bold capital letters Random vectors

bold small letters Realization of random vectors/any deterministic vectors

i.i.d. Independent and identically distributed

α⃗ (classic vector notation) multi-index notation

N f The complexity of f

C0(X) The set of continuous functions on X

Cm(X) The set of m-times differentiable functions on X

an <˜ bn ∃R > 0 ∃N1 ∈ N ∀n ≥ N1, an ≤ R · bn ∧ an ∼ bn ⇒ lim
n→∞

an

bn
= 1

N(ϵ,D, ρ) The covering number for a pseudo-metric space (D, ρ)

Hp,v(X) Sobolev space on X with weak differentiability order p and norm v

Lp(P) The Lp space defined on probability space (X, P)

FDNN A smooth neural network space with fixed-depth Ld

FDNN,Hn The subset of FDNN whose members have fixed-width Hn

ρn A semi-norm, defined as ρn(g(xxx)) :=

√
1
n

n

∑
i=1

(g(xixixi))
2

≡ Equivalence of functions

CpM Characteristics plus Macroeconomic

CtM Characteristics times Macroeconomic

NN Neural Network

MLP Multi-layer perceptrons

HG Horel and Giesecke (2020)

GKX Gu et al. (2020)
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Table A2: Summary statistics of scaled test statistics for covariates when Pc = 50Pc = 50Pc = 50. This table
reports the statistics of scaled test statistics for 6 covariates for 100 Monte Carlo repetitions
when Pc = 50 and the simulation choice is (N = 200, T = 180). ci,1,t, ci,2,t, and ci,3,t × mt are
the true covariates. ci,1,t × mt, ci,2,t × mt, and ci,3,t are covariates that are correlated to one of
the true covariates. The remaining 94 covariates are noise. Panel A, B, C, D, and E report the
statistics for NN1, NN2, NN3, NN4, and NN5, respectively. From NN1 to NN5, the number of
hidden layers increases from 1 to 5 and the number of neurons in each hidden layer decreases
from 32 to 2 according to the pyramid rule. The test statistics are scaled by (n−0.245)−2 , where
n = N × T/3.

Panel A: NN1

Covariate count mean std min 25% 50% 75% max

ci,1,t 100 2.38E-02 2.14E-02 4.40E-10 6.47E-03 1.86E-02 3.37E-02 1.03E-01
ci,2,t 100 2.09E-02 1.74E-02 1.28E-11 9.36E-03 1.76E-02 2.76E-02 8.96E-02
ci,3,t × mt 100 1.93E-02 1.72E-02 2.56E-11 6.56E-03 1.65E-02 2.76E-02 9.26E-02
ci,1,t × mt 100 3.48E-03 7.17E-03 1.28E-10 1.79E-05 1.98E-04 3.65E-03 4.58E-02
ci,2,t × mt 100 2.51E-03 5.01E-03 1.26E-10 1.15E-05 2.56E-04 2.51E-03 2.88E-02
ci,3,t 100 3.11E-03 6.55E-03 1.72E-11 1.51E-05 3.89E-04 3.50E-03 4.73E-02
Noise 9,400 9.50E-06 1.91E-05 5.01E-12 1.82E-06 3.79E-06 9.50E-06 4.04E-04

Panel B: NN2

Covariate count mean std min 25% 50% 75% max

ci,1,t 100 2.14E-02 1.94E-02 6.49E-12 6.92E-03 1.64E-02 3.08E-02 1.03E-01
ci,2,t 100 1.90E-02 1.56E-02 5.82E-12 8.34E-03 1.69E-02 2.61E-02 7.89E-02
ci,3,t × mt 100 1.83E-02 1.62E-02 6.00E-12 6.38E-03 1.54E-02 2.47E-02 9.33E-02
ci,1,t × mt 100 3.61E-03 7.58E-03 4.65E-12 4.09E-05 4.86E-04 3.46E-03 4.49E-02
ci,2,t × mt 100 2.81E-03 5.22E-03 5.26E-12 1.85E-05 5.21E-04 2.90E-03 3.26E-02
ci,3,t 100 3.39E-03 7.07E-03 5.21E-12 3.53E-05 5.93E-04 3.60E-03 3.94E-02
Noise 9,400 1.89E-05 3.65E-05 2.62E-12 2.41E-06 6.65E-06 1.94E-05 5.41E-04

Panel C: NN3

Covariate count mean std min 25% 50% 75% max

ci,1,t 100 2.06E-02 1.82E-02 3.50E-05 7.05E-03 1.54E-02 2.95E-02 1.08E-01
ci,2,t 100 1.84E-02 1.46E-02 4.16E-05 8.24E-03 1.69E-02 2.53E-02 7.27E-02
ci,3,t × mt 100 1.77E-02 1.55E-02 3.53E-06 7.39E-03 1.45E-02 2.26E-02 9.07E-02
ci,1,t × mt 100 3.94E-03 8.49E-03 1.35E-06 9.56E-05 9.74E-04 3.68E-03 4.88E-02
ci,2,t × mt 100 3.11E-03 5.34E-03 5.08E-07 8.17E-05 1.02E-03 3.70E-03 3.34E-02
ci,3,t 100 3.66E-03 7.85E-03 9.62E-07 8.51E-05 9.10E-04 3.81E-03 5.33E-02
Noise 9,400 3.33E-05 6.78E-05 1.58E-07 3.36E-06 1.08E-05 3.30E-05 1.73E-03
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Table A2 Continue.

Panel D: NN4

Covariate count mean std min 25% 50% 75% max

ci,1,t 100 2.65E-02 2.57E-02 1.59E-05 9.03E-03 1.81E-02 4.19E-02 1.58E-01
ci,2,t 100 2.32E-02 1.97E-02 1.62E-05 9.24E-03 1.99E-02 2.87E-02 1.01E-01
ci,3,t × mt 100 2.23E-02 2.00E-02 1.04E-05 8.29E-03 1.69E-02 3.10E-02 1.05E-01
ci,1,t × mt 100 4.66E-03 9.40E-03 6.67E-07 1.03E-04 1.09E-03 5.18E-03 6.76E-02
ci,2,t × mt 100 3.73E-03 6.47E-03 6.16E-07 7.72E-05 1.21E-03 4.83E-03 4.45E-02
ci,3,t 100 4.59E-03 1.00E-02 7.85E-07 1.26E-04 9.03E-04 4.54E-03 6.69E-02
Noise 9,400 4.06E-05 8.50E-05 5.39E-09 4.11E-06 1.29E-05 3.92E-05 2.87E-03

Panel E: NN5

Covariate count mean std min 25% 50% 75% max

ci,1,t 100 2.76E-02 2.59E-02 2.02E-04 9.41E-03 1.99E-02 4.01E-02 1.68E-01
ci,2,t 100 2.45E-02 1.99E-02 1.69E-04 1.07E-02 2.21E-02 3.43E-02 1.00E-01
ci,3,t × mt 100 2.39E-02 2.21E-02 3.31E-05 9.55E-03 1.82E-02 3.18E-02 1.24E-01
ci,1,t × mt 100 5.08E-03 1.02E-02 8.74E-07 1.87E-04 1.55E-03 5.05E-03 6.90E-02
ci,2,t × mt 100 4.14E-03 6.96E-03 1.49E-06 1.90E-04 1.79E-03 4.88E-03 4.53E-02
ci,3,t 100 5.10E-03 1.13E-02 1.63E-06 2.00E-04 1.25E-03 5.10E-03 7.85E-02
Noise 9,400 5.95E-05 1.27E-04 9.53E-08 5.15E-06 1.76E-05 5.63E-05 3.88E-03
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Figure A8: The importance of characteristic predictors where the CpM is the universe of pre-
dictors.

Rankings of 78 characteristic predictors in terms of overall model contribution. Predictors are
ordered based on the sum of their ranks over all models, with the most influential predictors on
the top and the least influential on the bottom. Columns correspond to the individual models,
and the color gradients within each column indicate the most influential (dark blue) to the least
influential (white) variables. See Table A5 for the definitions of stock characteristics. tstat: test
statistics. LOOM: leave-one-out-metric.
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Figure A9: The importance of characteristic predictors where the CtM is the universe of pre-
dictors.

Rankings of 78 characteristic predictors in terms of overall model contribution. Predictors are
ordered based on the sum of their ranks over all models, with the most influential predictors on
the top and the least influential on the bottom. Columns correspond to the individual models,
and the color gradients within each column indicate the most influential (dark blue) to the least
influential (white) variables. See Table A5 for the definitions of stock characteristics. tstat: test
statistics. LOOM: leave-one-out-metric.
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Figure A10: The importance of top-100 predictors where the CtM is the universe of predictors.

Rankings of top-100 predictors in terms of overall model contribution. Predictors are ordered
based on the sum of their ranks over all models, with the most influential predictors on the
top and the least influential on the bottom. Columns correspond to the individual models, and
the color gradients within each column indicate the most influential (dark blue) to the least
influential (white) variables. See Tables A5 and A6 for the definitions of stock characteristics
and macroeconomic predictors. tstat: test statistics. LOOM: leave-one-out-metric.
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(a) Top-30 significant characteristics in NN3 where the universe of predictors is CpM
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(b) Top-30 significant characteristics in NN3 where the universe of predictors is CtM
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(c) Top-30 significant interaction predictors in NN3 where the universe of predictors is CtM

Figure A11: Top-30 normalized tstat and LOOM predictors in NN3.

See Tables A5 and A6 for the definitions of stock characteristics and macroeconomic predictors.
tstat: test statistics. LOOM: leave-one-out-metric.
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Table A3: Summary statistics of scaled test statistics for covariates when Pc = 100Pc = 100Pc = 100. This table
reports the statistics of scaled test statistics for 6 covariates for 100 Monte Carlo repetitions
when Pc = 100 and the simulation choice is (N = 200, T = 180). ci,1,t, ci,2,t, and ci,3,t × mt are
the true covariates. ci,1,t × mt, ci,2,t × mt, and ci,3,t are covariates that are correlated to one of
the true covariates. The remaining 194 covariates are noise. Panel A, B, C, D, and E report the
statistics for NN1, NN2, NN3, NN4, and NN5, respectively. From NN1 to NN5, the number of
hidden layers increases from 1 to 5 and the number of neurons in each hidden layer decreases
from 32 to 2 according to the pyramid rule. The test statistics are scaled by (n−0.215)−2, where
n = N × T/3.

Panel A: NN1

Covariate count mean std min 25% 50% 75% max

ci,1,t 100 1.62E-02 1.44E-02 2.36E-11 4.86E-03 1.27E-02 2.29E-02 6.83E-02
ci,2,t 100 1.42E-02 1.16E-02 1.01E-10 6.09E-03 1.20E-02 1.97E-02 5.88E-02
ci,3,t × mt 100 1.33E-02 1.17E-02 9.55E-11 4.64E-03 1.13E-02 1.84E-02 6.51E-02
ci,1,t × mt 100 2.36E-03 4.78E-03 5.06E-11 7.95E-06 1.63E-04 2.30E-03 2.72E-02
ci,2,t × mt 100 1.75E-03 3.57E-03 2.74E-11 6.22E-06 2.44E-04 1.83E-03 2.14E-02
ci,3,t 100 2.13E-03 4.40E-03 1.48E-10 1.54E-05 2.81E-04 2.51E-03 3.19E-02
Noise 19,400 6.74E-06 1.38E-05 1.80E-11 1.29E-06 2.63E-06 6.60E-06 4.00E-04

Panel B: NN2

Covariate count mean std min 25% 50% 75% max

ci,1,t 100 1.47E-02 1.35E-02 1.29E-12 4.19E-03 1.15E-02 2.13E-02 6.23E-02
ci,2,t 100 1.29E-02 1.08E-02 1.25E-12 5.49E-03 1.12E-02 1.76E-02 5.54E-02
ci,3,t × mt 100 1.25E-02 1.14E-02 1.13E-12 3.93E-03 1.08E-02 1.75E-02 6.66E-02
ci,1,t × mt 100 2.30E-03 4.71E-03 1.15E-12 1.41E-05 1.57E-04 2.37E-03 2.78E-02
ci,2,t × mt 100 1.70E-03 3.38E-03 1.16E-12 7.65E-06 3.18E-04 2.13E-03 2.10E-02
ci,3,t 100 2.13E-03 4.38E-03 1.29E-12 1.65E-05 3.88E-04 2.09E-03 2.87E-02
Noise 19,400 9.52E-06 1.92E-05 6.37E-13 1.49E-06 3.52E-06 9.60E-06 4.87E-04

Panel C: NN3

Covariate count mean std min 25% 50% 75% max

ci,1,t 100 1.56E-02 1.49E-02 7.47E-06 5.09E-03 1.08E-02 2.25E-02 8.28E-02
ci,2,t 100 1.37E-02 1.15E-02 7.67E-07 5.71E-03 1.21E-02 1.75E-02 5.94E-02
ci,3,t × mt 100 1.32E-02 1.16E-02 3.13E-06 5.01E-03 9.97E-03 1.81E-02 6.24E-02
ci,1,t × mt 100 2.62E-03 5.55E-03 1.22E-09 3.37E-05 4.53E-04 2.72E-03 3.79E-02
ci,2,t × mt 100 2.11E-03 3.86E-03 3.79E-07 3.13E-05 6.55E-04 2.59E-03 2.48E-02
ci,3,t 100 2.54E-03 5.33E-03 4.97E-08 5.48E-05 5.06E-04 2.64E-03 3.21E-02
Noise 19,400 1.65E-05 3.46E-05 7.46E-10 1.97E-06 5.49E-06 1.60E-05 9.23E-04
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Table A3 Continue.

Panel D: NN4

Covariate count mean std min 25% 50% 75% max

ci,1,t 100 1.37E-02 1.40E-02 1.07E-05 3.85E-03 9.14E-03 2.00E-02 8.06E-02
ci,2,t 100 1.20E-02 1.09E-02 2.87E-06 4.63E-03 1.02E-02 1.57E-02 5.63E-02
ci,3,t × mt 100 1.13E-02 9.94E-03 4.38E-06 3.80E-03 9.08E-03 1.66E-02 4.54E-02
ci,1,t × mt 100 2.17E-03 4.37E-03 2.09E-08 4.29E-05 4.04E-04 2.48E-03 3.01E-02
ci,2,t × mt 100 1.76E-03 3.28E-03 2.08E-07 2.48E-05 6.27E-04 2.24E-03 2.35E-02
ci,3,t 100 2.24E-03 4.64E-03 3.17E-07 4.88E-05 4.58E-04 2.26E-03 2.52E-02
Noise 19,400 1.61E-05 3.45E-05 1.50E-09 1.76E-06 5.10E-06 1.52E-05 1.02E-03

Panel E: NN5

Covariate count mean std min 25% 50% 75% max

ci,1,t 100 1.34E-02 1.43E-02 4.48E-05 3.99E-03 8.53E-03 1.95E-02 9.10E-02
ci,2,t 100 1.20E-02 1.14E-02 3.57E-05 3.68E-03 9.61E-03 1.56E-02 5.68E-02
ci,3,t × mt 100 1.11E-02 9.79E-03 9.62E-06 3.99E-03 8.77E-03 1.57E-02 4.83E-02
ci,1,t × mt 100 2.29E-03 4.62E-03 2.01E-07 6.33E-05 5.88E-04 2.38E-03 3.04E-02
ci,2,t × mt 100 1.82E-03 3.32E-03 1.74E-07 6.57E-05 6.00E-04 2.24E-03 2.48E-02
ci,3,t 100 2.31E-03 4.88E-03 2.45E-07 6.18E-05 4.24E-04 2.14E-03 2.87E-02
Noise 19,400 2.26E-05 4.87E-05 4.47E-08 2.03E-06 6.57E-06 2.09E-05 1.49E-03
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Table A4: Variable significance frequencies after multiple comparison adjustment. This ta-
ble reports the variable selection frequencies after multiple comparison adjustment for 6 co-
variates for five neural networks (NN1...NN5) when Pc = 100 and the simulation choice is
(N = 200, T = 180). The variable significance frequency after multiple comparison adjust-
ment for a covariate is calculated as the proportion of significance test results showing that the
covariate is significant at the 0.025% level, out of 100 Monte Carlo repetitions. ci,1,t, ci,2,t, and
ci,3,t × mt are true covariates. ci,1,t × mt, ci,2,t × mt, and ci,3,t are covariates that are correlated
to one of the three true covariates. From NN1 to NN5, the number of hidden layers increases
from 1 to 5 and the number of neurons in each hidden layer decreases from 32 to 2 accord-
ing to the pyramid rule. We consider five discretization choices: (m = 500, 1, np = 1, 000),
(m = 300, 1, np = 1, 000), (m = 500, 1, np = 2, 000), (m = 500, 2, np = 1, 000), and
(m = 500, 3, np = 1, 000). Their results are reported in Panel A, B, C, D, and E, respectively.

Panel A: m = 500, one layer, np = 1, 000

Method ci,1,t ci,2,t ci,3,t × mt ci,1,t × mt ci,2,t × mt ci,3,t

NN1 64 61 59 6 2 4
NN2 56 56 56 4 2 4
NN3 55 57 57 6 2 5
NN4 48 51 51 5 2 5
NN5 46 49 49 6 2 5

Panel B: m = 300, one layer, np = 1, 000

Method ci,1,t ci,2,t ci,3,t × mt ci,1,t × mt ci,2,t × mt ci,3,t

NN1 57 61 60 4 2 3
NN2 55 55 55 4 2 5
NN3 53 57 56 5 3 5
NN4 47 51 48 3 2 5
NN5 41 50 49 5 1 3

Panel C: m = 500, one layer, np = 2, 000

Method ci,1,t ci,2,t ci,3,t × mt ci,1,t × mt ci,2,t × mt ci,3,t

NN1 56 60 55 4 2 4
NN2 52 55 56 4 2 5
NN3 53 56 55 5 2 6
NN4 45 49 48 4 2 5
NN5 39 46 46 6 2 5

Panel D: m = 500, two layers, np = 1, 000

Method ci,1,t ci,2,t ci,3,t × mt ci,1,t × mt ci,2,t × mt ci,3,t

NN1 60 61 51 4 5 3
NN2 56 57 48 4 3 5
NN3 56 59 46 5 4 5
NN4 51 53 42 4 3 5
NN5 46 49 39 4 3 4

Panel E: m = 500, three layers, np = 1, 000

Method ci,1,t ci,2,t ci,3,t × mt ci,1,t × mt ci,2,t × mt ci,3,t

NN1 56 62 55 8 4 8
NN2 56 60 53 7 2 6
NN3 54 63 50 8 5 7
NN4 49 56 44 7 2 6
NN5 42 54 41 7 2 7
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Table A5: Description of stock characteristics

No. Acronym Stock Characteristic Data Source Frequency Definition

1 absacc Absolute accruals Compustat Annual Absolute value of working capital accruals (acc)
2 acc Working capital accruals Compustat Annual (Income before extraordinary items (ib) − operating activi-

ties/net cash flows (oancf) ) / average of total assets (at) in
year t and year t-1.
If oancf is missing, then set numerator to (change in cur-
rent assets (act) − change in cash/cash equivalents (che)) −
change in current liabilities (lct) + change in debt included
in current liabilities (dlc) + change in income taxes payable
(txp) − depreciation and amortization expense (dp))

3 age # years since first Compustat coverage Compustat Annual The number of years since the first coverage in Compustat
4 agr Asset growth Compustat Annual Percentage change in total assets at
5 baspread Bid-ask spread CRSP Monthly Monthly average of daily (bid-ask spread/average of daily

spread)
6 beta Beta CRSP Monthly Estimated market beta from weekly returns and equal

weighted market returns for 3 years ending month t-1 with
at least 52 weeks of returns

7 betasq Beta squared CRSP Monthly Market beta (beta) Squared
8 bm Book-to-market Compustat+CRSP Annual Book value of equity (ceq) in Compustat / fiscal-year-end

market capitalization (mve_f) in CRSP
9 bm_ia Industry-adjusted book to market Compustat+CRSP Annual Book-to-market (bm) − industry mean of book-to-market

(bm)
10 cashdebt Cash flow to debt Compustat Annual Income before extraordinary items and depreciation (ib+dp)

/ average of total liabilities (lt) for last two years.
11 cashpr Cash productivity Compustat Annual Fiscal-year-end market capitalization (mve_f) + long-term

debt (dltt) − total assets (at)) / Cash and cash equivalents
(che)

12 cfp Cash flow to price ratio Compustat Annual Operating activities/net cash flows (oancf) / fiscal-year-end
market capitalization (mve_f).
If oancf is missing, then set numerator to (Income before
extraordinary items (ib) − ( (change in current assets (act)
− change in cash and cash equivalents (che)) − (change in
current liabilities (lct) − change in debt included in current
liabilities (dlc) − change in income taxes payable (txp)) −
depreciation and amortization expense (dp)))

13 cfp_ia Industry-adjusted cash flow to price ratio Compustat Annual Cash flow to price ratio (cpr) − industry mean of cash flow
to price ratio

14 chatoia Industry-adjusted change in asset turnover Compustat Annual Change in asset turnover (chato) − industry mean of change
in asset turnover
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Table A5 (Continue)

No. Acronym Stock Characteristic Data Source Frequency Definition

15 chcsho Change in shares outstanding Compustat Annual Percent change in common shares outstanding (csho)
16 chempia Industry-adjusted change in employees Compustat Annual Change in employees (chemp) − industry mean of change

in employees
17 chinv Change in inventory Compustat Annual Change in total inventory (invt) / last-two-years average

total assets (at)
18 chmom Change in 6-month momentum CRSP Monthly Cumulative returns from months t-6 to t-1 − cumulative

returns from months t-12 to t-7
19 chpmia Industry-adjusted change in profit margin Compustat Annual Change in profit margin (chpm) − industry mean of change

in profit margin
20 convind Convertible debt indicator Compustat Annual An indicator equal to 1 if the firm has convertible debt out-

standing, and 0 otherwise.
21 currat Current ratio Compustat Annual Current Assets (act) / Current Liabilities (lct)
22 depr Depreciation / PP&E Compustat Annual Depreciation (dp) / PP&E (ppent)
23 divi Dividend initiation Compustat Annual An indicator equal to 1 if company pays dividends in year

t but did not in year t-1
24 divo Dividend omission Compustat Annual An indicator equal to 1 if company does not pay dividend

in year t but did in year t-1
25 dolvol Dollar trading volume CRSP Monthly Natural log of (trading volume (vol) ∗ price per share (prc))

in month t-2
26 dy Dividend to price Compustat Annual Total dividends (dvtt) / fiscal-year-end market capitaliza-

tion (mve_f)
27 egr Growth in common shareholder equity Compustat Annual Percent change in book value of equity (ceq)
28 ep Earnings to price Compustat Annual Income before extraordinary items (ib) / fiscal-year-end

market capitalization (mve_f)
29 gma Gross profitability Compustat Annual (Revenues (revt) - cost of goods sold (cogs)) / total assets

(at) in year t-1
30 grcapx Growth in capital expenditures Compustat Annual Percent change in capital expenditures (capx)) from year t-2

to year t
31 grltnoa Growth in long term net operating assets Compustat Annual Growth in long-term net operating assets
32 herf Industry sales concentration Compustat Annual Sum of squared percent of sales (sale) in industry in a fiscal

year for each company
33 hire Employee growth rate Compustat Annual Percent change in number of employees (emp)
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Table A5 (Continue)

No. Acronym Stock Characteristic Data Source Frequency Definition

34 idiovol Idiosyncratic return volatility CRSP Monthly Standard deviation of residuals of weekly returns (idioret)
on weekly equal weighted market returns for 3 years prior
to month end

35 ill Illiquidity CRSP Monthly Average of daily (absolute return/dollar volume)
(|ret|/(prc*vol))

36 indmom Industry momentum CRSP Monthly Average of industry 12-month momentum (mom12m)
37 invest Capital expenditures and inventory Compustat Annual (Change in gross property, plant, and equipment (ppegt) +

change in inventories (invt)) / total assets (at) in year t-1
38 lev Leverage Compustat Annual Total liabilities (lt)) / fiscal-year-end market capitalization

(mve_f)
39 lgr Growth in long-term debt Compustat Annual Percent change in total liabilities (lt)
40 maxret Maximum daily return CRSP Monthly Maximum daily return from returns during calendar

month t-1
41 mom12m 12-month momentum CRSP Monthly 11-month cumulative returns ending one month before

month end
42 mom1m 1-month momentum CRSP Monthly 1-month cumulative return
43 mom36m 36-month momentum CRSP Monthly Cumulative returns from months t-36 to t-13
44 mom6m 6-month momentum CRSP Monthly 5-month cumulative returns ending one month before

month end
45 mve Size CRSP Monthly Natural log of market capitalization (prc*shrout) at end of

month t-1
46 mve_ia Industry-adjusted size Compustat Annual Fiscal-year-end market capitalization (mve_f) − industry

mean of fiscal-year-end market capitalization
47 operprof Operating profitability Compustat Annual Revenue (revt)- cost of goods sold (cogs) - SG&A expense

(xsga) - interest expense) (xint) / common shareholders’ eq-
uity (ceq) in prior year

48 orgcap Organizational capital Compustat Annual Capitalized SG&A expenses
49 pchcapx_ia Industry adjusted % change in capital expenditures Compustat Annual Percent change in capital expenditures (capx) − industry

mean of percent change in capital expenditures
50 pchcurrat % change in current ratio Compustat Annual Percent change in current ratio (currat)
51 pchdepr % change in depreciation Compustat Annual Percent change in (depreciation/PP&E) (depr)
52 pchgm_pchsale % change in gross margin - % change in sales Compustat Annual Percent change in gross margin (sale-cogs) − percent change

in sales (sale)
53 pchquick % change in quick ratio Compustat Annual Percent change in quick ratio
54 pchsale_pchinvt % change in sales - % change in inventory Compustat Annual Percent change in sales (sale) − percent change in inventory

(invt)
55 pchsale_pchrect % change in sales - % change in receivables Compustat Annual Percent change in sales (sale) − percent change in receiv-

ables (rect)
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Table A5 (Continue)

No. Acronym Stock Characteristic Data Source Frequency Definition

56 pchsale_pchxsga % change in sales - % change in SG&A Compustat Annual Percent change in sales (sale) − percent change in SG&A
(xsga)

57 pchsaleinv % change sales-to-inventory Compustat Annual Percent change in sales-to-inventory (sale/inv)
58 pctacc Percent accruals Compustat Annual (Income before extraordinary items (ib) − operating activ-

ities/net cash flows (oancf)) / absolute income before ex-
traordinary items

59 pricedelay Price delay CRSP Monthly
60 ps Financial statements score Compustat Annual Sum of 9 indicator variables
61 quick Quick ratio Compustat Annual (current assets (act) − inventory (invt)) / current liabilities

(lct)
62 rd R&D increase Compustat Annual An indicator equal to 1 if the percent change in (R&D ex-

pense / total assets) (xrd/at) is greater than 5%
63 rd_mve R&D to market capitalization Compustat Annual R&D expense (xrd) / fiscal-year-end market capitalization

(mve_f)
64 rd_sale R&D to sales Compustat Annual R&D expense (xrd) / sales (sale)
65 retvol Return volatility CRSP Monthly Standard deviation of daily returns from month t-1
66 roic Return on invested capital Compustat Annual (Earnings before interest and taxes (ebit) - non-operating in-

come (nopi)) / book value of invested capital (lt+ceq-che)
67 salecash Sales to cash Compustat Annual Sales (sale) / cash and cash equivalents (che)
68 saleinv Sales to inventory Compustat Annual Sales (sale) / inventories (invt)
69 salerec Sales to receivables Compustat Annual Sales (sale) / receivables (rect)
70 securedind Secured debt indicator Compustat Annual An indicator equal to 1 if company has secured debt obli-

gations
71 sgr Sales growth Compustat Annual Percent change in sales (sale)
72 sin Sin stocks Compustat Annual An indicator equal to 1 if a company’s primary industry

classification is in smoke or tobacco, beer or alcohol, or
gaming.

73 sp Sales to price Compustat Annual Sales (sale) / fiscal-year-end market capitalization (mve_f)
74 std_dolvol Volatility of liquidity (dollar trading volume) CRSP Monthly Monthly standard deviation of log daily dollar trading vol-

ume (prc*vol)
75 std_turn Volatility of liquidity (share turnover) CRSP Monthly Monthly standard deviation of daily share turnover
76 tang Debt capacity/firm tangibility Compustat Annual (Cash holdings (che) + 0.715 receivables (rect) + 0.547 in-

ventory (invt) + 0.535 PP&E (ppent)) / total assets (at)
77 tb Tax income to book income Compustat Annual Current tax expense (txfo+txfed) / maximum federal tax

rate (tr) / income before extraordinary items (ib)
If (txfo) or (txfed is missing, set numerator to (txt-txdi)

78 turn Share turnover CRSP Monthly Average of trading volume (vol) in months t-3, t-2 and t-1 /
number of shares outstanding (shrout) in month t
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Table A6: Description of macroeconomic predictors.

No. Acronym Macroeconomic Predictor Data Source Frequency Definition Transformation

1 dp dividend-price ratio Robert Shiller’s website+S&P Corporation Monthly The difference between the log of dividends
and the log of prices. Dividends are 12-month
moving sums of dividends paid on the S&P 500
index.

∆xt

2 ep earnings-price ratio Robert Shiller’s website+S&P Corporation Monthly The difference between the log of earnings and
the log of prices. Earnings are 12-month mov-
ing sums of earnings on the S&P 500 index.

∆xt

3 bm book-to-market ratio Value Line’s website Monthly The ratio of book value to market value for the
Dow Jones Industrial Average.

∆log(xt)

4 nits net equity expansion CRSP Monthly 12-month moving sums of net issues by NYSE
listed stocks divided by the total end-of-year
market capitalization of NYSE stocks.

∆xt

5 tbl Treasury-bill rate NBER+FRED Monthly Treasury-bill rates from 1920 to 1933 are the
Yields On Short-Term United States Securities,
Three-Six Month Treasury Notes and Certifi-
cates, Three Month Treasury Bills for United
States. Treasury-bill rates from 1934 to 2005 are
the 3- Month Treasury Bill: Secondary Market
Rate.

∆xt

6 tms term spread FRED+NBER+Stocks, Bonds, Bills and Inflation Yearbook Monthly The difference between the long term yield on
government bonds and the Treasury-bill rate.

xt

7 dfy default spread FRED Monthly The difference between BAA and AAA-rated
corporate bond yields.

∆xt

8 svar stock variance G. William Schwert+CRSP Monthly Sum of squared daily returns on the S&P 500. ∆log(xt)
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Table A7: Variable significant test results of characteristics where the universe of predictors is CtM.

Predictors are sorted based on their t-stat values within each model, and averaging the predictors rankings among the five NN models to obtain an overall
influence in terms of t-stat. In front of each predictor, the scaled t-stats for each model are reported, while their corresponding p-values are underneath
of them. We use the red (green) color for predictors that their p-value is less (larger) than 10%. The darkness of color represents its significant. See Table
A5 for the definitions of stock characteristics. NNi: a multi-layer perceptron with i-hidden layer.

char NN1 NN2 NN3 NN4 NN5 char NN1 NN2 NN3 NN4 NN5 char NN1 NN2 NN3 NN4 NN5

mom1m 0.082 0.076 0.084 0.107 0.090 pctacc 0.025 0.029 0.034 0.036 0.033 cashpr 0.023 0.028 0.034 0.035 0.030
0.000 0.001 0.001 0.000 0.002 0.056 0.068 0.074 0.088 0.086 0.075 0.083 0.077 0.100 0.100

dolvol 0.078 0.074 0.069 0.054 0.053 pchsale_pchinvt 0.025 0.029 0.036 0.035 0.032 age 0.022 0.027 0.033 0.035 0.031
0.000 0.001 0.003 0.019 0.019 0.058 0.068 0.066 0.092 0.085 0.089 0.088 0.090 0.097 0.095

std_turn 0.052 0.054 0.060 0.077 0.055 baspread 0.024 0.028 0.035 0.037 0.032 salecash 0.022 0.027 0.032 0.035 0.031
0.001 0.004 0.006 0.003 0.016 0.061 0.075 0.064 0.081 0.090 0.079 0.090 0.094 0.095 0.095

turn 0.043 0.040 0.049 0.068 0.046 acc 0.026 0.028 0.035 0.036 0.032 grltnoa 0.023 0.027 0.033 0.035 0.030
0.005 0.020 0.015 0.007 0.026 0.053 0.080 0.069 0.091 0.086 0.076 0.089 0.088 0.093 0.099

ill 0.049 0.040 0.046 0.042 0.036 dy 0.025 0.028 0.033 0.037 0.032 hire 0.022 0.027 0.033 0.034 0.031
0.002 0.018 0.024 0.051 0.064 0.055 0.074 0.082 0.082 0.092 0.080 0.091 0.092 0.106 0.096

divi 0.033 0.036 0.044 0.050 0.039 ep 0.026 0.028 0.033 0.037 0.031 chatoia 0.021 0.026 0.032 0.035 0.031
0.021 0.028 0.027 0.025 0.052 0.049 0.076 0.083 0.081 0.090 0.096 0.098 0.105 0.094 0.099

chmom 0.029 0.035 0.039 0.045 0.041 quick 0.025 0.028 0.035 0.036 0.031 chempia 0.021 0.027 0.033 0.035 0.030
0.034 0.032 0.045 0.040 0.046 0.055 0.071 0.067 0.087 0.096 0.091 0.083 0.092 0.093 0.103

bm 0.033 0.033 0.038 0.044 0.037 securedind 0.025 0.028 0.034 0.036 0.031 orgcap 0.022 0.027 0.033 0.035 0.030
0.019 0.040 0.049 0.043 0.059 0.059 0.083 0.075 0.082 0.094 0.078 0.092 0.090 0.097 0.101

operprof 0.031 0.032 0.038 0.042 0.036 agr 0.024 0.028 0.034 0.036 0.032 pchcurrat 0.023 0.027 0.032 0.035 0.030
0.025 0.048 0.050 0.050 0.064 0.061 0.077 0.076 0.086 0.088 0.078 0.086 0.097 0.103 0.106

retvol 0.028 0.031 0.037 0.040 0.034 pchsaleinv 0.024 0.028 0.034 0.036 0.032 ps 0.022 0.027 0.032 0.034 0.031
0.044 0.048 0.059 0.062 0.074 0.066 0.081 0.079 0.086 0.086 0.083 0.091 0.094 0.106 0.100

indmom 0.026 0.031 0.037 0.042 0.038 rd_mve 0.024 0.029 0.034 0.035 0.032 cfp_ia 0.020 0.026 0.033 0.035 0.030
0.052 0.053 0.059 0.049 0.058 0.064 0.069 0.082 0.098 0.087 0.105 0.097 0.090 0.099 0.105

cfp 0.029 0.030 0.037 0.039 0.035 bm_ia 0.023 0.028 0.033 0.036 0.032 salerec 0.021 0.027 0.032 0.035 0.030
0.034 0.061 0.058 0.067 0.072 0.075 0.074 0.090 0.084 0.086 0.101 0.091 0.102 0.099 0.103

betasq 0.050 0.029 0.045 0.040 0.031 absacc 0.024 0.026 0.034 0.036 0.033 saleinv 0.022 0.025 0.032 0.034 0.030
0.002 0.068 0.025 0.064 0.093 0.066 0.105 0.077 0.085 0.083 0.082 0.108 0.101 0.104 0.100

mom12m 0.027 0.029 0.035 0.040 0.035 chinv 0.024 0.028 0.033 0.036 0.033 pchgm_pchsale 0.020 0.025 0.031 0.035 0.030
0.046 0.067 0.068 0.060 0.067 0.066 0.079 0.092 0.090 0.080 0.108 0.112 0.105 0.097 0.105

std_dolvol 0.027 0.030 0.035 0.041 0.033 egr 0.024 0.028 0.034 0.036 0.031 grcapx 0.018 0.026 0.031 0.034 0.030
0.047 0.062 0.065 0.057 0.080 0.063 0.079 0.074 0.087 0.096 0.141 0.102 0.107 0.103 0.100
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Table A7 (cont.)

char NN1 NN2 NN3 NN4 NN5 char NN1 NN2 NN3 NN4 NN5 char NN1 NN2 NN3 NN4 NN5

idiovol 0.026 0.032 0.036 0.038 0.033 currat 0.025 0.028 0.034 0.036 0.031 pchsale_pchxsga 0.018 0.026 0.031 0.034 0.030
0.046 0.048 0.064 0.070 0.080 0.059 0.078 0.080 0.087 0.095 0.133 0.103 0.105 0.103 0.100

BETA 0.048 0.029 0.043 0.041 0.031 roic 0.024 0.028 0.034 0.036 0.031 chpmia 0.018 0.025 0.031 0.035 0.030
0.002 0.070 0.030 0.056 0.095 0.060 0.078 0.076 0.089 0.096 0.139 0.108 0.103 0.098 0.102

gma 0.026 0.029 0.036 0.037 0.033 invest 0.025 0.028 0.033 0.035 0.031 pchcapx_ia 0.020 0.026 0.031 0.035 0.030
0.047 0.068 0.065 0.076 0.080 0.058 0.077 0.084 0.090 0.092 0.103 0.108 0.114 0.100 0.107

cashdebt 0.026 0.029 0.034 0.039 0.032 lev 0.024 0.028 0.033 0.036 0.031 rd 0.019 0.025 0.031 0.034 0.030
0.045 0.069 0.075 0.068 0.088 0.062 0.072 0.086 0.083 0.092 0.122 0.111 0.108 0.101 0.104

sp 0.026 0.029 0.035 0.037 0.032 maxret 0.023 0.028 0.033 0.036 0.031 depr 0.018 0.025 0.031 0.034 0.030
0.049 0.071 0.063 0.075 0.085 0.071 0.076 0.083 0.088 0.091 0.139 0.105 0.108 0.101 0.106

mom6m 0.025 0.030 0.034 0.038 0.034 rd_sale 0.024 0.028 0.034 0.035 0.031 pricedelay 0.018 0.025 0.031 0.035 0.030
0.057 0.062 0.074 0.077 0.076 0.070 0.076 0.079 0.093 0.094 0.132 0.117 0.104 0.097 0.105

divo 0.028 0.029 0.035 0.037 0.032 mom36m 0.022 0.028 0.033 0.035 0.032 tang 0.020 0.025 0.032 0.034 0.030
0.038 0.074 0.072 0.080 0.086 0.087 0.081 0.084 0.098 0.084 0.108 0.118 0.098 0.101 0.102

sin 0.025 0.028 0.034 0.038 0.038 mve_ia 0.022 0.026 0.033 0.035 0.032 tb 0.018 0.025 0.031 0.034 0.031
0.057 0.072 0.077 0.070 0.055 0.086 0.096 0.094 0.094 0.090 0.158 0.112 0.110 0.104 0.096

sgr 0.023 0.030 0.035 0.037 0.033 chcsho 0.020 0.026 0.032 0.036 0.032 pchdepr 0.020 0.025 0.031 0.034 0.030
0.067 0.064 0.065 0.079 0.080 0.109 0.097 0.093 0.091 0.086 0.112 0.125 0.105 0.107 0.102

lgr 0.025 0.029 0.034 0.037 0.033 pchquick 0.024 0.027 0.033 0.034 0.031 pchsale_pchrect 0.019 0.025 0.031 0.034 0.030
0.053 0.062 0.080 0.078 0.081 0.062 0.091 0.084 0.100 0.095 0.139 0.117 0.112 0.110 0.105

mve 0.025 0.028 0.034 0.039 0.032 convind 0.021 0.026 0.032 0.036 0.031 herf 0.018 0.024 0.031 0.033 0.030
0.057 0.078 0.076 0.070 0.084 0.095 0.099 0.100 0.087 0.091 0.141 0.132 0.114 0.111 0.107

scaling factor 55.054 50.966 51.511 77.893 97.026
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Table A8: Variable significant test results of top-34 interaction predictors where the universe of them is CtM.

Predictors are sorted based on their t-stat values within each model, and averaging the predictors rankings among the five NN models to obtain an
overall influence in terms of t-stat. In front of each predictor, the scaled t-stats for each model are reported, while their corresponding p-values are
underneath of them. We use the red (green) color for predictors that their p-value is less (larger) than 10%. The darkness of red (green) color shows
its significant (insignificant) level. See Tables A5 and A6 for the definitions of stock characteristics and macroeconomic predictors. NNi: a multi-layer
perceptron with i-hidden layer.

interaction NN1 NN2 NN3 NN4 NN5 interaction NN1 NN2 NN3 NN4 NN5 interaction NN1 NN2 NN3 NN4 NN5

securedind*dp 0.114 0.074 0.078 0.068 0.051 chinv*dp 0.044 0.045 0.043 0.047 0.035 ill*dp 0.093 0.055 0.039 0.039 0.033
0.000 0.000 0.002 0.008 0.023 0.004 0.011 0.030 0.033 0.067 0.000 0.004 0.042 0.065 0.078

chmom*dp 0.146 0.071 0.074 0.062 0.041 bm*ep 0.066 0.037 0.047 0.050 0.034 std_dolvol*dp 0.047 0.038 0.040 0.040 0.034
0.000 0.002 0.001 0.011 0.045 0.000 0.026 0.019 0.025 0.074 0.003 0.023 0.037 0.059 0.076

mom6m*dp 0.181 0.081 0.082 0.058 0.037 lev*ep 0.099 0.042 0.055 0.040 0.034 tang*ep 0.035 0.036 0.041 0.040 0.035
0.000 0.000 0.002 0.013 0.059 0.000 0.015 0.011 0.057 0.073 0.013 0.028 0.034 0.060 0.068

securedind*ep 0.088 0.062 0.069 0.061 0.046 betasq*ep 0.112 0.034 0.038 0.050 0.039 cashdebt*dfy 0.032 0.033 0.039 0.043 0.036
0.000 0.003 0.003 0.010 0.031 0.000 0.034 0.051 0.028 0.054 0.025 0.047 0.049 0.049 0.062

sin*ep 0.093 0.062 0.065 0.054 0.045 sin*dfy 0.036 0.033 0.042 0.050 0.041 ps*dp 0.039 0.033 0.041 0.041 0.033
0.000 0.002 0.004 0.019 0.033 0.012 0.043 0.034 0.027 0.045 0.008 0.038 0.034 0.055 0.081

divo*dp 0.101 0.046 0.058 0.056 0.040 divi*dp 0.059 0.035 0.038 0.046 0.035 ps*ep 0.038 0.033 0.040 0.041 0.033
0.000 0.010 0.008 0.017 0.047 0.001 0.033 0.049 0.037 0.070 0.010 0.038 0.041 0.058 0.080

divi*ep 0.070 0.043 0.048 0.063 0.043 pchsaleinv*tbl 0.078 0.032 0.043 0.045 0.034 pchsale_pchxsga*dp 0.035 0.033 0.037 0.042 0.034
0.000 0.014 0.018 0.012 0.038 0.000 0.046 0.032 0.040 0.075 0.014 0.039 0.053 0.053 0.077

std_turn*dp 0.060 0.050 0.050 0.048 0.039 cashdebt*bm 0.048 0.037 0.042 0.040 0.034 mve*svar 0.033 0.032 0.038 0.041 0.035
0.001 0.008 0.013 0.029 0.047 0.004 0.027 0.035 0.061 0.077 0.021 0.049 0.047 0.060 0.072

mom6m*ep 0.114 0.053 0.052 0.046 0.035 turn*ep 0.043 0.033 0.039 0.043 0.037 quick*tms 0.032 0.033 0.037 0.040 0.035
0.000 0.005 0.012 0.033 0.068 0.005 0.039 0.040 0.049 0.056 0.023 0.043 0.057 0.062 0.069

betasq*dp 0.077 0.054 0.041 0.045 0.039 securedind*tbl 0.033 0.034 0.040 0.046 0.038 sp*tbl 0.032 0.032 0.037 0.041 0.033
0.000 0.004 0.038 0.040 0.054 0.019 0.035 0.039 0.035 0.057 0.022 0.050 0.055 0.057 0.082

ill*ep 0.092 0.055 0.041 0.043 0.036 dolvol*svar 0.037 0.033 0.041 0.041 0.036
0.000 0.005 0.037 0.046 0.063 0.010 0.043 0.035 0.056 0.065

orgcap*dp 0.052 0.040 0.043 0.046 0.037 BETA*ep 0.035 0.036 0.046 0.042 0.033
0.003 0.020 0.032 0.034 0.061 0.016 0.031 0.023 0.051 0.082

scaling factor 55.054 50.966 51.511 77.893 97.026
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Table A9: Variable significant test results of bottom-48 interaction predictors where the universe of them is CtM.

Predictors are sorted based on their t-stat values within each model, and averaging the predictors rankings among the five NN models to obtain an
overall influence in terms of t-stat. In front of each predictor, the scaled t-stats for each model are reported, while their corresponding p-values are
underneath of them. We use the green color for predictors that their p-value is larger than 10%. The darkness of green color shows its insignificant level.
See Tables A5 and A6 for the definitions of stock characteristics and macroeconomic predictors. NNi: a multi-layer perceptron with i-hidden layer.

interaction NN1 NN2 NN3 NN4 NN5 interaction NN1 NN2 NN3 NN4 NN5 interaction NN1 NN2 NN3 NN4 NN5

chcsho*svar 0.017 0.025 0.031 0.034 0.030 pricedelay*tms 0.017 0.024 0.030 0.034 0.030 depr*tbl 0.019 0.023 0.029 0.033 0.029
0.170 0.123 0.115 0.106 0.109 0.169 0.133 0.126 0.104 0.104 0.128 0.152 0.131 0.115 0.110

pchsale_pchrect*tbl 0.020 0.024 0.030 0.034 0.030 tang*dfy 0.019 0.024 0.030 0.033 0.029 chpmia*dfy 0.018 0.023 0.029 0.034 0.030
0.126 0.128 0.126 0.101 0.105 0.125 0.123 0.117 0.110 0.111 0.149 0.164 0.135 0.105 0.108

tb*tms 0.018 0.024 0.031 0.034 0.030 convind*ntis 0.019 0.024 0.030 0.033 0.030 pchcapx_ia*tbl 0.018 0.023 0.030 0.034 0.029
0.136 0.129 0.109 0.102 0.106 0.118 0.138 0.122 0.113 0.109 0.156 0.144 0.126 0.109 0.112

pchcapx_ia*ntis 0.020 0.024 0.030 0.034 0.030 depr*ntis 0.019 0.024 0.030 0.033 0.029 rd*ntis 0.018 0.024 0.030 0.033 0.029
0.115 0.126 0.119 0.104 0.105 0.124 0.125 0.120 0.111 0.115 0.149 0.134 0.126 0.114 0.113

pchsale_pchrect*svar 0.018 0.025 0.031 0.034 0.030 chpmia*svar 0.018 0.023 0.030 0.033 0.030 pchsale_pchxsga*tbl 0.017 0.023 0.030 0.034 0.029
0.141 0.124 0.110 0.105 0.107 0.144 0.141 0.121 0.115 0.105 0.174 0.157 0.124 0.109 0.109

chatoia*tbl 0.020 0.024 0.030 0.034 0.030 convind*dfy 0.018 0.024 0.030 0.034 0.030 tb*svar 0.017 0.023 0.030 0.033 0.029
0.114 0.134 0.115 0.105 0.107 0.150 0.142 0.121 0.108 0.106 0.154 0.136 0.120 0.111 0.107

tang*svar 0.018 0.024 0.030 0.034 0.030 pchcapx_ia*dfy 0.018 0.023 0.029 0.034 0.030 pchdepr*svar 0.017 0.023 0.030 0.033 0.029
0.136 0.122 0.115 0.104 0.104 0.152 0.150 0.141 0.108 0.106 0.155 0.140 0.114 0.117 0.110

pchsale_pchrect*ntis 0.020 0.025 0.030 0.033 0.030 convind*tbl 0.018 0.024 0.030 0.033 0.030 herf*svar 0.017 0.024 0.030 0.033 0.030
0.120 0.127 0.123 0.115 0.106 0.141 0.135 0.115 0.117 0.108 0.172 0.139 0.121 0.115 0.109

absacc*ntis 0.020 0.024 0.031 0.033 0.030 herf*tms 0.018 0.024 0.030 0.034 0.029 pchdepr*tbl 0.017 0.024 0.029 0.033 0.029
0.112 0.131 0.114 0.113 0.104 0.147 0.140 0.125 0.103 0.113 0.157 0.139 0.147 0.113 0.110

pchgm_pchsale*ntis 0.020 0.025 0.031 0.033 0.029 pricedelay*ntis 0.018 0.023 0.030 0.033 0.030 pchgm_pchsale*dfy 0.018 0.024 0.029 0.033 0.029
0.112 0.122 0.114 0.115 0.110 0.140 0.157 0.122 0.113 0.108 0.145 0.132 0.129 0.117 0.110

pchsale_pchrect*dfy 0.020 0.023 0.030 0.034 0.030 herf*ntis 0.019 0.024 0.029 0.034 0.029 tb*ntis 0.019 0.023 0.029 0.033 0.029
0.107 0.150 0.121 0.103 0.111 0.130 0.127 0.128 0.107 0.110 0.129 0.146 0.132 0.113 0.110

convind*svar 0.018 0.025 0.031 0.034 0.030 tb*tbl 0.017 0.023 0.030 0.034 0.030 pricedelay*dfy 0.017 0.023 0.029 0.033 0.030
0.138 0.125 0.116 0.110 0.106 0.165 0.144 0.116 0.108 0.106 0.155 0.165 0.134 0.112 0.105

pchcapx_ia*svar 0.019 0.024 0.031 0.033 0.030 depr*dfy 0.019 0.023 0.030 0.033 0.029 pricedelay*svar 0.017 0.023 0.030 0.033 0.029
0.136 0.137 0.116 0.114 0.108 0.116 0.143 0.123 0.111 0.109 0.153 0.149 0.131 0.116 0.106

chpmia*ntis 0.019 0.023 0.030 0.034 0.030 indmom*dfy 0.018 0.023 0.030 0.034 0.030 pricedelay*tbl 0.018 0.024 0.029 0.033 0.029
0.118 0.140 0.121 0.105 0.106 0.144 0.162 0.123 0.106 0.106 0.151 0.139 0.135 0.115 0.116

rd*dfy 0.019 0.024 0.030 0.034 0.030 pchdepr*ntis 0.018 0.024 0.030 0.033 0.029 herf*dfy 0.017 0.022 0.029 0.033 0.029
0.132 0.143 0.115 0.107 0.110 0.147 0.135 0.125 0.114 0.109 0.170 0.178 0.136 0.106 0.114

absacc*svar 0.019 0.024 0.031 0.033 0.029 chpmia*tbl 0.017 0.023 0.029 0.034 0.030 herf*tbl 0.016 0.023 0.028 0.033 0.029
0.123 0.138 0.115 0.111 0.112 0.155 0.165 0.134 0.106 0.105 0.184 0.152 0.144 0.117 0.108

scaling factor 55.054 50.966 51.511 77.893 97.026
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Table A10: Quantile of characteristics where the universe of predictors is the CpM.

Predictors are sorted based on their t-stat values within each model, and averaging the pre-
dictors rankings among the five NN models to obtain an overall influence in terms of t-stat.
In front of each predictor, 95% quantile is reported. See Table A5 for the definitions of stock
characteristics. NNi: a multi-layer perceptron with i-hidden layer.

characteristics NN1 NN2 NN3 NN4 NN5 characteristics NN1 NN2 NN3 NN4 NN5
mom1m 0.099 0.098 0.099 0.086 0.069 currat 0.102 0.099 0.095 0.084 0.068
std_turn 0.101 0.101 0.097 0.085 0.068 pchcurrat 0.102 0.099 0.095 0.086 0.068
turn 0.099 0.098 0.096 0.086 0.067 dy 0.101 0.100 0.097 0.088 0.067
dolvol 0.100 0.099 0.096 0.088 0.067 convind 0.104 0.100 0.099 0.088 0.068
chmom 0.098 0.101 0.096 0.087 0.068 chinv 0.100 0.100 0.097 0.085 0.066
divi 0.098 0.102 0.097 0.091 0.069 rd_mve 0.101 0.098 0.096 0.085 0.069
indmom 0.100 0.099 0.096 0.085 0.067 pctacc 0.103 0.099 0.095 0.086 0.068
ill 0.101 0.099 0.095 0.089 0.069 salecash 0.100 0.100 0.098 0.084 0.066
betasq 0.099 0.101 0.095 0.084 0.070 baspread 0.098 0.101 0.100 0.087 0.067
gma 0.100 0.102 0.097 0.087 0.069 rd_sale 0.100 0.099 0.094 0.087 0.068
bm 0.101 0.101 0.096 0.084 0.069 ep 0.104 0.100 0.097 0.087 0.067
sp 0.100 0.102 0.093 0.084 0.069 hire 0.101 0.098 0.100 0.085 0.067
operprof 0.102 0.097 0.094 0.087 0.068 orgcap 0.101 0.099 0.097 0.088 0.068
cashdebt 0.101 0.102 0.098 0.087 0.067 chcsho 0.100 0.101 0.098 0.086 0.068
BETA 0.104 0.098 0.096 0.090 0.067 divo 0.103 0.101 0.097 0.087 0.068
sgr 0.100 0.101 0.098 0.085 0.070 mve_ia 0.101 0.098 0.096 0.085 0.066
mve 0.100 0.101 0.098 0.086 0.070 ps 0.101 0.100 0.097 0.086 0.068
roic 0.100 0.099 0.098 0.088 0.069 grltnoa 0.101 0.102 0.095 0.086 0.068
mom12m 0.099 0.098 0.096 0.088 0.068 chempia 0.101 0.102 0.095 0.088 0.069
sin 0.100 0.097 0.098 0.084 0.068 age 0.099 0.099 0.092 0.084 0.067
pchsaleinv 0.104 0.098 0.099 0.087 0.068 pchgm_pchsale 0.101 0.098 0.099 0.086 0.069
lgr 0.097 0.100 0.098 0.086 0.067 tang 0.099 0.098 0.097 0.084 0.069
std_dolvol 0.100 0.100 0.097 0.083 0.066 mom36m 0.098 0.100 0.094 0.086 0.067
mom6m 0.101 0.100 0.097 0.088 0.066 grcapx 0.098 0.099 0.096 0.087 0.068
idiovol 0.101 0.101 0.097 0.086 0.066 cfp_ia 0.102 0.100 0.097 0.086 0.068
quick 0.103 0.101 0.096 0.084 0.069 saleinv 0.103 0.099 0.095 0.086 0.066
invest 0.100 0.097 0.099 0.087 0.068 pchsale_pchxsga 0.099 0.101 0.094 0.087 0.067
agr 0.103 0.098 0.096 0.087 0.069 salerec 0.102 0.099 0.095 0.087 0.069
cfp 0.106 0.100 0.098 0.087 0.070 pricedelay 0.101 0.103 0.097 0.087 0.069
lev 0.100 0.102 0.096 0.085 0.068 pchsale_pchrect 0.100 0.098 0.097 0.087 0.067
pchsale_pchinvt 0.102 0.097 0.096 0.086 0.068 absacc 0.100 0.097 0.098 0.087 0.067
pchquick 0.104 0.099 0.095 0.086 0.068 pchdepr 0.097 0.100 0.093 0.086 0.068
bm_ia 0.099 0.103 0.096 0.084 0.069 securedind 0.100 0.096 0.096 0.086 0.067
retvol 0.100 0.099 0.097 0.088 0.068 tb 0.101 0.098 0.097 0.085 0.067
maxret 0.103 0.101 0.098 0.085 0.066 depr 0.101 0.103 0.094 0.089 0.068
egr 0.102 0.096 0.095 0.088 0.067 chpmia 0.101 0.103 0.097 0.086 0.067
chatoia 0.103 0.100 0.095 0.087 0.068 pchcapx_ia 0.101 0.097 0.096 0.087 0.069
acc 0.101 0.104 0.095 0.085 0.068 rd 0.102 0.098 0.097 0.087 0.070
cashpr 0.099 0.098 0.095 0.086 0.068 herf 0.100 0.101 0.099 0.087 0.068
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Table A11: Quantile of characteristics where the universe of predictors is the CtM.

Predictors are sorted based on their t-stat values within each model, and averaging the pre-
dictors rankings among the five NN models to obtain an overall influence in terms of t-stat.
In front of each predictor, 95% quantile is reported. See Table A5 for the definitions of stock
characteristics. NNi: a multi-layer perceptron with i-hidden layer.

char NN1 NN2 NN3 NN4 NN5 char NN1 NN2 NN3 NN4 NN5
mom1m 0.0260 0.0309 0.0380 0.0417 0.0392 chinv 0.0261 0.0320 0.0384 0.0415 0.0393
dolvol 0.0261 0.0319 0.0382 0.0419 0.0391 egr 0.0256 0.0311 0.0375 0.0416 0.0392
std_turn 0.0256 0.0313 0.0382 0.0416 0.0388 currat 0.0255 0.0308 0.0376 0.0422 0.0391
turn 0.0255 0.0314 0.0377 0.0411 0.0392 roic 0.0257 0.0318 0.0379 0.0422 0.0391
ill 0.0260 0.0318 0.0378 0.0419 0.0398 invest 0.0260 0.0316 0.0381 0.0420 0.0391
divi 0.0263 0.0312 0.0380 0.0415 0.0394 lev 0.0256 0.0308 0.0381 0.0423 0.0390
chmom 0.0259 0.0307 0.0379 0.0420 0.0395 maxret 0.0260 0.0313 0.0379 0.0422 0.0396
bm 0.0256 0.0311 0.0379 0.0418 0.0390 rd_sale 0.0261 0.0313 0.0379 0.0420 0.0387
operprof 0.0253 0.0313 0.0377 0.0420 0.0393 mom36m 0.0256 0.0316 0.0375 0.0422 0.0395
retvol 0.0266 0.0309 0.0382 0.0426 0.0388 mve_ia 0.0256 0.0313 0.0382 0.0420 0.0393
indmom 0.0260 0.0316 0.0383 0.0419 0.0391 chcsho 0.0257 0.0311 0.0375 0.0421 0.0394
cfp 0.0258 0.0317 0.0382 0.0421 0.0400 pchquick 0.0257 0.0321 0.0375 0.0418 0.0392
betasq 0.0264 0.0312 0.0380 0.0425 0.0394 convind 0.0258 0.0316 0.0385 0.0418 0.0389
mom12m 0.0264 0.0315 0.0381 0.0419 0.0392 cashpr 0.0261 0.0313 0.0378 0.0424 0.0393
std_dolvol 0.0261 0.0319 0.0378 0.0419 0.0391 age 0.0258 0.0318 0.0380 0.0421 0.0393
idiovol 0.0255 0.0314 0.0388 0.0416 0.0391 salecash 0.0256 0.0318 0.0380 0.0420 0.0386
BETA 0.0258 0.0317 0.0376 0.0423 0.0397 grltnoa 0.0260 0.0318 0.0384 0.0425 0.0395
gma 0.0259 0.0315 0.0379 0.0423 0.0397 hire 0.0256 0.0316 0.0387 0.0424 0.0397
cashdebt 0.0256 0.0317 0.0380 0.0427 0.0395 chatoia 0.0261 0.0316 0.0382 0.0419 0.0399
sp 0.0261 0.0321 0.0376 0.0411 0.0391 chempia 0.0260 0.0315 0.0384 0.0412 0.0391
mom6m 0.0256 0.0316 0.0378 0.0424 0.0396 orgcap 0.0259 0.0317 0.0372 0.0429 0.0392
divo 0.0258 0.0317 0.0376 0.0422 0.0397 pchcurrat 0.0256 0.0316 0.0390 0.0421 0.0393
sin 0.0258 0.0312 0.0379 0.0416 0.0391 ps 0.0263 0.0315 0.0383 0.0420 0.0398
sgr 0.0255 0.0315 0.0379 0.0424 0.0394 cfp_ia 0.0259 0.0309 0.0383 0.0423 0.0390
lgr 0.0258 0.0306 0.0382 0.0423 0.0389 salerec 0.0260 0.0314 0.0384 0.0424 0.0395
mve 0.0260 0.0316 0.0381 0.0420 0.0393 saleinv 0.0251 0.0316 0.0378 0.0423 0.0394
pctacc 0.0259 0.0313 0.0377 0.0420 0.0398 pchgm_pchsale 0.0265 0.0317 0.0380 0.0419 0.0391
pchsale_pchinvt 0.0259 0.0316 0.0383 0.0423 0.0395 grcapx 0.0266 0.0313 0.0379 0.0421 0.0394
baspread 0.0260 0.0311 0.0377 0.0422 0.0395 pchsale_pchxsga 0.0256 0.0315 0.0380 0.0419 0.0392
acc 0.0260 0.0314 0.0375 0.0424 0.0395 chpmia 0.0258 0.0310 0.0377 0.0416 0.0389
dy 0.0258 0.0315 0.0381 0.0423 0.0395 pchcapx_ia 0.0259 0.0316 0.0381 0.0422 0.0393
ep 0.0261 0.0315 0.0380 0.0423 0.0396 rd 0.0255 0.0319 0.0382 0.0420 0.0390
quick 0.0256 0.0312 0.0381 0.0418 0.0394 depr 0.0253 0.0312 0.0383 0.0423 0.0388
securedind 0.0258 0.0320 0.0378 0.0420 0.0395 pricedelay 0.0251 0.0312 0.0377 0.0420 0.0394
agr 0.0256 0.0313 0.0384 0.0416 0.0393 tang 0.0250 0.0312 0.0385 0.0416 0.0390
pchsaleinv 0.0260 0.0314 0.0378 0.0421 0.0394 tb 0.0261 0.0316 0.0379 0.0419 0.0387
rd_mve 0.0264 0.0315 0.0377 0.0418 0.0395 pchdepr 0.0260 0.0321 0.0377 0.0417 0.0388
bm_ia 0.0265 0.0314 0.0383 0.0422 0.0392 pchsale_pchrect 0.0263 0.0316 0.0379 0.0426 0.0393
absacc 0.0258 0.0319 0.0377 0.0420 0.0387 herf 0.0258 0.0319 0.0378 0.0417 0.0394

Table A12: Quantile of 34 common interaction predictors where the universe of predictors is
the CtM.

Predictors are sorted based on their t-stat values within each model, and averaging the predic-
tors rankings among the five NN models to obtain an overall influence in terms of t-stat. In
front of each predictor, 95% quantile is reported. See Tables A5 and A6 for the definitions of
stock characteristics and macroeconomic predictors, respectively. NNi: a multi-layer percep-
tron with i-hidden layer.

interaction NN1 NN2 NN3 NN4 NN5 interaction NN1 NN2 NN3 NN4 NN5
securedind*dp 0.0258 0.0322 0.0378 0.0420 0.0389 divi*dp 0.0259 0.0312 0.0377 0.0424 0.0391
chmom*dp 0.0257 0.0320 0.0381 0.0428 0.0393 pchsaleinv*tbl 0.0258 0.0313 0.0381 0.0428 0.0387
mom6m*dp 0.0264 0.0314 0.0384 0.0417 0.0393 cashdebt*bm 0.0261 0.0314 0.0384 0.0427 0.0389
securedind*ep 0.0258 0.0320 0.0378 0.0425 0.0394 turn*ep 0.0256 0.0315 0.0373 0.0421 0.0388
sin*ep 0.0264 0.0313 0.0374 0.0415 0.0390 securedind*tbl 0.0257 0.0312 0.0379 0.0420 0.0390
divo*dp 0.0257 0.0312 0.0376 0.0421 0.0391 dolvol*svar 0.0256 0.0318 0.0381 0.0424 0.0396
divi*ep 0.0261 0.0312 0.0375 0.0419 0.0385 BETA*ep 0.0259 0.0318 0.0379 0.0422 0.0394
std_turn*dp 0.0258 0.0316 0.0377 0.0417 0.0389 ill*dp 0.0262 0.0316 0.0370 0.0421 0.0388
mom6m*ep 0.0266 0.0313 0.0378 0.0420 0.0393 std_dolvol*dp 0.0254 0.0310 0.0375 0.0419 0.0392
betasq*dp 0.0260 0.0310 0.0380 0.0419 0.0399 tang*ep 0.0255 0.0311 0.0375 0.0421 0.0394
ill*ep 0.0257 0.0313 0.0376 0.0419 0.0389 cashdebt*dfy 0.0261 0.0322 0.0385 0.0426 0.0390
orgcap*dp 0.0258 0.0310 0.0378 0.0415 0.0392 ps*dp 0.0261 0.0313 0.0372 0.0423 0.0393
chinv*dp 0.0258 0.0316 0.0381 0.0424 0.0395 ps*ep 0.0258 0.0310 0.0376 0.0427 0.0397
bm*ep 0.0258 0.0315 0.0386 0.0428 0.0396 pchsale_pchxsga*dp 0.0260 0.0316 0.0381 0.0423 0.0395
lev*ep 0.0255 0.0312 0.0380 0.0417 0.0389 mve*svar 0.0258 0.0315 0.0376 0.0427 0.0388
betasq*ep 0.0256 0.0307 0.0382 0.0420 0.0396 quick*tms 0.0264 0.0313 0.0385 0.0426 0.0388
sin*dfy 0.0259 0.0312 0.0385 0.0422 0.0393 sp*tbl 0.0258 0.0315 0.0376 0.0422 0.0387
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Table A13: Quantile of 48 common interaction predictors where the universe of predictors is
the CtM.

Predictors are sorted based on their t-stat values within each model, and averaging the pre-
dictors rankings among the five NN models to obtain an overall influence in terms of t-stat.
In front of each predictor, 95% quantile is reported. See Tables A5 and A6 for the definitions
of stock characteristics and macroeconomic predictors. NNi: a multi-layer perceptron with i-
hidden layer.

interaction NN1 NN2 NN3 NN4 NN5 interaction NN1 NN2 NN3 NN4 NN5
chcsho*svar 0.0259 0.0322 0.0385 0.0415 0.0391 herf*tms 0.0256 0.0320 0.0378 0.0416 0.0388
pchsale_pchrect*tbl 0.0260 0.0314 0.0376 0.0414 0.0391 pricedelay*ntis 0.0262 0.0317 0.0377 0.0413 0.0386
tb*tms 0.0260 0.0313 0.0375 0.0419 0.0385 herf*ntis 0.0256 0.0313 0.0373 0.0420 0.0385
pchcapx_ia*ntis 0.0261 0.0315 0.0382 0.0415 0.0392 tb*tbl 0.0258 0.0312 0.0370 0.0414 0.0388
pchsale_pchrect*svar 0.0262 0.0315 0.0379 0.0415 0.0386 depr*dfy 0.0255 0.0311 0.0380 0.0419 0.0387
chatoia*tbl 0.0256 0.0323 0.0380 0.0412 0.0392 indmom*dfy 0.0259 0.0318 0.0378 0.0412 0.0386
tang*svar 0.0254 0.0316 0.0379 0.0414 0.0386 pchdepr*ntis 0.0256 0.0316 0.0379 0.0421 0.0391
pchsale_pchrect*ntis 0.0267 0.0316 0.0381 0.0418 0.0391 chpmia*tbl 0.0256 0.0319 0.0379 0.0420 0.0392
absacc*ntis 0.0259 0.0313 0.0381 0.0415 0.0390 depr*tbl 0.0265 0.0315 0.0377 0.0419 0.0391
pchgm_pchsale*ntis 0.0251 0.0324 0.0377 0.0417 0.0388 chpmia*dfy 0.0257 0.0317 0.0383 0.0417 0.0395
pchsale_pchrect*dfy 0.0255 0.0324 0.0374 0.0416 0.0386 pchcapx_ia*tbl 0.0259 0.0322 0.0389 0.0419 0.0388
convind*svar 0.0259 0.0318 0.0381 0.0410 0.0384 rd*ntis 0.0264 0.0320 0.0387 0.0414 0.0389
pchcapx_ia*svar 0.0266 0.0316 0.0379 0.0422 0.0386 pchsale_pchxsga*tbl 0.0260 0.0315 0.0373 0.0420 0.0392
chpmia*ntis 0.0256 0.0316 0.0379 0.0419 0.0390 tb*svar 0.0261 0.0314 0.0379 0.0416 0.0390
rd*dfy 0.0263 0.0316 0.0374 0.0414 0.0393 pchdepr*svar 0.0258 0.0315 0.0373 0.0417 0.0388
absacc*svar 0.0259 0.0318 0.0388 0.0419 0.0398 herf*svar 0.0261 0.0315 0.0376 0.0416 0.0389
pricedelay*tms 0.0259 0.0313 0.0379 0.0423 0.0389 pchdepr*tbl 0.0260 0.0320 0.0383 0.0419 0.0390
tang*dfy 0.0257 0.0310 0.0380 0.0421 0.0389 pchgm_pchsale*dfy 0.0257 0.0315 0.0380 0.0418 0.0391
convind*ntis 0.0260 0.0322 0.0381 0.0411 0.0391 tb*ntis 0.0254 0.0314 0.0373 0.0413 0.0387
depr*ntis 0.0255 0.0317 0.0375 0.0418 0.0384 pricedelay*dfy 0.0260 0.0322 0.0379 0.0422 0.0382
chpmia*svar 0.0254 0.0320 0.0377 0.0421 0.0388 pricedelay*svar 0.0252 0.0315 0.0382 0.0415 0.0388
convind*dfy 0.0258 0.0320 0.0379 0.0419 0.0385 pricedelay*tbl 0.0259 0.0317 0.0381 0.0422 0.0392
pchcapx_ia*dfy 0.0260 0.0315 0.0386 0.0419 0.0390 herf*dfy 0.0258 0.0314 0.0376 0.0418 0.0392
convind*tbl 0.0254 0.0314 0.0379 0.0415 0.0383 herf*tbl 0.0256 0.0312 0.0380 0.0421 0.0391
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